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PREFACE. 

These Notes on Plane Trigonometry have been in use for 
many years past to supplement the various text-books in 
the hands of my pupils. The work does not profess to be a 
complete treatise, but Chapters xix. to the end contain all 
the more Advanced Propositions fully proved, and the book- 
work throughout is illustrated by the solution of more than 
two hundred problems. 

The Student should make himself familiar with the defini- 
tions and the proofs of all the Propositions (marked Prop.) ; 
such proofs as are not given here may be found in any 
Elementary Trigonometry. 

The Formulae to which a number is attached should be 
committed to memory. 

The Examination Papers are arranged in order, those of 
most recent date standing first; and I hope that such a 
complete set will be valuable to Teachers and Students, 
especially to those preparing for the Civil Service and other 
Examinations. 

A. D. C. 

Garrick Chambers, 
19 Garrick Street, W.C. 
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PLANE TRIGONOMETRY. 



P^ "nitions, Units, and Measurements of Angrles. 

1. A measurements of lines, angles, etc., are referred to some fixed 
standard or unit, and tbe measure of a quantltF is tbe number of times 
wblob tlie quantity contains tbe unit. 

2. Angles are measured In practice witb reference to a rlgbt angle as 
the unit : the right angle is divided into 90 equal parts, called degrees, 
or into 100 equal parts, called grades. These are again subdivided as 
follows : — 

f' jeconds)=r (minute). 100'' (seconds) = r (minute). 

60' =r (degree). 100' =1» (grade) 

9^°'^ = a right angle. 100» = a right angle. 

T):' ccjimon measurement by degrees, minutes, etc., is called the 
sezac^eaiinal method. The centesimal, or French method, is not practi- 
cally used even in France. 

3. Ratio is the relation which one quantity bears to another In respect 
of magnitude, the comparison being made by considering what multiple 
part or parts the one quantity is of the other. 

All Batios a/re Abstra^ct Numbers. 

4. A commensurable number is one that can be expressed as an arith- 
metical fraction. An Incommensurable number cannot be so expressed ; 
V2 = 1-41421 . . ., V3 = 1'73205 . . ., 7r=3-14159 . . ., € = 2'71828 . . ., 
are all incommensurable. 



DEFINITIONS. [L 



6. A Polygon is a figure contained by any number of 
straight lines. 
A regvJUj/r Polygon has all its sides eqaal and all its angles equal 

6. The Perimeter of a figure is the sum of its sides. 
Hence the perimeter of a regular polygon of n sides, each equal to a, 

is na. 

7. Two diameters of a circle at right angles to each other form at their 
point of intersection four right angles (360**), and divide the circle into 
Four Quadrants, 

8. Hxtension of ihe Definition of an Angle, 

In Euclid, a plane rectilineal angle is defined to be '^ the inclination 
t>f two straight lines to one another, which meet together, but are not in 
the same straight line.'' No account is taken of the direction in which 
the inclination is measured, and the angles considered are in general less 
than two right angles. 

In Eucl. III. 26, and vi. 33, there is no limit to the magnitudes of the 
angles. 

In Trigonometry, we suppose an angle traced out by the 
revolution of one line from coincidence with another line 
about a fixed point, and the angle may be traced out by any 
number of revolutions of the line. 

This line may revolve in the direction of the hands of a watch or in 
the opposite direction. 

9. JpplieaUon of the signs + and - to indicate direction. 

All lines measured towards the right of a fixed point, 
called the origin, are considered positive. 

All lines measured towards the left are considered negative. 

All perpendicular lines measured upwards from a fixed 
horizontal line are considered positive, and those measured 
downwards are considered negative. 



n.] CIRCULAR MEASURE. 3 

The revolving line is always considered positive. 

Angles described by the revolution of a straight line in the 
same direction as the hands of a watch move are considered 
negative ; angles described in the opposite direction are con- 
sidered positive. 



11. 
Gircular Meajsure. 

1. Pbop. The circumference of a circle varies as the radius. 

1.6. The ratio of the circumference of a circle to its radius is the same 
for aU circles. 

v^ircu — erence _g^^^^ constant quantity, which is denoted by w. 
Diameter 

.'. Circumferences=9rx Diameter s27rr, where r is the radius of the 
circle. 

99 ^ftft 

The value of Tris -=-> ^^ ^'^^ correctly ---« 3*14169 . . . 

2. Prop. The angle subtended at the centre of a circle by 
an arc equal in length to the radius is invariable: i.e. the 
same for all circles. 

This angle U the unit of circular measure^ and its magnitude is 

— =57''-29677951 . . .= 67' 17' 44-8" =20626"= 63-661977 grades. 

3. Def. The clrcnlar measure of any angle Is tbe anmber wbich 
expresses tbe ratio wUcli tbe angle bears to tbe unit of dronlar measure, 
or, tbe dronlar measure of any angle at tbe centre of a circle is tbe ratio 
of the subtending arc to the radius of the drole. 

Angles expressed in circular measure are usually denoted by Greek 
letters. 



4 CIRCULAR MEASURE. pi. 

o 

By the angle whose circular measure is -7-9 we mean that the angle is 
-J of the unit » -J of — degrees; w^ that the angle is subtended at 

the centre of a circle by an arc, which is -j of the radius of the circle, so 
arc 3 

The circular measure of 180"* is tt, of a right angle is -^, of 1"* is -^ 

of iC is ^, of 1' is ^ , of any multiple of four right angles is 

2iwr. 
NJB, — The unit of circular measure is not tt, and tt is not=180. 



4. Prop. Compare the number of degrees, grades, and 
units of circular measure in the same angle. 

Let D, G^, and C be the number of degrees, grades, and units of 
circular measure in any angle. 

Then these bear the same ratio to a right angle. 

•*• 90 "" 100 -jr (cxxviiL 1.) 

2 

Equations connecting i), G^, and C — 

- 9^ 180C ^ 10^ 200c ^ ttD 7r(? 

^=10^ "^ ^T-' ^ = -9^ °' -^' ^=-180 "' 200- 

The equation connecting the English minutes (m) and French minutes 
(ft) in the same angle is — 

90x60 "iOOxlOO 
.-. 50m=27/i; 
an3 if (s) be the English seconds and (a-) the French seconds, 

S ff 

90 X 60 X 60""100 X 100 X 100 
.•.260«=81<r. 



IL] EXAMPLES. 



Examples. 

Ex. 1. Find the number of grades in an angle of 57** 36' 42". 
60 I 42-0 seconds 

60 I 36-7 mi nutes (Iv. 2.) 

57'61lft degrees 
\ 6-401^96 

64*012^6^ grades 
= 64»r 29ft2&'' 

Ex. 2. Ay By and G are the angles of a triangle ; the number of grades 
in A and C is four times the number of those in By and the number of 
degrees in B and G is double that in A, Find the angle in degrees, 
grades, and oircular measure. 

^+5 + 0=180** 

A+C=4B ^ (ii. 1.) 

B-i 



? + 0=180M 
t+0=4B > 
i+G^2A ) 



.-. 55=180^.^5=36• = ^x36'=40« =^^~ 
9 180 5 

3.1 = 180°, .-. ^ = 60''=^x60»=66f =^-|- 



Ex. 3. If the number of degrees in an angle be equal to the number 
of grades in the complement of the same angle, prove that the circular 

measure of the angle is r^ • 

Let A =the angle in degrees. 

Then ^ = ^ (90 - ^) (See iv. 1.) 

.-.19^=900 (xxvi. 1.) 

.^900^_900 jr_ Stt 
19 19^180^19' 



6 EXAMPLES, [II. 

Ex. 4. Express in each of the three systems the angle between two 
adjacent sides of a regular hexagon. 
Let ^=the angle of a regular hexagon, 

Then by EucL i. 32, 6^ + 360°= 12 x 90** (xv. 1.) 

6^ = 720'* 
^ = 120° 

=^xl20«»133J« 

= 120x-^=^. 
180 3 

NJE^—li a, ^, -y be the number of degrees, grades, and units of cir- 
cular measure in an angle of a regular polygon of n sides, 

.-. na + 360°=2» x 90° /. aJ'!^ x 180° 

n 

»i3 + 400K=2wxl00K.-. i3=5lIL?x200« 

n 

ny + 2ir =2»x^ ,., y=!!L:i?X7r. 
' 2 ^ n 

Ex. 5. One angle of a triangle is 7r°, another is nt, find the circular 

n^easure of the third angle. 

* Circularmeasureof 7r°=irx -5^=-^ 

180 180 

Circular measure of ff«=7r x -^ = ^— - 



2.00 200 
f 
3 
Sum of the three angles =7r ; 



19—2 

Sum of these two angles =— —- 

® 1800 



/.third angle = 7r- ?^. 
^^ 1800 

Ex. 6. Find the number of seconds in the angle subtended at the centre 
of a circle, whose radius is 1 mile, by an arc 5} inches long. 

Circular measure = ?!^= ———^; — — =_-i-_ (xxxv. 1.) 

rad 1760x3x12 11520 ^ ^ 

Decrees-l^x-^-— i^x ^= ^ 
JJegrees-— Xj^g2^-^^g20^22 l408 

Seconds=60 x 60 x j^q = ^-|~=17jr- 
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Ex. 7. Find the distance in miles between two places on the equator, 
which differ in longitude by 6° 18', assuming the earth's equatorial 

diameter to be 7925*6 miles . /^^ =^) 

e** 18'=6V5f". 

H5=??x-5L. (iv. 1.) 

rad lO^'lSO ^ ^ 

. „^ 79256 63 22 

• • arC:^ — -zTz — X r":zrTrr X -=• 

20 1800 7 
=.435908^435.^^3 ^il^ 
1000 

III. 

The TrifiTonometrical Ratios. 

1. Def. If a point bd taken in one of tbe straight lines which contain 
an angle, and a perpendicular he drawn on the other line .or that line 
produced, the ratio of the perpendicular to the hjrpothenuse Is called the 
Bine of the angle ; the ratio of the base to the hypothenuse is called the 
coiVM ; the ratio of the perpendicular to the base is called the tavigent ; 
the ratio of the base to the perpendicular is called the cotangent ; the 
ratio of the hypothenuse to the base is called the secant y the ratio of the 
hypothenuse to the perpendicular is called the cosecant 

vers -4=1 -cos -4, covers -4=1 -sin -4, chord -4=2 sin—. 

These trig-ratios are all abstract numbers, (i,e,) simply numerical quan- 
tities ; and they remain unchanged so long as the angle remains unchanged. 
Since the hypothenuse is the greatest side of a right-angled triangle^ 
the sin and the cos a/re never >l,tke sec and cosec never {numerically) 
<\jihe tan a/nd cot may ha/ve any values, large or small. 

2. It is clear from the definitions that the cosec, cot, and sec are the 
reciprocals of the sin, tan, and cos respectively ; 

.'. cosec-4=-; — 2, or sin -4= r- . . . (1) 

sm-4 cosec ^ 

sec A = J, or cos -4 =- '"^ 



'cos -4' sec -4 

tan^=-l-., orcot^ = -^ . (3) 

cot -4 tan -4 



TRIG'FUNCTIONS OF AN ARC, 



pll. 



., . ^ sin^ ^ M cos -4 

Also tan -4 = .^ q^A = - — j 

cos A sin A 



(4) 



sec*^=l + tanM (5) 

cosecM = l + cotM (6) 

Rin^-4+cos*-4 = l . 

or, sin ^ = ± Vl - cos^^, cos A — ± iJ\^^~A \ ^' 

In (7), if the angle A is known, the proper sign can be given to the 
radical Thus in the first and second quadrants we know that sin ^ is 
positive, /. sin-4= + Vl-cos*-4 ; in the third and fourth quadrants 
sin -4 is negative, /. sin ^ = - Vl - cos^ A . 



4 OlA d^fmitions of the Trig(mometrical functions of an Arc. 

The names sine, cosine, tangent, eta, wei:e originally applied to straight 
lines connected with the arc subtending the angle at the centre of a 
circle. 

If AP be the arc of a circle subtending the angle AOP at the centre, 
the line FM was called the sine of the arc. 

^T the tangent 
y. OT the secant. 

The cosine, cotangent, and cosecant 
are the sine, tangent, and secant re- 
spectively of BP, the complement o^ 
the arc AP, 
Thus PN or OM was the cosine, 
BT the cotangent, 
OT the cosecant. 
The radius -the cosine =^Jf 

=the versin. 

The radius - the sine = BN= the covers. 
The line joining ^, P is the chord of the arc. 

The old trigonometrical functions were straight lines depending on the 
magnitude of the radius of the circle. 
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TRIGONOME TRICAL RA TIOS, 



The trigonometrical ratios are abstract quantities depending only on 
the magnitude of the angle. 

Sine of arc ^P=PJtf 

Sine of angle TOA ^^^^K. 
OP radius 

/. sine of arc = radius x sine of angle. 
Express all the trig-ratios in terms of the sine. 
Let ABC be a right-angled triangle. 
Denote ACB by A. 

Denote AB by s linear units (where s = sinJ ), 
and AB by 1 linear unit. 
ThenPC»=l-«2 

Now read off the trig-ratios from the 




V ;-S2 



figure. 



cos 



-4=Vl-sin'M; tan-4 = - 



sin A 



sec A' 



Vl-sin2^' 



Vl - BID^A * 

etc. etc. 

The double sign occurs before the radical, because there is more than 
one angle which has the given sine. If the angle A is known, the proper 
sign can be affixed to the radical, and there is no ambiguity. 

(See ix. Prop. 1.) 

6. Pkop. Express all the trig-ratios in terms of the tangent. 

Denote ^C by ^ Unea/r units (where ^=tan A), 
and BC by 1 linear unit. 

Then AB^= 1 + 1\ AB^ VITS 

Now read off the trig-ratios from the figure, 
tan^ ^ 1 



sin^s- 



r; cos-4=- 



-, etc. 




Vl + tanM ' ^'^^ Vl+tanM 
The double sign occurs before the radical, 
because there is more than one angle which has the given tangent. If 
the angle A is known, the proper sign can be affixed to the radical, and 
there is no ambiguity. 
e,g. If A lie between 180° and 270°, we know that sin ^ is negative, 

tan^ 



and .*. sin-4= - 



Vl + tanM 



(iv. 2.) 



TRIGONOMETRICAL RATIOS, 



[HI. 



7. Pkop. Express all the trig-ratios in terms of the vers, 

vers ^ = 1 - cos -4, .*. cos -4=1 - vers A, 

Denote BQ by 1 - i; lvM(vr units 

(where v = vers A), and AB by 1 linear unit. 

Then^C2=l-(l-v)2=2i;-t;« 

Now read off the trig-ratios from the 
figure; 

sin -4= Vs vers-4-vers*-4 




tan^s 



Vs vers A — versM 



, etc. 



1 - vers A 

The double sign occurs before the radical, because there is more than 
one angle which has the given vers. If the angle A is known, the 
proper sign can be affixed to the radical, and there is no ambiguity. 



8. Prop. Given one of the trig-ratios of an angle, to find 
all the others. 

Having given one of the trig-ratios, we know the relative lengths of two 
of the sides of a right-angled triangle, and by Euc. i. 47 the third side 
can be found, and the remaining trig-ratios can be read off from the 
figure. (See Ex. 1, 3, 4.) 



9. Prop. Find the trig-ratios of 45°. 




sin45''=-i-= 
V2 



Let ABC be a right-angled isosceles triangle, 
having (7 the right angle, and AC=^BC : then 
each of the angles at A and B is 45°. 

Denote BC by 1 linear unit, then AC= 1, and 

Now read off the trig-ratios from the figure ; 
cos 45^ tan 45"= 1 = cot 45", sec 45" = V2 = cosep 45% 



taking the + sign with the radical, since aU the trig-ratios of 45" are +< 
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10. Pkop. Find the trig-ratios of eo"* and 30°. 

Let ABO be an equilateral tri- 
angle, then each angle is 60^ 
Draw AD perpendicular to BQ\ 
thid line bisects BG and the angle 
BAG, .-. BAD=^Z^\ 

Denote BD by 1 linear unit. 
Then AB^BG^'i, BD=2, 

^Q Now read off the trig-ratios from 
the figure. 

Bin60'*=^=cos30%cos60"«-|— ^^''»^^^^'*='^^3=cot30• 

sec 60**=2=cosec 30", cosec 60''= A =sec30'', cot 60*« -l-« tan 30** 

v3 v3 

taking the + sign with the radicals, since all the trig-ratios of 30** and 
60*are+. 

EXAMPLBB. 

Q 

Ex. 1. If the sine of an angle < 90"* is ---, find the cosine, tangent, and 

5 

'ipecant. 

Denote the perpendicular by 3, and the hypothenuse by 5, 
then (base)2 =5«-3«=16, 

.'. baBes4 (xxiiL 2.) 

A 'i K 

.'. COS 4=-^, tan4=-r, sec-4«=-r-- 
5 4' 4 

l-coteo** ( 1-COS30 J 
Right-hand member= ^ j^ y (xli. 4.) 



■4i 

}2 + _v/3)i 
(2- J3) 



1 + 



V3 + 1 
V2 _ V3 + 1 ^ 

73-1 V3-1 , _L 

"72" ^" V3 



3 1 + cot 60° 
'l- cot 60° 
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Ex. 3. If sin ^= f ^ft^^L > find sec B and tan ^. 

Take a right-angled triangle, and denote the perpendicular by a (a + 25), 
and the hypothenuse by a^ + 2a6 + 26^ ; 

.*. (base)2= (a* + 2a6 + 26^)2 - (a« + 2a&)« 

base = 26 (a + 6) (xcix. 1.) 

. o^^/i a' + 2a6 + 262 a(a + 26) 

.'. sec ^= ^- ^ — yr — . tan B^^r^, ^{ • 

26(a + 6) » 26(a + 6) 



Ex. 4. If the cosecant of an angle between 90° and 180° is — r-, what is 

the secant ? And if the cosine of an angle between 540° and 630° is ? 

what is the cosecant ? 



Denote the hypothenuse by 2, and the perpendicular by V3 ; 

.-.0:8=4-3=1 (v. 1.) 

.'. x= ±1, in this case= - 1 



.'. seca= — -= -2. 




v/3 



X 




x*=4-l = 3 
.*. X'^ ± V3, in this case= - ^3 
2 2 



coseca= 



- -s/3 V3' 
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Oomplement, Supplement, Variations of the 
TrifiT-ratios. 

1. Def. The Complement of an angle is its defect £rom a rlgbt angle ; 
or two angles are complementary wben tbelr snm makes up a rlgbt 
angle. 

The complements of A^ 30% ^ are 90**-^, 60^-^ respectively. 

In a right-angled triangle ABG^ in which G b the right angle, each 
of the acute angles is the complement of the other, ^=90**-^, or 

2. Prop. The cosine, cotangent, and cosecant of an angle 
are respectively the sine, tangent, and secant of the comple- 
ment. 

Hence the origin of the terms cosine, cotangent, etc. 

cos-4=sin (90''-^)orsin^=cos(90'-^) . (1) 

cot^=tan (90*-^) ortan^=cot (90"-^) ^ (2) 

cosec ^ = sec (90* - ^ ) or sec -4 = cosec (90* - A) . (3) 

If -4, jB, C are the angles of a triangle, -4 + jB+ C= 180° ; 

A^-B ^o . A^-B C A+B . C 
... _ 90 -_, ... sm-2-=cos-2 orcos — ^ sm^. 

3. Def. The Supplement of an angle is its defect from two right 
angles^ or, two angles are supplementary when their sum makes up 180°. 

The supplements of A, 30°, ^ are 180°-^, 150°, ^ respectively. 

If -4, B, G are the angles of a triangle, A+B-\- 0=180°, the sum of 
any two angles is the supplement of the third angle. 

.-. sin(^ + ^)=sin(180°-C)=sinO. 

cos {A +5) =cos (180° - 0) = - cos a 



14 TRIG-RATIOS OF CERTAIN ANGLES. [IV. 

4. Prop. Eelations between the trig-ratios of-4 and 1 80° — A, 

sin (180° -^)= sin ^, cosec (180" - -4) = cosec^ . . (4) 
cos (180** - ^) = - cos A^ sec (180° - ^) = - sec ^ . . (5) 
tan(180°-^)=-tan^, cot(180°-^)=-cotA . (6) 

5. Pkop. Eelations between the trig ratiosof-^l and 1 80°+ A, 

sin(180°+^)=-sin^, coflec(180° + ^):=-cosec^ . (7) 
cos(180°+^)=-cos^, sec (180° + ^)=- secil . (8) 
tan (180° + ^)= tan^, cot (180°+^)= cot^ . ' (?) 

6. Prop. Eelations between the trig-ratios of A and — A. 

sin(— -4)=-8in-4, cosec(--4)= -cosec^ . . (10) 
co8(--4)= cos^, sec(— ^)= sec-4 . . (11) 
tan(-^)=-tan^, cot(-^)«- cot^ . . (12) 

7. Prop. Eelations between the trig-ratios of A and 90°+^. 

sin(90'' + ^)= cos^, coBec(90°+^)= sec^ . (13) 
008(90° + ^)=- sin ^, Bec(90° + ^)=-cosec-4 . (14) 
tan(90° + ^)=-cot^, oot(90°+^)=- tan^ . (15) 

8. Prop. Eelations between the trig-ratios of A and 
wX360°+-4, or 27wr+-4. 

Any number of complete revolutions (four right angles) will not 
affect the position of the bounding line of an angle ; and the trig-ratios 
must be the same for the same position of the reyolvmg line. Hence 
all the trig-ratios of ^ and Zrnr+A are the same. 

.*. sin(2»Mr+-4)=sin-4, cos(2nir+-4)«cos-4, etc. 

9. Eelations between the trig-ratios of -4 and 360°— -4. 

sin(360'*-^)=sin(-^)= -sin^ 
cos(360*-^)=cos(--4)aa cos-4, etc. 

10. These important results may be arranged as follows : — 
sin^=sin(».360'+^)=sin(180''--4)=-sin(-^)=-sm(180' + ^) 

= -sin(360''-^)=cos(90°-^)= -cos(90" + -4) 
cos -4=cos (n. 360" + -4)= - cos (180°--4)=cos (-^)= - cos (180° + jd) 
= cos (360^* - ^) n= sm (90" - ^) = sin (90" + A) 
etc., eta 
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VARIATIONS OF THE TRIG-RATIOS. 
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11. If ^ be an angle in the first quadrant — 

Stmt + A represents an angle in the first quadrant ; 
Stmt + tt - -4 or (2n + 1) it - -4 an angle in the second quadrant ; 
2n7r + ir + -4 or (2n + 1) ir + -4 an angle in the third quadrant ; 
2n9r - ^ an angle in the fourth quadrant ; 
where n is zero or any Integer. 

12. To express the trig-ratios of an angle greater than 90"* 
in terms of the same trig-ratios of an angle in the first 
quadrant. 

(L) If the angle is > 360°, deduct any multiple of 360"* horn it, 
to make it < 360^ 

(ii.) If the angle is negative, make it positive by the formulae 
connecting A and- J. : or, add positive revolutions of 
four right angles (any multiple of 360**) to make it 
positive. 

(iiL) If the angle is in. the second quadrant^ applj the formula 
connecting A and 180"* - A. 

(iv.) If the angle is in the third quadrant, apply the formulas 
connecting A and 180* +-4. 

(v.) If the angle is in the fourth quadrant, apply the formulse 
connecting A and 360° - A, 

13. Pbop. Trace the change in sign and magnitude of the 
sine of an angle as the angle increases from 0"" to 3 BO''. 



;?- 



-7 



50° 



780° 



STOP 



360' 



8in0*=0, sin90°=l, sinl80°=0, sin270°=-l, 8in360"=0. 
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14. Prop. Trace the change in sign and magnitude of the 
cosine of an angle as the angle increases from 0'' to 360"^. 



0^ 

7 r "-'->. 



90'' 



-/ 



/8Q' 



270^ 



360^ 



0080' = !, cosOO'^O, COS 180°= -1, cos270°=0, cos360'=l. 

15. Prop. Trace the change in sign and magnitude of the 
tangent of an angle as the angle increases from 0° to 360°. 



0* 1 


90° 


m"" 


210'' 3t 






/ 












,^-''"' 










1 



; 



^1 



tan0°=0, tan 90"= + oo -, tan 180'=0, tan 270"= + oo -, tan360"=0. 

16. The student should also trace the changes of the cosecant, cotangent, 
and secant as the angle increases from 0° to 360". 

In the first quadrant all the trig-ratios are+, in the second quadrant 
the sine and cosecant are + , the rest— ; in the Uivrd quadrant the sine, 
cos, sec^ cosec, ao'e-jthe tan and cot + ; in the fowih quadrant the sine, 
tan, cot, and cosec are - , the cos and sec + . 

It should be noticed that a trig-ratio changes sign only in passing 
through the values or oo . 

The sine and cos may have any value between - 1 and + 1. 

The tan and cot may have any value between - oo and + oo . 

The sec and cosec may have any value between ±oo and ±1. 

The versin is always + , and may have any value between and 2. 
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Examples. 
Ex. 1. Find cot 240" and tan 300". (Ix. 2.) 

cot 240"=cot (180" + 60") = cot 60"=-^ . 
tan300" = tan(360"-60")=tan(-60")= -tan60"= - ^3. 



Ex. 2. Find sin 660", tan 660", vers 660". 

sin660"=sin(720°-60")=sin(-60")= -sin60"= -^. 

tan660"=tan(-60")= -tan60"= - ^3. (Ixii. 2.) 

vers660"=l-cos660" = l-cos(-60")=l-cos60" 

= 1-1 = 1. 
2 2 



Ex. 3. Prove that cos 30" + cos 60" + cos 210" + cos 270" = 1 • 

Left-hand member= cos 30" + cos 60" - cos 30" + cos 270" 

= cos 60" (Ixxvii. 2.) 

= g-j si^^® ^^8 270" = 0. 



Ex. 4. Find sec 225", cot 435", cosec660", sec 555". 

sec 225" = sec (180" + 45") = - sec 45" = - ^% (li. 4. 

cot435"=cot(360" + 75")=cot75"=2- ^3- 

cosec660" = cosec(720"- 60")=cosec(-60")= -cosec60° 



V3- 
sec 555"=sec (720" - 165")=sec (- 165")=sec 165" 

= sec (180" - 15") = - sec 15" (««e Chap. v.). 

B 
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{A±B) FORMULM, 



[V. 



Trier-ratios of Compound Angrles. 

N,B, — Sin {A-^rB) is the sine of the compound angle (-4 + 5), and is 
not equal to sin-4 + sin5 : e.^. if ^=30", B = 60°, 

sin(-4+£)=sin90'=l, sin^ + sinjB=sin30* + sin60'= — + ^. 

2 2 



sin (-4 ±B) =sin A cos B± cos ^ sin 5 
sinl5'*=^^^=:Cos75'* . 

sin76'»=^^?i^=cosl5° . 

COS (^ ±5) =cos ^ COS ^^isin J[ sin jB 

i. t A^r>\ tan-4±tan5 

tan(-4±£)=_-::^7 J7 — f> • 

^ ' l:^tan^tan5 

tanl5'=2- V3=cot75'* 

tan 75^^=2+ V3=cotl5'* 

X /^roj. ^N l±tan^ 

^ ' cot 5± cot -4 

sin (-4+5) sm(^ -5)=smM -sin2 5 
cos (J +5) cos (^ -5)=cosM - sin^^s 

sin J. + sin 5=2 sin :it? cos rii:^ 



sin -4 - sin 5= 2 cos^i±^ sin ^"^ 



cos^ + cos 5= 2 cos 4+:? cos ^"^^ 



cos 5 - cos J. = 2 sin^ii^ sin :^— :? 



cos* 5- sin* ^ 



(1) 

(2) 

(3) 
(4) 
(6) 

(6) 

(7) 

(8) 

(9) 
(10) 
(11) 
(12) 

(13) 

(14) 

(16) 
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OTy sum of two sines = twice the sine of semi-sum x cos of semi- 
difference, 
difference of two sines = twice the cos of semi-sum x sine of semi- 
difference, 
sum of two cosines = twice the cos of semi-sum x cos of semi- 
difference, 
difference of two cosines = twice the sine of semi-sum x sine of semi- 
difference. 

ThA converse of these formulae should he carefully lea/mt : — 
sin X cos =-5- j sin (sum) + sin (difference) | 

cos X sin = -^ I sin (sum) - sin (difference) | 

cos X cos=-g- \ cos (sum) + cos (difference) f 

sin X sin = -5- ■{ cos (difference) - cos (sum) !■ . 

2. The formulae in Oh. iv. may all be proved by means of the A±B 
formulae, e,g. 

sin (90** - ^) =sin 90** cos -4 - cos 90** sin ^=cos A, 
cos (90** + -4) = cos 90° cos -4 - sin 90** sin -4 s= - sin X 

tan (180°+^)=,*?^182;±^=tanX 
^ ' 1- tan 180 tan -4 

Since sin 90**=!, cos 90'*=0, ten ISC' =0. 

3. Having proved sin (A+B)=smA cos5+cos A sin 5, 
deduce sin (A^B), cos (A +B), cos (A —5). 

sin(J.-5)=sin(J. + (-5))=sin-4cos(-JB) + cos-4sin(-jB) 
=sin -4 cos JB - cos A sin B, 



cos(^ + ^=sin(90V^ + JB)=sin(90°+^ + 5) (cvi. 1.) 

= sin (90** + -4) cos JB + cos (90° + A) sin JB 
= cos -4 cos JB - sin -4 sin jB. 



cos(J.-J5)=sin(90°-^-J5)=sin(90°-J. + J5) 

=:sin (90° - -4) cos B + cos (90° - J.) sin J5 
= cos -4 cos 5 + sin -4 sin B, 



GEOMETRICAL PROOFS, 



[V. 



By a similar process the student should deduce the other three fonnulse 
from cos (A + B) or sin (A - B), 

4. Prop. Express the sine, cosine, and tangent of a com- 
pound angle in terms of the sines, cosines, and tangents of 
the single angles. 




A M N M B 

Let BAD= A, CAD=B, .\ BAC=A±B. 
Draw FQP perpendicular to J.D, and construct as in the figure. 
QPB=90''-PQB^BQA^QAB=A. 

sin(^±5)=^=«^±^=«^.^+^.^ 
^ ^ AP AP AQAP-PQAP 

= sin^ cos£±cos^ sinjB. 

^ ^^ AP~ AP "^AQAP-^PQAP 
=^coaA cos£4:sin^ sinjB. 

QN^PB 
f.n^j + w^ P^ QN±PB AN-AN 
'^^^'^^-AM=AN^BQ'-—WTR 

'^PBAN 
_ tanJ.±tanJg 
"~lq:tan-4. tanJ5* 

Since PQB, QANdixe similar triangles, .-. 



PB 

an' 



■S-- 
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5. Prop. Prove the formulae for sin (-4+.B), cos(-4+i^), 
tan {A+B\ 
(i.) When -4 < 90°, 5<90^ andJ[+^>90°. 




BAC=A, CAD^B, ,\BAD==A + B. 
BPQ=90° -PQB^BQA^QAB^A. 

=sm-4 cosB + cosA sinJB. 
cos (A ^B)=Z4^^-{MN-AN)^AN-BQ 

^Jr ja.Jr Am 

_ANAQ BQPQ 
AQ'AP FQ'AP 



tan(J. + JB) = 



cos^ cosJB-sin^ smB, 

PM _ QN+PB _ QN+PB 
-AM" -(MN-AN)''AN^BQ 

QN PB 

AN AN tan ^ + tan .B 
BQ PiJ^l-tan^tanJ?* 



1- 



PBAN 



Since PQB, QANaie similar triangles, /. ^= ?§=tan B. 
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(ii.) u4<90°, J5>90°, and J[+5<180°. 




JB^C=^, CAD^B, .\BAD^A + B. 

BPQ^dO'' - FTM=TAQ^BAC^A. 

Bin ^j,p) PM PB-QN ^ -QN+PB ^^QNAQPBPQ 
^m{A + JS)--^- j^p - j^p - j^Q AP^PQAP 

= - sin -4 cos (ISO** - J5) + cos ^ sin (180** - 5) 
= sin J. cosJB+cos J. sin£. 

cosM+5^--^^- 4E±M^ ANAQm^Q 

= - cos ^ cos (ISO** - 5) - sin ^ sin (180' - JB) 
=» cos^ cosJB-sin^ sinJB. 



tan(^+J5)= 



PM _ PB-QN _ QN-PB _ AN AN 

-AM^ -{AN+NM)~AN+BQ Ik^ l^ft 

^^PB'AN 



_ tan ^- tan (180° -Jg) 
~l + ten^tan(180°-£) 

tan^ + tanJB 



"1-tan^ tan£ 



Since PQB, QAN are similar triangles, /. ^^^^^^ (1^* - ^)- 



v.] 
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(iii.) ^<90, and J[+£>180°, 




BAG^A, CAD=B, .\BAD=A + B. 
FQB=90''-NQA=^QAN=BAC=A. 
nm(A\B) -PM_ -{QN-QB) _-QNAQ QBPQ 

= -sin^ cos(180'*-JB) + cos^ sm(180*'-JB) 
= sin -4 cos 5+ cos -4 sin jB. 

= -cos J. COS (180° -JB)- sin ^ sin (180°- B) 
= cos ^ cos £ - sin ^ sin ^. 

QNQB 
*.r>fAMm ^^ QN-QB AN AN 

'^ QBAN 

tan^-tan(180°-^ ) ^ tan^+tan^ 
~l + tanJ. tan(180°-£) l-tan^tan^' 

Since PQB, QAN are similar triangles^. 1^=^= tan (180° - B), 
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(iv.) J>180°, -4+5>180V270^ 

BAG^A, CAD=B, .\BAD=A + B. 
QFB=-W-PQR^BQA ^QAN=^A - 180°. 




^m(A+B^^d^^zl9E±l^^-Q^49^?^i9 

V ^^)- ^p - ^p - ^Q AP PQ'AP 

= - sin (ii - ISO') cos 5-cos (ii - 180°) sin 5 
= sin^i cos^ + cos^ sin J5. 

= - cos (^ - 180°) cos 5 + sin (^ - 180°) sin B 

= cos J. cosf— sin^ sinJ?. 

QN PR 

i.n{A^B)=-^^^^9^^^^Ml^ 
^ ' -AM AN-BQ BQ PB 

PB'AN 

_ tan (^-180°) + tan jg ^ tan^ + tanB 
1 -tan (J. -180°) tan JB 1-tan^ tanJ5* 

Since PQB. QAN are similar triangles, .-. 4^=^= tan P. 

AN AQ 
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6. Prop. Prove the formulae for sin (A-^-B), cos (A^B), 
tan (A—B) when -4 is in the fourth quadrant, and A—B in 
the third. 

BAC=A, DAC=By ,\BAD=A-B. 
QPB=90''-FQB=BQA=QAN =360^ - A. 




am{A-B)=- 



FM 



QN+PB 
AP ' 



QNAQPBPQ 
AP" AP AQ'AP PQ'AP 

= - sin (360' - -4 ) cos 5 - cos (360° - J.) sin B 

= sin -4 cos J5 - cos -4 sin J5. 

^.. g. AM_ BQ^AN _AN-BQ_ANAQ BQ PQ 

= cos (360*' - A) cos 5 - sin (360° - ^) sin JB 

= cos J. cos B + sin ^ sin JB. 

QN^PB 
,^j,^ -PM QN+PB QN-\-PB AN'^ AN 
^ '^ ^AM^BQ-AN" "AN+BQ- , , BQ PB 



■1 + 



PB AN 



tan (360°-^) + tan B 
"■ - 1 + tan (360° -^) tan B 

_ ~tan^ + tanB _ tan^-tanB 
""-l-tanJ. tanB^l+tan-^ tanB' 

Since PQB, QAN are similar triangles, .'. ?^=^=tan B. 

^JS AQ 
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7. Prop. Prove geometrically the formulae for the sum or 
difference of two sines and cosines. 




Let 500=^ 

and JBOD=-B, 

ThenaOD=^--B. 

Bisect GOD by OE, 

Then COE^DOE 

"" 2 
BOB =^ BOD + DOE 
A-B A+B 



M K N 



-•B + - 



2 



Draw PBQ perpendicular to OE^ and the other perpendicolars as in 
the figure. 

Then OP=Oe, XP1J= 90'' -PiU:=XiJ0=i20JB=-^i^. 
n\ ' A^ ' T^ PMQN PM+QN 2RK BK OR 

, . A+B A-B 
=2Bm-2-cos-2— 

,^, . . . ^ PM QN PM-QN 2PL ^PLPR 

=2co8-2-sm-^. 
/^^ «n«>ixn..R OM^OiSr OM+ON 20K OK OR 
« A+B A-B 

= 2008-2-008-^ — 

/^^ .^„» ^.A ON OM ON-OM 2MK LR PR 
(4) cosJ5-co8^-5^-^ ^ ^__»2_._ 

=2sm^8inAz^. 
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Examples. 

3 12 

Ex. 1. The cosines of two angles of a triangle are - and — respectively, 

1<5 

find all the trig-ratios of the third angle. 

cos -4 =-, .-. sin J. = ^ (xxxv. 3.) 



cos5=-, .-.sin^^^fg 
sinC=sin(-4 + 5)=sin-4 cos5+cos-4 sin5=t4l + f-^=ff • 

D 10 D 10 OD 

cosO= - cos(^ + 5)=sin^ sin JB- cos^ cos JB«lA»f .1?=: _1|. 

5 13 5 13 00 

. * n 63 ^ 
.*. tan (7= - Yg, etc. 

Ex. 2. Bepresent sin J. - cos £ in the form of a product, 
sin ^ - cos JB=sin -4 - sin (90** - B) 

=2cos Y (J. + 90°-5) sinyC^ - 90V5) 



=2cos(45«4-^)sin(^-45»). 



Ex. 3. Prove that cos 20** + cos 100** + cos 140** =0. 

Left-hand member = cos 20** + 2 cos 120** cos 20" (xxxiii. 5.) 



=co8 20-jl+2(-|)j 



Ex. 4. Express 2 sin 5^ sin 9^ as the difiference of two cosines. 
2 sin 5-4 sin 9-4 = cos (9-4 - 5 J )- cos (9-4 + 5-4) 

= cos A A - cos 14-4, (xl. 3.) 

Ex. 5. Express 4- {00s (3-4 + 2£) + cos (5-4- 4jB)} as the product of 
2 

two cosines. 

1 (« 3-4 + 2JB+5^-4B 3^-l-2J5-5^ + 4B ) 
expression= y | 2 cos 5 cos 5 > 

= cos (4^ - B) cos (3-B - A). (xxxix. 3.) 
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Ex. 6. Prove that— 

sin 3^ + 2 Bin 6^ + sin *IA _ 8in 5 ^ 
sin 5-4 + 2 sin 7-4 + sin 9il"~sin 7 A 

Left-hand member = ! ^!°°^t! ^I^^^ '^!^ (IxxviL 2.) 

2 Sin 7-4 + 2 Sin 7-4 cos 2-4 

2sin5-4 (1+C0S24) sin5-4 
~2 sin 7-4 (1 + cos 2-4) "sin 7-4 

Ex. 7. Prove that — 

sinX + sin(n-l)^ + sin(2n-3)^ ^^^/ _^v^ 
cosJ. + cos(n-l)-4 + cos(2n-3) J. 

T ifx 1- J I. sin(n-.l) J. + 2sin(n-l)-4 cos(n-2)-4 

Left-hand member = — ) ,( . . _ ) =-f- ^ 7 57-7 

cos(n-l) J. + 2cos(n-l)-4 cos(n-2)-4 

_ sin(n-l)^ {2cos(n-2)^ + l } .^^ ^ . 

cos(n-l)^{2cos(n-2)^ + l} ^ ' '' 

=tan(n-l)^. 



Ex. 8. Trace the change in sign and magnitude of sin -4 + cos -4, as -4 
varies from 0** to 360**. 

sin^ + cos^= V2 (-72sin-4 + -T2cos^) 

= V2 (sin 45** cos -4 + cos 45** sin A) 
= V2sin(45° + ^). 

The expression is + , when 46' + -4 lies between 0* and 180", 

t.e. when A lies between — 45*" and 135°. 

The expression is - , when 45* + -4 lies between 180° and 360°, 
i.e. when A lies between 135° and 315°. 
^=-45°, V2sin(45° + ^)=0, 
-a. — u , „ „ „ — 1, 

J.= 45°, „ „ „ =V2, 
-4= 90 , „ „ „ =1. 
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In the first quadrant, the value changes from 1 to V^) ^'^'^ then from 
V2 to 1. 

^ = 136% V2sin(45" + ^)=0. 
-4 = 180°, „ „ „ =-1. 

In the second quadrant, the value changes from 1 to 0, and then from 
Oto-1. 

A = 225", V2 sin (45° + ^) = - J% 

^=270°, „ „ „ =-1. 
In the third quadrant, the value changes from - 1 to - J% and then 
from -V2 to -1. 

^ = 315°, v/2sin(45° + ^)=0, 

^ = 360% „ „ „ =1. 
In the fourth quadrant, the value changes from - 1 to 0, and then from 
Oto 1. 

Ex. 9. Trace the variations in sign and magnitude of sin ^ - cos A^ 
as A varies from 0° to 180°. 

8in^-cos-4= v/2( —j-^ sin -4 t^cos-4j 

= V2 (sin A cos 45° - cos A sin 45°) 
= V2sin(^-45°). 
The expression is + , when A - 45° lies between 0° and 180°, 

t.«. when A lies between 45° and 225°. 
The expression is — , when -4-45° lies between 180° and 360°, 
i.6. when A lies between 225° and 405°, or 45°. 
^ = 0°, V2sin(^-45°)=-l, 
^ = 45°, „ „ = 0, (x.l.) 

^ = 90°, „ „ = 1. 

In the first quadrant, the value changes from - 1 to 0, and then from 
Otol. 

^ = 135°, V2 8in(-4-45°)=V2, 
^ = 180°, „ „ = 1. 

In the second quadrant, the value changes from 1 to V2, and then 
from V2 to 1. 
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Ex. 10. Trace the changes in sign and magnitude of sin^ - ^3 cos A 
as A increases from -|. to — • 

sin-4- V3poB-4=2| --sinil--Y-coSii| 

=2 ( sinJ. COS—— cos-4 sin^j- 



= 2 smj 

The expression is + , when -^ - -^ lies between and tt, 

ie. when A lies between -J and -r- • 
3 3 

The expression is - , when A lies between tt and 2jr, 

3 

ie. when A lies between -— and ?, or-^ • 
3 3 3 

aJj, „ „ =2Bin-|=V3, (liii.3.) 

A=^, „ „ =2 8iii|l=2, 

^=,r, „ „ =2Bm^=V3. 

In the second quadrant, the value changes from 1 to ^Z, and then 
from ijiioi, and then decreases ficom 2 to sjZ. 



. 7fr a • ( A ^\ a ■ ^ 1 

A = j, 2sin(^-3-)=28ing-=l, 
A=% „ „ =2fflnff=0, 



.3b- „ . 7»r , 

^=J, « „ -2sm^=-l. 



In the third quadrant, the value changes from V3 to 1 and then to 

3 



- 1, passing through the value 0, when -4 =-— 



VI.] 



2 A FORMULA. 
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VI. 
TrifiT-ratios of Multiple Anfirles. 

A A 

1. Sin a4 = 2 sin ^ COS -4, sin -4 =2 sin— cos-- 

2 2 

cos 2-4 = cos^ -4 - sin* J. = 2 COS *-4 - 1 = 1 - 2 sin* J. 



►a* 1 



1=2 cos*^- 1 = 1 -2 sin* J. ) 
4=2coB*^-l = l-2sin«4j 



A 

2cos*-4=l + cos2^, 2cos*=-=l + cosJ. 

2 

2sin*^ = l-cos2A 2 sin*— =l-cos^ 
' 2 



tan*^. 



1-C0S2-4 

""1+008 2^.' 



^,^ 1-cos^ 



2 1 + cosJ. 
2tan>< 2tan -^ 



cot 2.4i 



tan -4 = 



8in2J.» 



cot*^-l 
' 2 cot J. ' 

sin 2 J. 
1 + cos 2-4' 

2tan^ 
l + tan*^' 



cot -4= 



tan -rr 



l-tan«| 

sin -4 

2 ""1 + cos J. 

2tan ^ 



sin -4 = 



l + tan*4 
2 

1 * 8^ 1-tan*^ 

« A 1 — tan^-4 M 2 

cos 2^= , ri . cos-4=— 



l + tan*^' 



1 + tan*^ 



cosec 2-4 - cot 2-4 = tan-4, cosec -4 - cot J. = tan — . 

2 

cosec 2-4 + cot 2-4= cot -4, cosec -4 + cot -4= cot— , 

2 
sin3-4=3sin^-4sin5-4 

cos 3-4 =4 008^-4-3 cos -4 

3tan-4-tan3-4 



tan3J.=^ 



l-3tan2-4 



(1) 
(2) 

(3) 
(4) 
(5) 

(6) 

(7) 
(8) 
(9) 

(10) 

(11) 

(12) 

(13) 
(14) 

(15) 
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2 A FORMULA {GEOMETRICALLY). 



[VI. 



2. Pbop. Trig-ratios of 2A in terms of those of A, 




The angle FOB at the centre 
is double the angle PAB at the 
circumference. 
U PAM=A, P0M=2A. 
And since APB in a semicircle 
is a right angle, 
,\BPM=-90°-APM 
=A. 
Also 20M=2{AM-AO) 
=2AM^AB 
^2AM-(AM+MB) 
^AM-MB. 



(I) sin2A-^^-2^^-2PM_2PJlf^P_2 . . ^ . 



(2) cos 2^ 0M_20M AM-'MBAM APMB BP 
^^ 0P"20P'" ^P -^P'^P BP'AB 

= cos ^ cos J. - sin J. sin ^ =C08M - sin*-4 ; 

cos2^ = ?2^=M^Z^=?i^.^.l=2cosM-l; 
20P ^P ^P ^P ' 



_o . 20Jlf 2(0P-MP) ^P-2JlfP , 2MP BP 
cos2^ = ^^= ^^ =-^-p ^^--pp'iP 



(3) tan 2^ = 



= l-2sin2A 
2PM 2PJlf 



20M AM -MB' 



1- 



2PM 

AM 2tan^ 

MPPM~l-tanU' 



PM^M 



(4) 



sin 2^ 
l + cos2J.^ 



PM 
OP 



PM 



PM 



1 + 



OM OP + Oikf-^O + Oif AM 
OP 



= .,-.=tan^. 
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OM 
1~ oos2^ _ ^ OF OF-OM _ OB-OM ^ MB 
(^) l+coa2^"", 6M^0F + 0M AO + OM AM 
^'^OF 
^MB^FM^^,^ 
FMAM 

A A 

3. Peop. Given sin -4, find sin -^ and cos -^ • 

Sin 



.•.2sin^ 



in^=2sin|teoB^ | 

1 + sin -4 = ^siny + coa-g y 1 

l-8in^ = (8in^-cofl^)') 

in— +oofl^=:± Vl + sinJ. | 

in:^-coB-^=± Vl-sin^ j 

± Vl + sin^± Vl-sinJ. ^ 
i Vl + ain J. + Vl -ain J. j 



Four values, according as we take the various combinations 
of the signs before each of the radicals. 

If ain ^ be given, and nothing more ia known respecting A^ the 
ambigoitiea of aign cannot be removed. But if the angle A ia given, or 

if we know the quadrant in which -— Ilea, we can determine the proper 

2 

signa of the radicala. 

In all examples write down the original equations 

am :| +C08 ^= ± Vl + ainJ. (i.) 



2 ' ™ 2 
A A 
Y-^«2- 



ain — -co8-^=± Vl-sin^ (iL) 
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A A 

Then as we know A^ we can find the signs of sin >~- and cos -^ and 

which is the greater. Having found the sign of the left-hand member, 
we affix the same sign to the radical on the right side. 

From - -^ to -^j the cos > sine, and is + , .'. the sign of (i) is + , 
and the sign of (ii) is - . 
> cos, and is + , .*. the { 
and the sign of (ii) is + . (xdii. 1.) 

5 > sin, and is - , /. the 
and the sign of (ii) is + . 



From ^ to -^, the sin > cos, and is + , /. the sign of (i) is + , 



Sir Sir 
From -r to — , the cos > sin, and is - , /. the sign of (i) is — , 
4 4 



From -- to ^, the sin > Cos, and is - , .*. both signs are — . 



Examples. 
Ex. 1. Find the trig-ratios of 22i^ 

2sin2 22i° = 1 -cos45'*=l — 1- =^^^=^::^ 
^ V2 V2 2 

sina22i'»=?:^ 
.-. sin22y=^^. 

2cos2 22i° = l + cos45'*=l + 4;=^^^=^i^ 

cos«22y=a±j>^ 
4 
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Ex. 2. Prove that tan 7i° = (V3 •- x/2) (x/2 - 1). 
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tan2 7i°= 



T V3 + 1 

1- cos IS '* ^ 2^2 2a/2- V3-1 
1 + C0S15** V3 + 1 2V2+V3 + 1 

^■*' 2^2 



(2V2-V3-l)(2V2-x/3 + l ) 

(2V2 + 1+V3)(V2+1-V3) ^ •'• 

_ 10-4^6 ^ 5-2V6 _ (5-2V6) (3- 2^/2) 

(9 + 4V2)-3 3 + 2V2 ST^S 

= (5-2^6) (3-2^/2) 
.-. tan7r=(V3-V2)(V2-l). 

Ex. 3. Prove that tan 37** SC/^ V6 + V3 - V2 - 2. 

, ^3-1 

tan2 37' 30^= ^"^'*'^^^ V^ ^ 2s/2-V3 + l 
1 + C0S76'* , . a/3-1 2V2 + V3-1 
^^ 2V2 

^( 2V2^^ + 1) (V2^=V3-1) _ (2V2-V3)2-] 
(2V2 - 1 + V3) (2V2 - 1 - x/3) (2V2 -1)2-3 

10 -ye 5-V6 /I . ON 

="6 = 472^3^^272 ^ '''^- ^-^ 

/. tan 37° 30^= ^^"^^ 
V2-1 

= (x/3-x/2)(V2 + l) 

=V6 + \/3-V2-2. 

Ex. 4. Show from the value of cos 22 J° that— 

2cos5°3r30''=V2^2W2W2 (liii. 4.) 

2 cos 22i"= V2 + V2. (iSee Ex. 1.) 
2cosnri5'=l + cos22i° 

= 1 + Ya/2TV2 
4cos2iri5'=2 + \^2 + V2 
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/. 2co8ir 15'= V2+V2+A/2 

2 cos2 5' 37' 30" = 1 + cos 1 1** 15' 

= l + -2 V2 + V2 + V2 



4cos2 5** 37' 3(y=2+ V2 + V2 + V2 
.-. 2 cos 5"' 37' 30^=/y/2+ V2 + V2 + n^2. 

Ex. 5. Given tan 2"=^, find sin ^, and sin 2X (xxvL 5.) 

l + tan«^ 1 + ji 
8in2J.=2 sin J. cos J. 

Ex. 6. Provethat2co8-2 = -Vl + sin-4-Vl-sin-4,if -4 is between 

270' and 360^ (xxviL 3.) 

-4 lies between 270** and 360" 

=^ lies between 135" and 180" 

j^ > and cos ^>sin -5- 

cos-g-is- I 

^ j^ ^ 

sin — + COS — = - VI +sin ^ 

sin g— cos -2-= + Vl - sin -4 
.*. 2cos2-=-Vl + sin-4-Vl-sinA 
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Ex. 7. Given sin 300** = - ^^ find sin 150'. 

Sl50°S- ! andcosl50°>sinl50' (xix. 3.) 

sin ISO" + cos 150"= - Vl + sinSOO** 



} 



sin 160° - cos 150° -+ V 1 - sin 300' 
.-. 2sinl60°= -^l-^+>v/l + ^ 

_ -V2-V3 + V'2+V3 

_1 5 V3-1 V3 + 1) 
~V2( V2 V2 5 

= 1. 

.-. sin 150** =2-. 



VII. 
TrifiT-ratios of the Angles of a Triangrle. 

1. Sin (J. +5+ C)= sin J. cos£ cos C+sin£cos J. cosO 

+ sin cos -4. cos 5 -sin -4. sin 5 sin . . . . (1) 
QO&{A+B+G)=co&A cosjB cos O-cos-4 sin£ sinO 

-cos^sin^ sinC-cosOsin-4 sin5 .... (2) 

^ + ■*'^^~l-tan^ tan^-tan^ tanO-tan^tanO* ^^ 

2. If il, 5, are the angles of a triangle, -4 + 5+0= 180°, 

^ +5=180'*- C 
.*. sin {A + jB) =8in 0, cos (-4 + 5) = - cos 0. 

. . J+B C A+B . C 
■ • ""^ -2 "'^ 2' ""' "^ '"^ 2 • 
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3. Prop. If ^+^+(7=180°, 

tan A +tan -B+ tan 67= tan A tan B tan C. . . (4) 

tan {A +^)= -tan (xlvi. 6.) 

tan A + tan B . n 
- — - — -r- — ==-tanO 
1-tan J. tan^ 

.*. tanJ. + tan^ + tanC=tan J. tanJ? tanO. 

This might be deduced at once from (3) since tan (-4 + jB + 0) =0, 

. '. the num erator = 0. 

4. Prop. If ^+^+C^=18(r, 

sin 2-4 + sin 2^4- sin 2 (7= 4 sin -4 sin B sin C, . (5) 

Left-hand member = 2 sin {A + jB) cos (J. - jB) + 2 sin cos C 
= 2sin cos (-4 -^) - 2sin cos (-4 + J?) 
(xlvi. 6.) = 2 sin {cos {A-B)- cos {A + B)\ 

= 4 sin J. sin £ sin C, 

5. Prop. If^+^+C^=180^ 

ABC 
sin A +sin -B+sin (7= 4 cos - cos — cos — . (6) 

Left-hand member = 2 sin "^ cos — ^ + 2 sin- cos ^ 

^ C A-B „ C A + B 
= 2cos2cos — 2~+2cos ^cos — g— 

=2cos^<cobA;^+cos^| 



'2! 
C 

'2^ 

6. Prop. If ^+5+ C= 180°, 



. C ^ 5 

4cos^ ^^^2" coSg-' 



ABC 
cos ^ + cos ^+ COS £7= 1 + 4 sin -jpsin — sin — . (7) 

Left-hand membep= 2 cos — i — cos — ^— + 1-2 sin^ — 

= i + 2sm— COS— 2 ^^"^2" ^Q^ o 

= l+2sm-jcos-^ ^-Y-\ 

= l+4sm-sm-8m2-. 
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7. Prop. If -4+5+67=180°, 

^A ^B ^C ^A ^B a 

cot — +C0ty+C0t — =COt — COtyCOt- . . (8) 

cot :i±:?=tan^ (xxxii. 5.) 

cot-^^ cot -5- - 1 1 

cot-g + cot g- 2 

. .A ^B ^C M , ^B , ^C 

.. cot — cot — COt^ = COtg-+COt^+COt^• 



EXAMPLES. 

Ex. 1. If the tangents of the semi-angles of a triangle are in A.P, 
show that the cosines of the whole angles will also be in A,F, 

AC B 

By question, tan— - + tan -2=2 tan y 

, A . C ^ , B 

sin-g sin-g 2sin-2- 

^^"a ^^-2 ^^^T 

. A + G „ A+C 
sm — - — 2 cos — X — 



A 0" . A+C 
cosg-cos-g sin^— 

. .A + C ^ A C A + C 
sin* — —= 2 cos-g- coSg- cos 

/ A + C, A-C\ A+C 
= (^co8-2-+cos-^j cos -g- 

. ^A + C ^A + C A + C A-C 
sin^ — g cos* — ^ = cos — ^ cos — g— 

-cos(^ + 0=^(cosJ.+cosO) 

2 cos 5= cos J. + cos 
.'. cos Ay cos jB, cos are in A,F, 
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Ex. 2. 11A+B+ C=ir, prove that— 
8in4 Bm{A+2C) + siXLBBm(B+2A) + 6mCBm{C+2B)^0. 
Left-hand member =8in A Bin(7r-jB + C) + sm5sin(ir-0+J.) 

+ &mCam{ir-A + B) 
smA=Bm{B+0), siii(7r-5+0)=sin(?r-(5-0)=sin(5-C) 
Left-hand member =sin (5 + C) sm{B-C) + sm{C+A) sm(0-^) 
+ sm{A+B)wi{A-B) 
(xlix. 4.) = sin*^ - ahi^C+ sin'C- sm«^ + mn^A - sin'J? 

=0. 



Ex. 3. liA + B+ 0=ir, prove that— 

.A . jB . C , . . ^ + jB . ii + O . B+C 

sm — + 8m-5- + sm-5-=l + 4Bm — -z — sin — -z — sm — ^ — 

2 2S as 4 4 4 

Left-hand member = 2 sm — -r — cos — -r — + cos — ^— (Ixm. 4. ) 

4 4 2 

=a2sm — - — cos — - — + l-2sm2 — :, — 
4 4 4 

,^„ . A + BC A-B . ^+jB) 
= l + 2sin— ^1 cos— ^j ^""-4-1 

, ^« . A + B{ A-B n + C) 
= l + 2sm— ^|cos— ^^ ^s-4-1 

TT + O 
«COS^-r— 
4 

, « . A+B^ . 7r + ^ + C-5 . v + C+B-A 

= 1 + 2 sm — -: — 2 sm sm 5 

40 o 

, ^ . A + B . 2{A + C) . 2(5 + 0) 
= 1 + 4 sm — ^j — sm -^ — ^ sm -^-^ — - 
4 o o 

, . . ^+P . A + C . 5 + 

= 1 +4 sm — z — sm — - — sm — z — • 
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Ex. 4. If -4 + 5 + 0=ir, prove that— 



•CO8- 



^ B-G G-A A-B 

-■4 cos — J— cos — :, — cos — ^ — • 
4 4 4 

B n A C , ,B IT G-A . / i , B\ 

■2 = 2- 2-2-' ••^+2 = 2' 2""-'n^"^2-r 

TA.1- J 1. C'--^ -4-jB B-G , 

Left-hand member « cos — ^— + cos —5 — + cos —5— + 1 

iA 2 2 

= 2 cos — i — cos :j + 2cos^ — ^ — 

4 4 4 

jB-0{ G-ZA+B , B-G) 
^cos ^ + cos-j-| 



G-A 



(cL2.) =2cos:^{ 



s2cos — J— 2 cos — ^ — cos — :; — 

4 4 4 

^ jB-0 ^-JB G"A 

=4 cos — 7— cos — :j — cos — - — • 
4 4 4 

Ex. 6. IfA+B + G=irf prove that— 

sin5i4 sin (J?- C?) + sin3J?sin(C--4) +sin3Csin {A-B)^0. 

am3A8ui(B-G)^i{coa(ZA-B+G)-coa{SA + B-G)} (cxxiv. 2.) 

aiiei3A'-B + G=A + B+G+2(A-B)=,r + 2iA-B\ 

.'. cos(3^-J? + C)=-co82(^-jB) 

.*. Left-hand members}{- cos2(^ -^ + cos2 (^ - 0)-cos2(B- C) 

+ C0S2 (jB- ^)-cos2 (C-^) + cos2 (0- jB)} 

=0. 

VIIL 

General Values of Angles correspondingr to a griven 
Value of any Trig-ratio. 

In the following important propositions, n is used to denote any 
integers- or-; 2n represents any even number; 2n + l or 2n-l repre- 
sents any odd number. 

( - l)«=l when n=0, -I- 1 when n is even, - 1 when n is odd ; 

.*. (-l)* = C0S7Mr. 

Corresponding to a given angle, there is only one value for each trig-ratio, 
but corresponding to a given value of any trig-ratio, there is an indefinite 
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number of angles ; and the following propositions prove that) if a is the 
least + angle which has a given sine or cosecant, all the angles which have 
the same sine or cosecant are included in the formula nn* + ( - 1)** a, where 
n is zero, or any integer + or — . For the cosine or secant the general 
formula is 2n9r±a, and for the tangent or cotangent nir + a. 
These propositions should he carefully written out several times. 

1. Prop. Find a general expression for all the angles which 
have a given sine or cosecant. 




'B 

Let EOF, or a, be the least + angle which has the given sine (or 
cosecant), make FOB^FOB, 

Then any angle measured from OjB in a + or - direction to the bounding 
lines OF or OF' will have the same sine (or cosecant) as the angle a. 
BOF and EOF in a + direction are a and «■ — a, 
BOP and BOF in a - direction are - (ir + a) and - (Stt - o), 
and these angles may be increased by any number of complete revolu- 
tions, that is, by any multiple of four right angles, or Shtt. Hence all the 
angles are included in the formulae 

27Mr + o ) where n is zero or 

2rwr + w-a=(2n + l)7r-o j any + integer, 
2rwr - (w + a) = (2n -Vfir-a ) where n is zero or 
2rwr - (2Tr - a)= (2n - 2)ir + o J any - integer, 
which are all included in the general formula 

n7r + (-l)»a, 
where n is zero or any + or - integer. 

So that the solution of sin ^=sin a, or cosec ^=cosec a, is 
e=7i7r+(-l)"a. 

N.B, In choosing the general formula, it should be noticed that the 
coefficients of ir in the four formulsB are either + or-, and either even 
or odd, hence we take the general coefficient n ; also if the coefficient 
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of TT is even, the sign of a is + , land if odd, the sign is - , and this is 
expressed algebraically by ( - 1)*. 

Since (- l)'*=cosn7r, we might write the general formula — 
nw + (cos rwr) o. 

2. Prop. Find a general expression for all the angles 
which have a given cosine or secant. 




Let BOT^ or a, be the least + angle which has the given cosine (or 
secant). Make P'05=P05. 

Then any angle measured from OB in a + or - direction to the bounding 
lines OB or OB" will have the same cosine (or secant) as the angle a. 
BOB and BOB' in a + direction are a and 2w - a, 
BOF and BOB in a - direction are - a and - (2w - a), 
and these angles may be increased by any number of complete revolutions, 
that is, by any multiple of four right angles, or 27i9r. Hence all the 
angles are included in the formulae 

%M7 + a "{ where n is zero or any 

%nm + 27r - 0= (2n + 2)7r - a J + integer, 
2n7r - a 1 where n is zero or any 

2w7r-(27r-a) = (2n-2)7r + a J -integer, 
which are all included in the general formula 

27i9r±a 
where n is zero, or any + or - integer. 

So that the solution of cos^=cosa,or sec ^= sec a is 
^= 27wr=fca 
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N.B, — In choosing the general formula, it should be noticed that the 
coefficients of n- in the four formulae are either + or -, and are all even, 
hence we take 2n as the general coefficient ; and since the signs of a 
are + and -, we take the sign ±. 

3. Prop. Find a general expression for all the angles which 
have a given ,tangent or cotangent. 

P 



Let BOTy or a, be the least + angle which has the given tangent (or 
cotangent). Produce TO to P'. 

Then any angle measured from OB in a + or — direction to the 
bounding lines OB or OB* will have the same tangent (or cotangent) as 
the angle a. 

BOB and BOB* in a + direction are a and «■ + a, 
BOB* and BOB in a - direction are — (ir - a), and - (2ir - a), 
and these angles may be increased by any number of complete revolutions, 
that is, by any multiple of four right angles, or Snir. Hence all the 
angles are included in the formulae 

2?wr + a ) where n is zero or any 

2nw + w + a=(2» + l)ir + a J + is integer, 
2nw - (ir -a) = (2yi - l)tr + a ) where n is zero or any 
2nw-(2ir-o) = (2n-2)7r + o / -integer, 
which are all included in the general formula 

rwr + o 
where n is zero, or any + or - integer. 
So that the solution of tan ^= tan a, or cot ^= cot a, is 
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N,B, — In choosing the general formula, it should be noticed that the 
coefficients of n- in the four formulaB are either + or - , and either odd or 
even, hence we take the general coefficient n\ and since aU the signs 
of a are + , we take the sign + . 

These proofs are also truey if a he any angle which has the gwm trig- 
ra^ioy and not necessarily the least + angle. 



4. Prop. Find a general expression for all the angles 
which have a given sine and cosine. 




Let BOPj or a, be the least + angle which has the given sine and 
cosine. 

The bounding lines for aU angles which have the given sine are OP, 
OQ ; the bounding lines for aU angles which have the given cosine are 
OF, OR Hence the only bounding line for angles which have the same 
sine and cosine is OP, and this angle a may be increased by any multiple 
of four right angles. 

Hence all the angles are included in the formula 

2njr + a, 
where n is zero, or any + or - integer. 
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IX. 

Bxplanation of the Double Sicrn in Trifironometrical 
Formute. 

1. Prop. Given cos A, show d priori that there are two 
values for sin A ; that is, account for the ambiguous sign in 

the formula 

sin J. = ±Vl-cos*J.. 

(i.) Geometrically. 

Let jBOP, or o, be the least + angle which has the given cosine. 




Make BOP' = BOP. Then all the angles made by revolution from 
'OB to the bounding lines OP, OP' have the given cosine, 
i,e. all the angles included in 2n7r±a. 
And these angles have different sines, 

Hence there are ttvo values for sin A. 

(ii.) Analytically. 

Let a be the least + angle which has the given cosine. 
Then-4=2n7r±o 
sin^=8in (2w7r±o) 

Bsin2nfr cosa±cos2?i^ sin a 
= ± sin a, since sin ^rvtr = 0. 
The two values of sin A are sin a and - sin a. 
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2. Prop. Given cos A (the angle A not being known), show 
that there are two values each for sin ^ and cos — ; that is, 
account for the ambiguous signs in the formulse 

sin —=4-. / 1-cos^ A . /1 + cos^ 

(i.) Geometrically. 
Let BOT^ or a, be the least + angle which has the given cosine. 



Make BOF=BOF. Then all the angles made by revolution from 
OB to the bounding lines OP^ OP' have the given cosine, 
i,e. all the angles included in 2nir±a. 

Bisect these angles as in the %ure, and the different values of — 

JU 

will be bounded by the lines OQ^ OQ^ O^a, OQ^, 

i,e, all the angles included in nTr±-^. 

2 

But Bia BOQ^^smBOQi^ and sin 50^3= sin 50^4, 

A 
Hence there are only tioo values of sin -— . 

2 

Also cos £0^4= cos 50^1, and cos 50^2= cos 50^3, 

A 
Hence there are only two values of cos — • 

2 
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(il) Analytically. 

Let a be the least + angle which has the given cosine, 

Then^=2n9r±a. 

. «:« -^ • / J- o\ • o j_ .a 

. . Sin —-= sin ( mr ± i" j =sm mr cos y ± cos nn- sin-s- 

= ± sin ^> since sinn9r»0, cosnir=±l. 

The two valaes of sin—- are ± sin -^ 
2 2 



a-5-=cos(»Mr± 2-j = co8nircos-5-^ su 






The two values of cos _ are ± cos -5- • 

2 2 



3. Pbop. Given sin A (the angle A not being known), show 

A A 

that there are four values each for sin —and cos -r- ; that 

J 2 

is, account for the ambiguous signs in the formulae 
2 sin — = ± Vr+sInZ+ Vl-sini4, 



2 

A 
2 



2co8— =± Vl + sin^ + Vl-sinX 
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(i.) Geometrically. 
Let BOFy or a, be the least + angle which has the given sine. 




Qi. 



Make 'BOP'—BOF. Then all the angles made by revolution from 
OB to the bounding lines OF^ OV have the given sine, 

i.e. all the angles included in mr + ( - 1)** a. 

Bisect these angles as in the figure, and the different values of 
4 will be bounded by the lines O^i, OQj, Oq^ Oft, 

f.e. all the angles included in ^ + ( . i)n ^^ 
andsin^OQi, sin ^0^2) ^BOQ^ sin ^Oft are all different, 

A 

Hence there are fawr values for sin — • 

It 

Also cos 50ft, cosJSOCjjj cosJ50ft, cos JBOft are all different, 
Hence there are four values for cos — . 
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(ii.) Analytically. 

Let a be the least + angle wldch has the given sine, 
Then^=W7r+(-l)*a. 

=sin ^mir + -|-j, if»=2m(even) 
ssinm9rcos|- + oosmirsm-|- (vii. 3.) 

= ±sin|.. 

:|^ = 8in|-((2m+l)ir-|-), if n=2m+l (odd) 



sin 



= 8in(mfr+^^) = ±Bin^^=±co8|-. 

The four values of sin — are ± sin -|- and ± cos -5- • 

A 1 

coB--=cos-5-(nir+(-l)*a). 

= cos(wMr + |-|, ifn«2m(even) 

a . .a 

=cost»«r cos-g--sm wwrsin-g • 

= ±C08y. 

co8^=co8y((2m + l)»r-|-), if n=2m + l (odd) 



= cos(l>wr + 
= ±cos— jr- 



= ±sm-s-« 



The four values of cos--- are ±cos-|- and ±sin-|-- 
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4. Prop. Given tan A (the angle A not being known), show 
that there are two values for tan — ; that is, account for the 
ambiguous sign in the formula 

2 tanJ 

(i.) Geometrically. 
Let JBOP, or a, be the least + angle which has the given tangent. 



B 




P 



a* 

Produce FO to f. Then all the angles made by rerolution firom OB 
to the bounding lines OP, OP have the given tangent, 

«.«. all the angles indnded in tmt + a. 
Bisect these angles as in the figure, and the different values of — will 
be bounded by the lines O^j, OQ^ OQ^ OQ^ 

i.e. all the angles included in ^ + -^ • 

2 2 

ButtmBOQs^tmBOQ^ and tan 50^4= tan J50ft, 
Hence there are only two values of tan -— . 
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(ii.) Analytically. 

be the least + aii| 
-4=njr+a. 

.'. tan^= tan^(nir + a) = tanfmir + -|-\ if»«2m (even) 



Let a be the least + angle which has the given tangent, 
Then J.=njr+a. 



tanmir+tan-^ 
l-tanwwrtan^ 



tan~= tan— |(2m + l)ir + a |, if n- 2m +1 (odd) 
»tanfmir+ -g-j — tan-g— = - cot^- 



The two values of tan --- are tan -^^ and - cot -^ • 
2 2 2 



5. Pkop. Given cos -4 (the angle A not being known), 

show A jwwi that there are three values for cos -«- ; that is, 

o 

account for the cubic equation 

9 A A A 

4 cos' — -3cos^= cos -4 to find cos -5-, when cos^ is given. 

Let a be the least + angle which has the given cosine, 

Then^=2nfr±a. 

A 1 

.-. cos — - = cos -^ (2rMr±a), 
o o 

and n is of one of the forms 3m, 3m + 1, 3m - 1. 

A 1 

/. cos --- = cos -^ (6m7r± a), if ns3m 
3 3 



-cos 



(2-±t) 



=cos2mfr cos -^:p sin Smir sin ^ 
«5 o 

a 

=0083-. 
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cos ^ = cos -i- j (3m+ 1) 2ir±a \ , if n=3m + 1 

= cos ( 2wMr + — ^ j 

29r±a 
= cos-3-. 

cos— =cos^] (3m-l) 27r±a >, ifn=3m-l 

= cos (awMT — ^'^Q^) 

29rXa 
= cos-^. 

The «^ee values of cos =- are cos -^, cos ^^^^, cos 1"° * 
3 3 3 3 



6. Pkop. Given sin A (the angle -4 not being known), 

A 
show A priori that there are three values for sin — ; that is, 

o 

account for the cubic equation 

A A A 

4sin3----3sinY= -sinJ. to find sin-^-j when sinJ. is given. 

Let a be the least + angle which has the given sine, 
Then-4=tMr+(-l)»»a. 
A 



sin 3 



-==siny I W7r + (-l)*a|, 
and n is of one of the forms 3m, 3m + 1, 3m- 1. 

sinY^sin-5-J 3mir + (-l)'»a >,if n=3m, 
V (-1)3«=((-1)3)«=(-1)« 
=sin|(m^+(-l)«|-| 

=cos mw sin ( - 1)** y > cos mir= ( - 1)** 



= (-l)*»*sin(-l)**-^ ( sin — , if m is even. 



3 



a 



sinf - ^\ =sin— , if m is odd. 
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. ^ . 1 
Bin- - 



sin— j(3w + l)7r-(-l)*»a|, if n=3m + l 
=8m \ m7r+ — ^-^ — > 
= C0B9»9r sin ^-^— ^ — 

o 

=(-!)« Sin ^3 

=8111 — ^, or - sin -^, as m IS even or odd. 



. ^ . 1 
sin 3 - 



=sin-|-j (3m-l)7r-(-l)~aL ifn = 3m-l 
. ( ir+(-l)«a) 



. ir + (-l)~a 
= - cosmw sm ^^-^ — 

= -(-l)"»sin — ^3 

= -sin — ^— , or sm — ^— , as m is even or odd. 

the wr«« values of Sin ^ are Sin —, sm— 5-, -sm— ^• 



X. 

Trifir-RatioB of 18% 36% 0% etc. 

1. Pbop. Find sin 18^ 

(i.) Analytically. 

Since 64'=90'-36'* 
008 54'*== sin 36" 
Let A = 18% .*. cos 3-4 = sin 2Ay 

4co8^-4-3co8-4=2sin^ cos^ 

4 cos^ J. - 3 = 2 sin ^, since cos A is not zero. 
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4(l-BmM)-3-2sm^=0 

^ \^) 4^16 16 

4 
Since sin IS*" is + , we take the upper sign, 



.-. sinl8'=^^V^ = coB72'. 
4 



(iL) Geometrically. 



Let ABC be a triangle having each of the 
angles at the base doable of the angle at the 
vertex. Make the construction as in Euciv. 10. 

If the vertical angle =^, then 
-4 + 2il + 2^ = 180°, .-. ^ = 36%and^JB^= 18" 
Denote AE by m linear units, and AB by n 
linear units. 
Then JBI> = ^0=2m, and BA,AD-^BD^ 
.-. n(n-2m) = (2m)' 
ft? - 2mn - 4wi^=0 

(?) 4e)-i 

from which --= ^ ."" =sin 18°. 

71 4 

Draw D-P perpendicular to JBO, then since BB^DG^ DF bisects JBO ; 

n 

V5 + 1 




coa36 «=C0SDJBJ^=-Tj7. = -— =;j— =-7^^ — r= 

i^D 2m 4»» V^-l 



-=sin54°. 
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2. Sincecos2l8'*=:l-sinn8'*=l-|^Il^J==l^±i^ 

( 16 ) 16 

.'. COS 18 = . ^ =80172 . 

4 

2cos2 36'*=l + cos72**«l+sinl8'* = l+^i^?^ 

4 

^3+V6 
4 

coB«36^«i:!^=«±Av^ 
o 16 

4 
4 



3. Show h priori why two values are found for sin 18*. 
We had sin 2jiscos ZA 

coa(^-2A)=coaZA 



■(f-")- 



^-2^=.2nir±3^ 



(2±3)^-|-2tnr» ^~^^ 

. . _ (l-4n)»r 
* 2(2±3)' 

if«=l,^=-f? orf. 



and cos y=cos ( - ■|-)=0, 
which accounts for the factor cos^ in the equation ; 

sin ( - :j^) = — cos — =B — j-^ , the other root of the equation. 



X.] TRIG-RATIOS OF i8°, 36% 9% ETC, 57 

4. Prop. Having found the sines and cosines of 18**, 36°, 
54^ 72^ we can now find sin 9° and cos 9**. 

sin 9** + cos 9**= + Vl + sin 18** 
sin 9** - cos 9**= -Vl-sinlS** 
since sin 9** and cos 9° are positiye, and cos 9**>8in 9", 

sin9'*«=^|vi+sinl8'-Vl-sinl8'| 
cos 9**=^ I Vl+sinl8' + Vl-sinl8' \ (xcvi 2.) 

.-. sin9"«-i-|V3:f75-V6^^| «cos8r. 

cos9''=^ W3+V6 + V5 + V6 I =sin8r. 

We can then find sin 3" = sin (18* - 16*) = cos 87', and hence we know 
the sines and cosines of 6*, 12*, etc. 

5. Tan36*=Vsec«36*-l=V(V6-l)2-l=V6-2V5 

=\/5 - V20 = V5 - 4-47213696 « '62786406 = -7266 . . . 
correct to four places of decimals. 

^' ^^^^ = sin54* =-^^36^ TsTl 

4 

=V6-l--jV(10-2V6)(V5-l)* 

=V6-1-V6-2V&. 

7. Show that sin 9* lies between '156 and '157. 

sin9*=^ I -^3+75-^5:^6 I (Ixxxi. 2.) 

=-j- 1 V5-2360680 - V2'7639320 \ 
=-j-|2'288 . . .-1-662 . . .| 

= •166 . . . 
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XL 
Identities, Equations, Elimination. 

1. A Trigonometrical Identity Is the equality of two expreaslonB 
InvolTlng Trig-ratios, wblch Is true for all valnes of the angles Inyolved : 
thus sec^ul = 1 + tan^J., sin^^ - cos^ JB=sm25 - cos' A are identities. 

In proving Identities, it is advisable to begin with the most com- 
plicated side, and work towards the other. In some few cases it may be 
necessary to reduce both sides to the same expression. 

The original Identity may often be simplified by transposition. 



EXAMFLBS. 

Ex. 1. Prove that — 

sin(£-0) + sin(C-il) + sin(-4-5) + 4sin^^sin^^sin^^^^=0. 

2 2^ 

Left-hand member — 

=2 sm — -— cos 5 + 2 sm — 5— cos — ^ — 

A \ A ^ 2 2 

+ 48m-^ «i^-2~'"'^~ 

o . B-^AS B-^C + A A-B « . B-C . C-A ) 

==2sm— ^1 cos 2 cos^--2sm— g-sm— g— J 

o . B-A{^ . A-C . C-B „ . JB-0 . C-A) 
= 2sin-^-|2sm^-sm-^ 2sm-^-sm— ^-^ 



(„ . G-A .B-C ^ , B-C . C-A) 

I 2 sm-g- sm-g— 2sm-^-sm -g- J 



^ . B-Ai^ . C-A .B-C ^ , B-C . C-A 
=0. 
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Ex. 2. Prove 2 cosec44+ 2 cot 4^ = cot ^- tan X 

Left-hand member=2 ^ ^. ^^^^^ (v. 2) 

_^ 4coB^24 

2 sin 2 J. cos 24 

_ 2cos24 
"" sin 2-4 

_ 2(cosg4-sing4) 
2 sin 4 cos 4 

_ cos4 sin 4. 
""sin -4 cos 4. 

=cotu4-tan-4. 

Ex.3. Prove that ??l4-t454= tan 24+ sec 24. 

cos 4. - sin J. 

Right-hand member ^^^^A±l 
cos 24 



2 sin 4 cos 4 + sin24 + cos24 / —ox 

(cos4+sin4)' 



' (cos 4 + sin -4) (cos4-sin4) 

cos 4. + sin 4. 
'cos 4. -sin 4* 



Ex. 4. Prove that^3^-5?^=2. 
sin4 cos 4. 

Left-hand member „Bm3.4 co8X-co»3^ BJn^ ,^^ ^ ^ 

Sin 4 cos 4 

_^si n(34."^ )_ sin 24 _ 
sin4. cos-4 '~8in4 cos4~" 

Or, left-hand member =.38m^-W^ _ 4cogM-8co8^ 

sm4 cos4 

=3-4 sinM -4 cos24 + 3 

=6-4 (sin24 + cos24) =6 - 4=2. 



6o TRIGONOMETRICAL IDENTITIES, [XI. 

Ex.5. ProTethat^'2^-^^''^^ oob^-cosS^ sin^ 



Left-hand member » 



sin 4J. - sin 2J. sin 3^ -sin ^ cos 2J. cos 3^ 
2 sin ZA sin A 2 sin 2 JL sin ^ 



2cos3J.sin^ 2coB2J.8inii 

sin ZA sin 2 J. 
"cosSJ. cos2J. 

sin 3^ cos 2^ - cos 3ii sin 2^ 
cos 2^ COB 3 J. 

sin (3^ -2^) 
~ COS 2^ COS 3^ 

sin^ 
'cos 2^ C0B3J.' 



(viiL2.) 



Ex.6. Prove that 2 sec-4=tan(^+y^+ cot (^ + y) 



2 

since tan^ + cot^ 



sin 2^' 

2 2 

.*. right-hand members = -=a2 sec J. 

• /it .\ oos^ 
sm^^ + ^j 

A A 

l + tan-^ l-tan^ 

Or, right-hand member = ^ + ^ (cxxviiL 2.) 

1-tan— 1 + tan-g- 

l+2tan^+tan«y + l-2tan^ + tan«^ 

2(l^tan3|) 2(cos«4^sin^|) , ^^ ^^^ 
l-tan^^ cos^^-Bin*:^ ^^ 
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Ex. 7. Prove that — 

(2 COB J. + 1) (2 coB-4-1) (2 cob2^-1)»2 cos-U + 1. 
Left-hand member s(4 cos^^ - 1) (2 cos 2^ - 1) 

={2(1+ 008a4)-l} {2 COB 2^-1} 

=(2 cos2^ + l) (2 C0S2-4-1) (xviii. 6. 

=4cos»2^-l 

«2(cob4u4 + 1)-1 

=2 cos 44 + 1. 

Ex.8. Prove that tan3^tan2^tan^atan3^-tan2^-tan^. 

Tan 3^ B tan (2^ + ^) 

taii2^ + taii^ . . . 

l-tan2^tan-4 ^xxxiv. 4.; 

tan3J.-tan3J. tan 2^ tan ^ = tan 2^ + tan ^ 
.*. tan3^-tan2u4-tan^»tan3^ tan2^ tan J.. 
Similarly (xcvi. 1) tan 5^ -tan 3^ - tan 2^1 » tan 5^ tan 3^ tan %A. 



2. A Trigonometrical Equation Is the eqnaUty of two expresslonB 
Involving Trlg-ratlos, which eqnaUty Is tme only for certain values of 
the nnknown angle Involved. 

To solve the equation, we have to find the values of the unknown 
angle which satisfy the equation : and In all cases the s<flntlon should be 
given In the general form wblch Includes all the angles wblch satisfy the 
equation. 

Several different solutions may sometimes be found which differ in 
form only, and are in all cases equivalent. [jSfee Ex. 3 and 5.] 
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Examples. 

Ex. 1. Write down formulse including all angles which satisfy — 
(i.) 2sinil=!l, (ii.) 2sin*-4 = l. 

(i.) sin^=l 

(ii.) sin*-4=-i- (xxxiii. 2.) 

sin^ = ±4: 

V2 

=nir+(-l)"-7-f or»Mr-(-l)»^ 
4 



Ex. 2. Write down the general value of ^ if sec*-4=-— • 

3 

sec^ = ±-^3 

-4=^, oiTT-^ (xxxiL2.) 



=2fm±^, or ^mtU - j) = (2n±l)7r+ 






Ex. 3. Find the general values of A, when cos 2^ = sin A. 
(i) cos2^ = cos(|^--4^ 

.-. ^-A=^2nir±2A. (xvi 6.) 
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Or (iL) sin(-|--2il)=sin^ 

/. •|--2^=»Mr + (-l)M. 

Ex. 4. Find all the positiye yalues of A less than two right angles 
which satisfy the equation sin 5^= sin 11^. 

sin 11 ^ =sin 5 ^ (Ixyiii 2.) 

/. ll^=7iir+(-l)*6^ 

n=0, gives 11^=6^, or -4=0. 



n=l, gives 11-4 =ir- 6-4, 



16 



11=2, gives ll^=2ir+6^, .'. ^=-^ 
etc etc. 



Ex. 5. Solve the equation sin ^ + cos d= ij% 

(L) sin ^ + cos d» ,J% (xxviL 6. 

sin^d + cos^^+2sindcosds2 
l + sin2^=2 
sin2^«l- 

.-. 2^=f=n7r + (-l)»|-. 

Or (ii) sin^+cos^= V2 

-^cosd+-^sin^=l 

cos^cos-^ + 8in^sin-^=l 
4 4 



cos 



('-f)- 



.-. ^_^=0=2n7r. 
4 
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Or (iii) -l^ooBd + -jjsmd=l 

8in4- COB d + coB 4" sin ^="1 
4 4 



Bin(^+<»)-] 






Ex. 6. Solre Uie equation coeeo tf + cot tf — ^3- 



l±^u. JZ (xliL 6.) 

cot|._V3 
fl «r .IT 



Ex. 7. Solye the equation sin -— = cosec ^ - cot ^. 



^mLJ^-^J (liii 6.) 

2 Bind ^ ' 

COB^ 

Bin---=0, orcos-|-=l 
B B 



Ex. 8. Solve the equation Bin 5d cos 3d = Bin 9d cos 16. 

-i-|sin(5d + 3^ + Bin(5d-3^| =-i- 1 Bin (9^ + 7^ + sin (9^-7^ | 

sin 8d + sin 2d = sin 16d + sin 26 (IxxxL 5.) 

; Binl6d=sin8d 
.-. 16d=n7r + (-l)»8d. 
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Ex. 9. Pind all the values of B which satisfy the equation 
cos 6 cos 3d = cos 2d cos 6d. 

-i- jcos(3d + d) + cos(3d-d)| =-1 |cos(6d + 2d) + cos(6d-2d) \ 

co8 4d + cos2d=co3 8d + cos4d 

cos8d=cos2d (v. 3.) 

/. 8d=2rwr±2d. 
or 4d=n7r±d. 

Ex. 10. Explain why it is that exactly the same series of angles are given 
by the two equations d + ^=W7r+(-l)»» -^, andd--|-=2w7r±-^. 
These results have been obtained from — 

sin(d + -|^)=sin^, and cos (d--^)=cos^ 

sin d cos -T- + cos d sin -r=iri a^^d cos d cos — + sin d sin -r =77 
4 4 2' 4 4 2 

—j^ (sin d + cos d) = -g , and -^ (cos d + sin d) = -g- (xxxvi. 6.) 

.*. sind + cosd=~7^' 
The results are different foriM of the solution of this equation. 

Ex. 1 1 . Solve the equation sin^ nd - sin (n - 1) d = sin^ B, 
sin* nB - sin* d=sin (n - 1) d 

siQ(n + l)dsin(»-l)d=sin(n-l)d (Ixix. 1.) 

sin(»-l)d=0, or sin(»+l)d=l 

.-. (n-l)d=m7r, or (n + l)d=m7r + (-l)« -^. 



Ex. 12. Solve the equation sin^i^d +sin'?^d=sin B. 

2t 2 

2 sin -— cos 2-=2 sin -g cos y (cxx. 1.) 

.^. ^ A ' nB . B 

cos "2=0, or sm — =sm — 
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Ex. 13. If tan (ir cot ^)=cot (ir tan ^), find all the values of B, 
tan(.cot^=ta.(|-.tan«) 

w cot d=rMr + -^ - TT tan ^ (cL 1.) 



m 



2 \ 4 / 16 16 

^^^^^ 2^+l j, V4ro' + 4n-15 



. ^ = tan-i j 2n + l±V47i8 + 4n-15 | . 



3. Elimination in Trigonometrical Equations. 

As in Algebra, seyeral equations may be given, by the combination of 
which certain quantities may be eliminated, and a result obtained in- 
volving the remaining quantities. 

The relations existing between the Trig-ratios are important reducing 
elements — 

sin*ul + cos2J. = l, sec* -4 = 1 + tan^ ^, tan -4 = —--j-, etc. 

cot^ 

e.^. If it is required to eliminate B between the equations, 

a cosd + 6 8in^=c, |) cos^ + g sind=r, 

we can solve the equations to obtain the values of cos B and sin ^, and 
then substitute the results in 

cos2d + 8in2d=l. 
Again in 

a sin ^ + 6 cos d=c, and a cos ^ - 6 sin ^=d, 
if we square each equation and add, we obtain at once a* + 6*=c' + rf-. 
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Examples. 
Ex. 1. Eliminate 6 between the equations— 

m=cosecd-sind, w=secd-cosd. 

^_ l~sin»^ __cos^ 

Bind sind (xiii. 8.) 

cos ^ "" cos ^ 
.-. m2»=cos8^, mw^rasin^^ 

mV^cosd, mV=sin^ 
substitute in sin^ B + cos^ ^ = i 

Ex. 2. Eliminate a; and y between the equations— 

tana; + tany=a, cota;+ooty=6, ai+y=c. 

1 1 _. 

tana; tany (cxviii. 2.) 

tana; + tany , « 

tanajtany"^' tanajtany"^' tana;tany=-^ 

tan(a; + y)=tanc 

tan a; + t an y 
l-taii:»tany==*^' 

-^=taiic = ^ 



2 _«• o — a 

. cotc=" 



6 

_6-a 1 1 



ah a" h 
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Ex. 3. Eliminate B between a;= 2a cob ^ cos 2d - a cos ^, ) 
y = 2a cos d sin 2d -a sin d J 



X 

-=2 cos d cos 2d - cos B 
a 

^=2 cos d sin 2d- sin d 
a 



(xlyiii. 6.) 



-2=4 cos^ d cos^ 2d + cos* d - 4 cos^ d cos 2d 

^ = 4 cos* d sin* 2d + sin* d - 4 cos d sin d sin 2d J 

^2 + ^=4 cos*d (cos*2d + sin*2d) + (coB*d+»n2d) 
- 4 cos d [cos 2d cos d - sin 2d sin d] 
=4cos*d+l-4cos*d 
= 1 
.'. a;* + y*=a*. 

Ex. 4. Eliminate a, b, c, from the three equations, 

a=& cosC+c cos J?, h=a cosC+c cos^, c=^a cosJ5+6 cos -4 

which subsist between the sides a, 6, c, and the angles ^, ^, of a plane 
triangle. 

6 cosC+cco85=a (i.) 

b -ccos^sacosC 

.*. 6 cos C~c cos -4 cos 0= a 008*0 .... (ii.) 

(i.)-(ii.) . . c [cos 5 + cos -4 cos C]=a (1 - cos* C)=a sin* C 

Sindlarly a [cos -B + cos -4 cos CQ = c sin* A (cxix. 1 J 

sin*(7 C0S.B + C08 J. cosC 

cos-B + cos-4 cosO~ sin* -4 

sin*^ sin* 0= (cos5 + cos -4 cos (7)* 

(l-cos*il) (l-cos*C)=cos*-B + 2cos^ cos 5 cos 0+ cos* -4 cos*C 

1 - cos*-4 - cos* 0+ cos*-4 cos* 0= cos*5 + 2 cos^ cos^ cos C+ co8*-4 cos^ C 

.-. cos* A + cos* B + cos* 0+ 2 cos ^ cos ^ cos C= 1. 
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Ex. 5. Eliminate B between the equations — 

a:=acos^ + 6 cob2^, ) Qii 5 ^ 

y=asin^ + 6 sin 2d. J 
jBCOsd + y sind=a (cos' d + sin^ d) + 6 cos(2d-d) 
=a + 6cosd 
(x— 6) cosd + y smd=a (i.) 

xsind-y cosd=6 (cos 2d sin d - sin 2d cos d) = -6 sin (2d- d) 
= - 6 sin d 
(a + 6)sind-ycosd=0 (ii.) 

from (I) and (ii.) co8d=J^j|^ 
8ind==^^^ 



substitute in cos' d + sin' d = 1 

XII. 
Inverse Trigonometrioal Ratios. 

1. If sin .4= a;, then .4=sin'"^ «, where sin-^ x is an abbre- 
viation for " the angle whose sine is aj." 
Be careful to note that - 1 is not an index, 

sin"^a: is not (smac)'^ whichs= -; — . 

sinx 

Note also that sin~^ -^= cos "^ -5- is not an identity, but is trae only 

for the particular angle 60^ 

sin"^ -^ is one value of utt + (-!)♦* -^, 

and cos"* -^ is one value of 27Mr± -^. 
2 3 

if sin"* tea: -4, as^sin (ti7r+(-l)M) 
if cos"* a:=-4, a;=cos(2?Mr±-4) 
if tan"*ic=-4, a!a=tan(n7r + -4). 
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2. Prop. Prove — 
sin-^ X db sin~^ y = sin-^ | x Vl— y^ ±y'J\ —a:* | 

Let sin"^ a;=-4, then sin -4 =0;, . •. cos ^ = ^/l-a^ 
sin"^ y=J5, then sin 5=y, .'. cos J5= sll-y^ 
sin (^ + J?) =sin ^ cos £ ± COS ^ sin ^ 

^±J5=sin-i {jB Vr^ ± y ViT?} 
.*. sin"^ a± sin"* y=sin"^ {as ^/l - y* ± y Vl - x*}. 

By a similar proof, cos"* a; ± cos"* y= cos"* {acy + V(l-aB^) (1-y^)}- 



3. Prop. Prove tan-^ a;± tan-^ y=tan-^ ,^ — — - 

Let tan"* a; =-4, .\tan^=ac 
tan"*y=5, .*. tanP=y 

tan(^±^=;^55^^^*!^ 
^ ^ 1 + tan^tan-B 

^ a?±y 
1+xy 

^±5=tan-*f^ 
1 +ajy 

/. tan"*a;± tan"*y=: tan"* ^ ^y . 

1 +ajy 

4. Any relations which have been established among the 
trig-ratios may be expressed by means of the inverse nota- 
tion. 

, 1 X 

sin"*flc=cos"* vl-a*=cosec"*— =tan"*-;j^=^- 

I X 1 

tan~*a;=cot"* —=8*°"^ -7t==^=cos"*- 



'•c ViT^='^ '^iT^ 
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cos 2A = 2 coB^ -4-1, . •. 2 cos" ^ a;= cos" ^ {2x^ - 1). 

sin 2A — 2 sin A cos J. .'. 2 sin~^ «=sin"'^ (2a; ^/l - x^), 

cot{A±B) = ^^^A^^^^ /.cot-ix±cot-i2,=cot-i|?2/ + l|. 
^ ^ cotul±cot5 ^ ( a;±y 5 

^^2^ _2tenJ_ .., 2tan-i«=tan"i-^. 
l-tan«.l 1-x* 

sin 3-4 = 3 sin -4 - 4 sin' A .'.3 sin" ^ «=sin~ ^ (3ac - 43t?). 

cos 3-4 =4 cos' -4 -3 cos -4 .".3 cos"^«=cos"i (4a;' -3a;). 

. tan-4 + tan.g + tanO-tan^ tan.gtan O 

^^^^■*"^"*'^^~l-tan.BtanC-tanOtan^-tan^tan.B' 

/. tan"ia;+tan"iy + ten"i«=tan"il±l±lll^. 

l-xy—yz-xz 



Examples. 

Ex. 1. Show that sec"i 3=2 cot"^ fj2 . 

2cot"V2=2tan"i-l 
V2 



=tan-i 2V2 «sec-i3. 



Ex. 2. Show that 2 cot"ia;= cosec"i 3L±i?. 

2a; 



2cot"*x=2tan"i — 

X 

_2^ 

X 



= tan"i 



1- 



* -1 2a; 



a;2 
2x 




a;8=8 + l = 9 
a;=3 



(xliL 5.) 




t/*^=4a;2 + a;*-2x2+i 
=a;* + 2x2+l 
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Ex. 3. Showthattan-i^(?±^+tan-i^/-=??". 

{ V3+ V2 ^ V3 ^ 
^^"^jg^jg J- (xu. 9.) 

^■"V2' V3- Va) 

— 4 



Ex. 4. Prove that tan-i-^ + tan-i ^=4=sin-i^ + cot- ^S. 

25 o 4 v^ 

cot-i3 = sin-i 4- . J^/ ^^=9 + 1 = 10 

=«^"!672-*-572S 

Alsotan-i-^ + tan-i4-=tan-i-2 — l=tan-il= — . 

^ 6 

Ex. 5. Given 2 tan~i (cos d)=tan-i (2 cosec ^), find 6, 

2 tan-i (cos d) =tan-i (y^b) (^^- ^'^ 

- /2 cos ^ 
ten-i (^ g^2^ j = tan- ^ (2 cosec d) 

2 cos ^ _ 2 
sin^ 6 ""sSrS 

sin ^=0, OP sin d=cos B 
.\B=0=nir, or tand=l 

4 4 



xn.] 



EXAMPLES, 



73 



Ex. 6. Showthattan-i(cotul)-tan"i(tanul)=n7r + -^-24. 

It 

tan-i (cot^)-tan-i(tan^)=tan-' ^-^^^t^ 

1 + cot^tan^ 2tan^ 

=tan-icot2ul = tan-itan ^^ - 2A)=nn+^^2A. (xUii.4.) 

Ex. 7. Prove that cos"i?|+ 2 tan"! -i-= sin-i — • 
65 5 5 



r} 



"sr 

x2=652-632 

= (65 + 63) (65-63) 
= 256 
a; =16. 



cos" 



63 



63 ^ _.16 
Tr=tan *^- 



65 



63 



2taii-i i=tan-i— i-= tan-i-^- 
o ,1 12 



'-A 



*«'~'^+tan-»i!^ = ton-' 



.-4 16. 
63 



676 

4 

= sin-i4- 
5 



16 5 
63 12 

63 12 



(xxxiii. 5.) 



Ex. 8. Prove that cot-^]— ^ -cofi Iz^ 



1+a 



1 + 6 



ssin 



a-6 



Left side=tan-i.l±^ -tan"! l±^ 
l-a 1-6 



1+a 1+6 



=tan-i 



l~a 1-6 



1 + 



l+g 1+6 
l-a*l-6 



l + a6 



=tan 



=sin" 



a-6 



V(l + a2)(i + 62) 



Vi+a2 vr+p 



(iii. 2.) 



a-6 



1+ah 

a^2=(a-6)2 + (i + a6)2 

a;=l + o2 + 62 + a262 

= (l+a2)(i + 62) 

a;= V(l + a2)(l + 62) 




74 



EXAMPLES, 



[xn. 



Ex. 9. If w = cot " ^ (cos a)* - tan " ^ (cos a) , prove that sin u = tan^ -^ . 



. -1 1 ♦«*,-! / X -1 Vcosa 

iA=tan i-p=-tan * Vcosa=tan ^ 



-^/( 



cos a 



tt=tan"^ 



Vcosa 

1 - cos g 

2 Vcos a 



1 + / Vcos a 

vcosa 



l-cosa 

tantt=_ / 

2 vcosa 



(Ixxiv. 1.) 



.'. smu= 



tanu 



l-cosa 
2 Vcos a 



Vl + tan* w 



A ^ (l-cosa)* l + cosa 
V 4 cos a 



l-C0Ba_ 2iL. 



Ex. 10. Prove that— 

2taii-irtaii^taiif^-|-)l=taii-i 5 -^?^^2i^ I • 
L 2 \4 2/J (sin)3 + cosaJ 



Left side = tan"" ^ 



2tanftan(^-f) 

l-tan«|tan*(^-|) 

1 - COS a ^ 1 - sin g 
1 y sina ' cosg 

=**^' "^ ^ (l-sin)3)« (l-cosa)^ I 
cos^/3 ' sin^a > 

_j 2 sina cos)3 (1 - cos a) (1 -sing) 
=*^'' cos2 /3 sin«a - (1 - sin /S)* (1 - cos a)* 



(xciL 2.) 



=tan' 



=tan" 



L 2 sin a cos /3 (1 - cos a) (1 - sin jS) 

(1 - sin* iS) (1 - COS* a) - (1 - sin /3)2 (1 - cos a)2 

L 2 sin a cos )3 

(1 + sin/S) (1 + cos a) - (1 - sin i3) (1 - cos a) 



__. -1 2 sina cos P ,^ sina cos P 

2 (sin /3 + cos a) ~ sin /3 + cos a 
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XIII. 

Logarithms to baae 10 : Use of Tables. 

1. Def. Tbe Logarltbin of a number to a given base is the Index of the 
power to which the base most be raised to give the number ; 

or, number =(basey®8^ 

if loga m=a?, then a*^m. 

2. Logaa=l. 

3. Loga 1=0. 

4. LogaO= — oo.(a>l). 

5. Log,mn=logam+logan. 

6. Loga^=logam-logan. 

7. Loga m*' =2? logo w. 

^ 1 

8. Logam'^=— logam. 

Jr 

9. LogaJxlogi,a=l. 

1 



10. Log, m=logj m X , 



'log^a 

1 



is called the Modnlns, or multiplier for transformins: the log of 



log5a 
a number to base h to the log of the same number to base a. 
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11. The system of logarithms, where the base is 10, is called the 
Common Bsrstem, and is used in practical calculations. In theoretical 
inyestigations Kapierlan Logarltluns are used, in which the base is e. 

12. Prop, logi^ (i\rx \0'')=\og^^N+n, 

13. Tlie UanUssa is the decimal part of a logarltlim, and la always 
kept positive. 

The Characteristic is the Integral part of a logarithm, and may he 
either positlye or negative. 



14. The logs of all numbers consisting of the same digits in the same 
order have the same mantissa : thus, the mantissa of the logs of 1234, 
123-4, -1234, -001234 is '0913152 (from the Tables). 



15. The characteristic of the log of a number is one less 
than the number of digits in the whole number. 

When the number has no integral figures, the characteristic 
of the log is negative, and is one more than the number of 
cyphers which precede the first significant digit, that is, the 
number of cyphers immediately after the decimal point. 

Thus the characteristics of the logs of 1234, 123*4, '1234, 12340, 
-001234, are respectively 3, 2, 1, 4, 3. 



16. When a certain number of decimal places is required, strike out 
the rest of the figores, and increase the last retained figure by 1, if the 
first figure struck off is 5, or greater than 5. 
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Examples. 

Ex. 1. What are the logarithms to base 3 of 81, gj, and V729 ? How 

many positive integers are there whose logs to base 3 have 2 for a 
characteristic ? 

(i.) Let logs 81 =« 

3«=81«3* (Ixxxii. 1.) 

(il) Let logs i=:a; 

^ 81 3*^ 

.-. x-»-4. 
(iii.) Let logs V729=a; 

3*=(729)*=3^=3* 

(iv.) log3 9~2 and logs 127 =3, 

.'. the logs of an positive integers between 9 and 26 have 2 for a charac- 
teristic, i.e. 18 integers. 



Ex. 2. If a, 6, c be any three numbers, then loga h x loge a=loge 6. 
Let logo & = X, then a* » 6 

logea=y, thenc«'=sa (Ixviii. 8.) 

xy^logcb 
.*. Ioga6xlogca=logc6. 
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Ex. 3. If logio 2= -30103, find the logarithms of 5, — , and 4 VW5 
to the base 10. 

Iog5=.log-2=logl0-log2 

=l-log2 

= l-'30103=-69897. 

log j;25=log 1 -log 126= -3 log 5= -2-09691 
« (3 -2-09691) -3 

= W309-3 (xxxiv. 7.) 

= 3-90309. 

log 4 V006 =log 4 + 1. log -005 

»2 log 2 + 1(3.69897) 



= -60206 + 2-84948 
= 1-45154. 



3-69897 
2 

_ 1-69897 -4 
2 

= -84948-2 

= 2-84948 



Ex. 4. Find V-002 haying given log 5 ='69897 and log 2-8864 
= •460206. 

«= VW2 



loga;=-g-log-002 

= i- (3-30103) 

="1-460206 
= log -28854 
.•.a;= -28854. 



log2=logy 
= l-log6 
= 30103. 



(cv. 1.) 
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Ex. 5. Given log 4*96 =-695481 7, log 4 '9601 = '6954904, find the 
logarithms of 496010, '000496, and 49600*25. 

log 496010=5-6954904. 

log -000496 =4-6954904. (xxxiii. 6.) 
log 4960025=? 

log 4960000 = 6-6954817 ) ^ of 87 = -0000022 

log 4960100 = 6-6954904 J ^^ -6954817 

. -. log 49600-25 = 4-6954839. '6954839 



Ex. 6. Given log 5 =-699, how many digits are there in 2^ ? 
x=2« 
loga;=63 log 2 

=63(1- log 5) (cxiv. 1.) 

= 63 (-301) 
= 18-963 
.*. X contains 19 digits. 

17.— Taylor Logarithms of the Trigonometrical Ratios. 

The Trig-ratios, being real numerical quantities, have corresponding 
logarithms. 

Since the sines and cosines of all angles, and the tangents of angles less 
than 45*" are less than unity, the log-sines and the log-cosines of all angles, 
and the log-tangents of angles less than 45*" will have negative character- 
istics. To avoid registering negative characteristics, the tabular logs of 
the trig-ratios are increased by 10. 

For example : sin 30° = — = '5. 

.-. Iogsin30'*=log-6 = l"6989700 
and in the tables we find L sin 30=9-6989700. 



8o EXAMPLES. [Xm. 

In using the tables it must be carefully remembered that as the angle 
increases the Lsine, Lsec, Ltan increase, whereas the Lcos, Lcot, 
L cosec decrease. 

.- . . sin^ 

Also tan^ss r 

cos J. 

L tan^ - 10=L sin-4 - 10 - (L cos^ - 10) 

.'. Ltan^»10+ Lsin^-Lcos^. 

. 1 
sec^s -r 

QO&A 

L sec -4 -10= -(Lcos -4 -10) 
L sec^»=20-L eos A 



EXAMPLBS. 

Ex. 1. Given L sin73' 20^ 10"= 9-9813671, 
L sinTS** 20* 20"= 9*9813734, 
findLsin73'20'16-r. 

Lsin73'20'15-7*=? 

L sin 73" 20* 10'= 9-9813671 ) , . , x 

I 63 (xxxix. 11.) 

L sin 73" 20' 20*=9-9813734 J 

j^ of 63 =57 X 63 = '0000036 
•67 9-9813671 



441 9-9813707 
315 



-000003591 
L sin 73'' 20' 16-7''=9'9813707. 
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Ex. 2. Given L cos 55° 11'= 97565999, L cos 55° 12' =97564182, 
find the tabular logarithm of the cosine of 55*" 11' 12^. 



Lcos55°ll'12^=? 
L cos 55° 11' 
L cos 55° 12' 



97565999 ) 
97564182 J 



19 1 

^ of 1817=-^ of 1817=363 
ou o 

97565999 
0000363 



L cos 65° 11' 12"=97565636 



(xli. 10.) 



Ex. 3. Given L tan 38° 16'= 9*8969714, determine Loot 38° 16'; and 
given L tan 38° 16' 10^ = 9*8970147, L tan 38° 16' 20" = 9*8970580, 
find the angle whose logarithmic tangent is 9*8970365. 



(i.) cot 38° 16'= 



1 



tan 38° 16' 

L cot 38° 16'- 10= - (L tan 38° 16'- 10) 

.*. L cot38° 16"=20-L tan 38° 16' 

=20-9*8969714 

= 10*1030286. 

(ii.) L tan 0=9*8970365 ) 

^218 
Ltan38° 16' 10" =9*8970147 J [ 

L tan 38° 16' 20"-9*8970580 J " 

.*. o=38° 16' 15^ 



"433 



(xxxviii. 11.) 



m^^^-''" 
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XIV. 

Relations between the Sides of a Triangle, and the 
Trigr-Batios of the Angles. 

a, 6, c are the sides opposite to the angles A, B, C respectively. 
8 = half the perimeter of the triangle =5-— (a + h + c). 

1. Prop. The sines of the angles are proportional to the 

opposite sides. 

sin J. _ sin ^sin Q 
a ~~ h " c 

2. Pkop. Each side is equal to the sum of the product of 
each of the other sides into the cosine of the angle it makes 
with the first side. 

a=b cobC+c cos B, b^a coaC+c cos A, c=a cos B + b cos A, 
.-. a + 6 + c=(6 + c) cos-4 + (c + a) cos5 + (a + 6) cosC. (vii 5.) 

3. Peop. Express the cosine of an angle in terms of the 
sides. 

b^=a^ + c^-2accosB, a^=-b^-h<^-2bccosAy <^^a^ + b^-2ab cos C. 

cos A = — zTj- , cos B = — ^ , cos C= — s~t 

26c ' 2ac ' 2ab 

4. Peop. Express the Trig-ratios of the half angle in terms 
of the sides. 

3in4=./(EMEI) sin^=>v/^E^2?I3 ,^9.^J^FEME3 

^^^2 V he '®"^2 V ac '^'^2""V ah 

A /8{8-a) B /8{8-b) C /8(8-c) 

2 V s(s_tt) ' 2 V s(8-b) ' 2 V 8(s-c) 
Since any angle of a triangle is < 180", the half angle is < 90"*, and all 
the trig-ratios are + ; there is therefore no ambiguity of sign. 
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5. Prop. Express the sine of an angle in terms of the sides. 

her ac* ab^ 

where i8f=^/« (« -a)(s- b) (« - c). 



6. Pkop. Tan — r— = — -^ cot — 
2 a+& 2 



7. Prop. Sin — ^r- = cos — 

2 2 



8. Prop. Cos —77—=— ^ sin — 
2 c 2 



/N -r» i-.. sin-4 sin5 sin(7 , , 

9. Prop. Given = — =— = , deduce 

a b c 

a=h cos C+c cos 5. 

Let-^=-J^=^=fc 
sin ^ sin £ sin C 



.b\ 
iC ) 



a^k aiiiA 
b=k am B 
c = Jfc 8in( 

b cos C^k sin B cos C, c cos J5=Jfc sin C cos B 
6 cos C+ c cos B=k (siaB cos C+ cos jB sin C) 
=Jksin(£ + C) 
=A; sin^ 
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10. Prop. Given =— =— = , deduce 

a b c 

a^zsl^+(^^2bc COB A. 
b e , 



Let 



sin ^ sin £ sin C 



a=X;sin^ 
b^k smB 
c=X;sin 



■I 



:. b^i'(^-2hecoBA=h^sm^B + h^8m^C''2k^8iaBsmCcoaA 
^Jk^lsin^^ + sin* C-2 8in5 sin C cos^} 
=i2{sin«5+sinC7(sinO-2 sin5cos-4)} 



= Jk2 {sia^B + sin (^ + B) (sin A + B-2 smB cos A)} 

^Ji^{mi^B+am(A + B)8m(A-B)} 

=Jka {sin«5+8inM - sin«^} 

=ib2sinM 

=a2. 



11. Pkop. Given a=6 cos C+c cos 5, b=a cos C+c cos A, 
c=a cos5+6 cos -4, deduce a*=:6*+c*— 26c cos -4. 

Multiply the equations by a, 6, c respectively, 

a^:^db cobO+oc ooaB \ (1) 

6*=a6 cos 0+ 6c cos -A > (2) (xlix. 7.) 

c^s^ac QosB + bc coaA ) (3) 

add (2) and (3) and subtract (1) 
62 + c2-a2=26ccos-A 

.-. a2=62 + c3-26ccos^. 
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1 2. Prop. Prove tan — r— =—7-, cot — • 
2 a+ft 2 

Let ?l2:^— ??J? £ 

sin -4 —sin 5= (a - 6) fc 
sin -4 + sin 5= (a + 6) A? 

sin^— sin^ _ a— 6 
8in-4 + sin5~a + 6 

2 cos — ^ — Sm — jr— r 

2 2 a-6 

2sm-^-coB— g- 

tan—- — cot — 5— = — 7T 
2 2 a + & 

tan^^tan-^-^ •• ^ + ^-00° ^ 

., tan — — -«__ cot — . 
2 a + o 2 



13. Prop. Prove sm — - — = cos -5-' 

Jd c ** 



Let-^«^=-^=]fe 
sin^ sin^ sinO 

a=X;sin^ 

h^k sin 

csXisin 



) 



g-R fe(sin^-sinjB) 



2 COS — s — sin — s — 



c X; sin C ^ . G C 

2 sin -^ cos -2r 



. A-B 

sin 



cos^ 



2 . -4 + J5 . C 

^, since cos — 5 — =sm -^ • 
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in T>«^« r«- sin-4 %mB sinC , , 

10. Pkop. Given =:-^— = , deduce 

a b c 

a2=J2+c«— 2Jc cos -4. 
sin^ sm^ sinO 



a^k am A \ 
e^kfanC j 



.-. 62 + c2_26c COB A==h^ sm^B+lf^ sin* C- 2ft« sin J5 sinC cos^ 
=Jfc'{8in*5+8in«0-2 8in5 sin C cos^} 
=jfc'{sin« J5 + sin C7(sinO-2 sinB cos^)} 



= ]fc2 {sin^^ + sin (^ + 5) (sin^ + £ - 2 sin5 cos ^)} 
=ifc2 {sin* 5 + sin (^ + 5) sin (^ - 5)} 
=*»{sin*5+8inM -sin*jB} 
=ifc2sinM 



11. Pkop. Given a=& cos C+c cos 5, 6=a cos C+c cos -4, 
c=a cos 5+6 cos -4, deduce a*=:J*+c*— 26c cos .4. 



Multiply the equations by a, 6, c respectively, 

a2=a&coBO+a(;ooBJ5^ (1) 

6*=a6 cos 0+ 6c COB ^ > (2) (xlix, 7.) 

c*=ac cos £ + 6c cos ^ / (3) 

add (2) and (3) and subtract (1) 
62 + c2-a2=26ccosu4 

.-. a2=62 + c3-26ccosX 
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12. Prop. Prove tan — ^r-=— n cot— • 
2 a+6 2 

Let ?5^— ?!L?«t 

sin J.aaX; 

sin ^ — sin 5 = (a — 6) fc 
sin -4 + sin 5= (a + 6) A? 

sin^-8in^ _ a — 6 
sin J. + sin jB'~a + 6 

2 cos —7; — sm — ^— , 

2 2 a-h 

^ . A + B A-B'^a-^h 
2sm— |— COB— g- 

tan — - — cot — jr — = — r 
2 2 a-\-h 

^^^ A--B , ^ C a-b ..A + B ^^, C 

..tan^=^Jcot|. 
2 a + h 2 



13. Prop. Prove sm — - — = cos 77 • 

2 c 2 

sinui sinJB sinC 
a=sX;sin^ 
h' 
c= 

^ A+B . A^B 

. o-^ ^ fe(si n^-s inJg) ^ 2 oos -^ sin -^ 

" c " fesinO c ' C C 

2sm^cos^ 

. A-B 

""^""2~ . ^ + jB . C 

« ^ , since cos — 5 — = sm -^ • 

cos-g 



x=sX;sin^ \ 
b^k^B > 
c^kwiC / 
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1 4. Prop. Prove cos — -i— = sin — • 

2 c 2 



a + 6 Jk(sin^ + sin.B)_^^"^ 2 ^^^ 2 



X; sinC 



cos- 



Ssin-g cos-g 



2 . . u4+J5 C 

-y7— , Since sm — 5— = cos -5- • 



15. Prop. The three previous formulae proved Geometri- 
cally. 
(L) Let ABQ be the given triangle, where a > 6. 

Describe a circle with 
centre (7 and radius 6, cut- 
ting 50 in -&. 

Produce BQ to D, join 
^D, AE^ and draw JKF 
parallel to AB; it is there- 
fore perpendicular to AB^ 
since i>J.^in a semi-circle 
is a right angle. 

Exterior angle ACD^A + B 

=2AED at circumference. 
A + B 




,\ AED=- 



2 



interior 



tan 



tan 



angle EAB^AED-B^-^^-B^"^^' 

A-B EF 

2 EA EF BE 

"X+B ~ .03 ~ DA ~ BD* ^y similar triangles BEF^ BDA 



EA 



BC-CE^a-h 
'BC-i-CD a + b' 
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(ii.) Since BAD= 90° + ^^, and BDA = -^ • 



sin(,0'.^ 



BD smBAD 

BA " sin BDA T^ 

sin- 

, cos — s — 
a + b 2 

c ' . G ' 
sin-2 

. A-B 

BE am BAH ^^ "^ 



(iii.) Since ^-7=-; — «wt=" 
^ ^ BA smBEA 



>(180--^ 



. A-B . ^-5 

, sin — s — sm — zr— 
a-0 2_ _ 2 

c "" . ^ + 5 " O ' 

sm-^- cos 2 



/A . ^\ c+6 ^ A 
It has been preyed that 



16. Prop. Prove that taiif^+J5'\=^ tan^ 

\ 2 J c—o 2 



, C-B c-h ^A 

Invert, cot -^-^^^ ten- 






'(4-^)-:4j 



tan|9^+B)=^jtan~ 
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EXAMFLE& 

Ex. 1. If the tangents of the half angles of a triangle are in H.P., 
show that the sides of the triangle are in A.P. 

A 3 C 

By Question, tan^, tan--, tan — are in H.P. (Ixxxviii. 3.) 

cot -g-j cot -^, cot — are in A.P. 



/ 8(8-0) I 8{8-b) / 8(8'C) ™ J^ A P 

V («-6)(s-c)' \/{8-a){8-cy V («-a)(«-ft) * 

« - a, 8 -by « - c are in A,P. 



Ex. 2. In the triangle ABC, if sin^, sin^, sin C are in H.P., then 
1 - cos ^, 1 - cos jB, 1 - cos C are also in H.P. 

Ifl-cosil, l-cos5, 1 - cos C are in H.P. 

ABC 

2sin'y, 2sin2— , 2sin2y „ v 

2(,-6)(s-c) 2(8--a){8-c) 2(g-a)(a-6) ^^^p 
be ^ ac ' <ib 

be ac ab 



2(s-6)(«-c)' 2{8-a)(8-ey 2(«-a)(«-6) 
8-a s-6 8-c 



are in A.P. 



' are in A.P. 

c 



± J. -iareinA.P. 
a' 6' c 



1 JL i. 
a' b' c 



are in A.P. 



sin -4' sin^ sinC 

sin A, sin 5, sin (7 „ H.P. 
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Ex. 3. If in the triangle ABC the angle A be three times the angle By 
prove that sin J5r=i- IWzA. 

A^ZBy .-. sinu4=sin3J5=3sinB-4sin3 5. 
sin J 



sin B 



=3-4sin25 



-?:=3-48in25 



(Ixxxvi. 3.) 



4sin«^-?^ 




. sin B^ ^ 
2 



1 /?^Zf 
2V 6 



Ex. 4. If a, 6, c, the sides of a triangle, be in A.P., prove that 

^ , A , C . B 
2 sin- sin-=sm2. 

Since a, 6, c, are in A.P., (Ixxx. 2.) 

26=a + c 

2 sin - sin^= 2^^ L^^ x '—j^—' 

^ 2(g-6) /{8'-a)(8-c) 
6 V ac 

a+c-6 * B 
= — 6-«^2 

26-6 . B . J5 

s= i sin -7r= sin -zr • 
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Ex. 5. In any triangle, prove that ^-OT6lS^+7^arC= 2^0 ' 

T X « h C 7 

Let -; j = ^ — r»=-=— 7»=* 

sin ui sin £ sin v 

a^k sin -4, /. a^=ha sin -4: 

6 =]k sin 5, .-. 62=A;6 sin 5 (ii. 5.) 

c=A;sinC, .'. c*=fo;sin(7 

a^ + 6^ + c2«=A; (a sin -4 + 6 sin 5 + c sin 0) 

^_^ gg + feg + c^ 

a sin -4 + 6 sin £ + c sin 

sin ^ "" a sin -4 + 6 sin ^ + c sin C 

2 (a« + 6«-a&cosC) 
~a sin^ + 6 sin£ + c sinO' 



^ ^ r X- 1 ., . acos5-6cos^ sinful --sinVB 
Ex. 6. In any triangle, proye that = g^"g 

Left-hand member =- (^a — 3^3— - h ^^^ ) 

2<;2 
__ sin^ A - sin^ B 



(xliii. 7.) 



■r. ., T> ^, X 1+ cos(^-5)cosC a^ + h^ 
Ex. 7. Prove ^^\ ^ ^ ,,,\^ _ c) 00. B = ^M^?- 

Left-hand member= ^-^^^i^-g^^i^t^ (xxxiv. 8.) 

1 - cos (ul - 0) cos (-4 + O 

1- (cos^^- sin^jg) 
""1- (cosM- sin^O) 

^ 8in^^+ sin^-B 
sinful + sin^C 
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Ex. 8. If a, iS, y be the perpendiculars from the angles of the triangle 
ABO upon the opposite sides a, 6, c, prove that — 

a sin -4 + 6 sinJB + c sin 0=2 (a cos-4 + /3 cos 5 + 7 cos C). 
a=6 sinC = csin^, /3s=a sin(7= c sin-4, y=a sin^ = 6 sin^ 
.'. 2a=6 sin C + c sin jB, 2/3=a sin C + c sin -4, 2y =a sin jB + 6 sin ^ 

Eight-hand member — 

= cos A (6 sin C+ c sin ^) + cos ^ (a sin C+ c sin A) 

+ cos C (a sin 5 + 6 sin -4) 
=asin(£ + C) + 6sin(^ + C) + csin(u4+5) (xlviii. 8.) 

=a sin -4 + 6 sin 5 + c sin C 



Ex. 9. Prove that {a-^h-^c) / tauy + tan y) =2c cot ~ 

. A^B 

sm-^— 

Left-hand member ==» 28 . ^ (xxxi 8.) 

cos 2- cos g- V 

G 
cos-g 

cos -cos ^ 




8 (s ~ c) 



6c ac 



='^^/ 



(»-a)(»-6)"^'**2 



92 SOLUTION OF TRIANGLES. [XV. 

XV. 
Solution of TriansrleB. 

In every triangle there are six elements, the three sides and the three 
angles ; and in order to solve a triangle, three elements must be given, 
one at least of which must be a side. 

1. Given three sides a, &, c. (Eucl. i 8.) 

Quote the formula for the trig-ratio of the half angle in terms of the 

A A 

sides. If one angle only is to be found, the formulae for sin — or cos ^ 

may be used ; if all the angles are to be found, the most convenient 

formulae are those for tan — and tan — , in which the logs of the same 
2 2 

quantities s, 8 - a, 8 - &, 8 - c are required, whereas the formulae for the 

sine and cosine require in addition the logs of a, &, c. 

Having found A and 5, then 0=180*' - {A-^B\ 

Without the use of logarithms, the angles may be found by the for- 

mulae cos A = -= , etc. 

26c * 

EXAMI>LES. 

Ex. 1. The sides a, &, c of a triangle are as 4 : 5 : 6. Find the angle B; 
given L cos 27** 53' =9 -9464040, L cos27*' 64'«9-9463371, log2 = '3010300. 

6=5 ).«=^=7-5 (viii. 5.) 

c=6 



cos 



^^ / g(g-6) /7'5 X 2-5 5^5 

2 V ac V 24 "V32 ^2^ 



7> c 

L cos ^- 10=log 5 - -^ log 2 

Lcos^*=10 + (l-log2)— |-Iog2 *=11 -4- log 2=11 -.1-0536050 

L COS ^= 9-9463950) 

2 V90 90 , „ 

L cos 27' 53'=9-9464040 j Kgn 669 ^ "^ ' 

L cos 27' 64' =9-9463371 ^ 

:|=27' 53' 8", .-. 5=55" 46' 16". 
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Ex, 2. Given a =3, 6=2-75, € = 1*75, find B; given log 2 = -3010300, 
L tan 32** 19'= 9-8008366, diff. for l'=2796. 



a=3 

6=2-75 }>««375 (iv. 6.) 



x = 3 \ 
6=2-75 >««3-7 
c=l-75J 

B_ / {B-a){B-c) _ / ^75ir2 _ /2" /T 
"^ 2 ~V a («-6) "V 3-75 x l" V 5 "V 10 

LtanJ-10=^(2Iog2-l) 

L tan y= 10--^ (-3979400) 
=10- -1989700 

=9-8010300 ) 1935 ^^„ 

L tan 32^ 19'=9-8008365 J ^'9^ 

^=32M9'4r 
.-. 5=64'' 39' 22^. 



Ex. 3. Solve the triangle, in which a=18, 6=12, c=10, having given 
tan 54** 44'= 1*4140943, ton 15° 47'= '2826573 

tan 54** 46'= 1*4149673, tan 16'' 48'= -2829716. 

a=18\ 

6=12 U=20 

c=lo) (xvi. 6.) 



tan 4= 1-4142136) 



1193 1193 

tan54M4'=r4140943J \^^^ 8730^^^"==®' 



tan54M6'=l-4149673 
A 



= 54° 44' 8", .-. ^ = 109° 28' 16". 



[XV. 



± ^ ^5 1-4142136 



- % 



U^4r 



C^Zl ^ -i'' 






4- A-i»* - r 



4 ^3-: :t 



-\ J^^Ti 




iff- ^^ 

3^3 ^^^ I ^ 1 



5=45' 



I Hid mro angles, «, B, C. 



<i sinf 



a sinC 



loga + L sin C- L sin X 



(icriiL 4.) 



(End. L 26.) 
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Examples. 
Ex. 1. In the triangle ABC, ^=60° 15', 5=54° SO', and c=100, 
find 6; given L sin 54** 30'= 9*9106860, L sin 65** 15'= 9*9581543, 
log •89646 = 1-9525317. 

0= 180** - (114*' 45') = 65° 15'. (xxiii. 8.) 

.^ csin.B ^ 100 8in54°30' 
sinO sin 65° 15' 
Iog6=logl00 + L sin 54° 30' -L sin 65° 15' 
= 2 + 9*9106860 - 9*9581543 
=1*9525317 
.-. 6 = 89*646. 

Ex. 2. If^=55°,5=65°andc=270,finda,givenLsin55°=9*9133645 

log 3 = -4771213, log 2 = '3010300, log 2*5553= '4070508, log 2*5554 = 

•4072209. 

0=180°- 120°=60° 

c sin^^ 270 sin55° ^ 640 sin 55° 
sin V3 V3 (xxiv. 8.) 



a= 



log a=3 log 3 + log 2 + 1 + L sin55° - 10- ~ log 3 
= A log 3 + log 2 -f-L sin 55° - 9 



1-1928032 + -3010300 + 9*9133645 - 9 



loga=2*4071977^^^g^ 



log 25563=4-4070508, . 

U701 1469__.j.^« 

log 25554= 4-4072209 J . 1701"" 

.-. a= 255-53863. 

3. Given two sides and the included angle, a, &, C (Eucl. i. 4.) 
Substitute in the formula — 

tan — ~^ — = — 11^ cot -TTi reduce the fraction to its lowest 
2 a+6 2' 



tenns, and take logarithms, 

^ • I ^ j^ + J 

— IS known, and — -^ 

.*, A and B are found. 



Hence tiz^ is known, and ^^^=90° - -J, 
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^, 6 sin a sin 

Tnenc=— ^-^, op —; — j-* 
sin 5 ' sin -4 

n n 

(a + 6)Bin-g- (a-6)coB-^ 
Also, c ^-g-, or ^_^ , 

COS-j- 8U»^- 

in which we require only two additional logarithms, those of sin — and 

2 

COS ~ » OP of COS -— and sin — ^ . 
2 2 2 

Again, c may be found without finding the adjacent angles, by means 
of c=(a + 6) sin -^ sec^, where tan0=^^ cot^- [5fee xix. 2 (iii.).] 



Examples. 

Ex. 1. If a==5, 6=3, 0=60*" dcy, find the other angles of the triangle ; 
given log2=:-30103, L cot SO** 15' « 10*23420, L tan23'* 13'=9'63240, 
diff. fori' =-00036. 

«-|-cot30''15' 

= 4-co<J30'16' 
4 

L tan^^-=^=L cotSO** 16'-2 log2 

=10-23420 --60206 
=9-63214) 
L tan 23*^ 13'=.9-63240 J ^"'' ^^ 

^^=:23M3'46'' 



=:90''-30'16'=69"45' 

2S 

.-. ^=82°58'45^ 
5=36° 31' 16". 
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Ex. 2. In any triangle given that tan (---+^) s^t^ tan^, if 

3c =76, and -4=6° 37' 24", find the other angles ; given 

L tan 3** 18' 42" =8*7624069, L tan 8° 13' SCT =9-1603083, 
log 2= '3010300, diff. for 10"= 1486. 

■(^-)■ 



tan I 



c + 6 . A 

a — jT tan-tr 

c-6 2 



=^tan3M8'42'' 
4 



(vL6.) 



Ltan/^^ + 5W1-2 log2 + L tan3° 18' 42^ 



=91603469 

Ltan8° 13' 50"=9-1603083 

386 



386 



1486 



xlO"=2'5" 



|. + 5=8M3'53" 

-6=8" 13' 53^-3* 18' 42'' 
.-. 5=4° 55' 11". 
C=180°-ir 32' 45"= 168" 27' 15". 



Ex. 3. K 6 : c : : 11 : 10, and A = 35° 25', apply the formula 
tan -^^= tan2-|^ cot y to find B and 0, given log 1*1 =-041393, 



Lcos24°37'12"= 9-958607, 
Loot 17° 42' 30" = 10-495800, 



Ltan 12° 18' 36" = 9-338891, 
L tan 8° 28' 55-5" = 9'173582. 



tana|.=^^= ^ 

2 6 + c c_ 



\B^ xix. 1 (ii.)] 



l-cos9 _ & 

1 + C08^" 



'-T 



G 



(xxxvi. 10.) 
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. c 10 

Lcos0-lO=l-logll 

L co80=ll - 1-041393= 9-958607 
<^=24'*3ri2" 

.•.|.= 12'18'36". 
2 

tan ^^ = tan« 12' 18' 36" x cot 17' 42' 30" 
2 

L taii^^-10=2 L taiil2'' 18'36"-20 + Lcotl7'42' 30"- 10 
2 

L tan ^"^^ 18-677782 - 20 + 10*495800 

=9173582 

?:i^=8' 28', 66-6" 
2 

^±^=90''- 17' 42' 30" 
2 

=72' 17' 30" 
.-. J5=80' 46' 26-5". 

0=63' 48' 33-5". 



4. Prop. Given two sides and the angle opposite one of 

them, viz., a, &, A, 

sm-B= , gives jB. 

a 

Cf=180'-(^ + B). 

6 sin C a sin 

c—— — s- or —. -r-' 

sin B fxaA 

Here the angle B is found from its sine ; and since sin J3»sin (180' - B) 

there iMi^i ht two angles, one acute, the other obtuse, which satisfy the 

. ^ 6 sin ^ 
equation sin B = — - — • 
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Hence tbe ambiguous case of tbe solution of triangles. 
(L) & sin ^ > a, sin ^ > 1, which is impossible. 

No triangle exists with the given parts. No solation. 
(ii.) & sin ^ = a^ sin £= 1, £=90°, a right-angled triangle. 

One solution, 
(iii.) & sin ^ < a, sin £ < 1, and there ma,y &6 two solutions, one 
of the angles being the supplement of the other, t.e. one acute, 
the other obtuse, 
(a) If 6 < a, 

then B<Ay and since A is given, B must be acute. 
Only one solution. 
0)If6>a, 

then B> Aj and in this case A must be acute, and B 
may therefore be either acute or obtuse ; and there 
are two solutions. 



I. Prop. — Ambiguous case in the solution of triangles, 
illustrated Geometrically. 

ABC is the triangle with the given parts a, b and A, 
With centre C and radius a, 
describe a circle, 
and draw the perpendicular CD, 
which=6 sin -4. 
(i.) 6 sin ^ > a, 
the circle does not cut AD, 
and the construction fails. 
No solution. {Fig, 1.) 
(iL) b sin-4=a, 
the circle touches 

ABinB, 

and the triangle is 

right-angled. 

One solution. 

{Fig, IL) A 
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(iii.) 6 sin -4 < a, we have J'ig'*. HI. and IF. 



Fig. in 




(a) In Fig. IV^ a>bj and we have one triangle ABG with 
the given parts ; the triangle ABG having the sides a» b 
and the angle 180'' - A, 
One solution. 



Fig. IV 




(3) In ^igr. IIJ, a < 6, we have two triangles, ABC, ABC, both 
having the given parts a, b, A. 
This is the case in which there are two solutions, when 
bBmA<a, and 6 > a. 
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II. — ^Algebraical method 

Pbop. Given a, J, Ay discuss the ambiguous case by finding 
the side c. 

a*=62 + c' - 26c cos A 
.-. c2-26ccos^ + (6cosu4)»=a»-62(i_coBU)=a»-6a8inM 



.*. c=6 cosul± ^a^-h^ sin* -4, 

(i.) If 6 sin ul > a, the expression under the root is negative, and the 
values of c are imaginary. No solution. 

(iL) If 6 sin ^= a, the roots are equal, c==& cos^. One solution, a 
right-angled triangle, B=90\ 



(iii.) If 6 sin-4< a, the roots are 6 cos ^ + kja*-h^ sin* -4, and 

6 cos -4 - V»^ - ^' sui^ -4 J the latter is only admissible 

if 6cos^> Va*-fe*sinM 

If &*(cos«^ + sinM)>a2 

If &2>aa 

If h>a. 

Hence there are two solutions when 6 sin^ < a, and h>a, 

N.B. — If Cj, Cs are the roots of c*-26c cos-4 + 6*-a*=0, by the 
theory of quadratics, c^ H 

These results are useful and should be remembered. 



i + C2=26cos-4'> 
CiC2=&*-a« i* 



m. In the solution of triangles there can be no ambiguity, except 
when an angle is determined by the sine or cosecant, and in no case 
whatever, when the triangle has one right angle. (cxxix. 11.) 

Since the angle A of a triangle is < 180% ifcos^be +,^is<90'*; if 
cos ^ is -, ul is > 90"" ; the same is true of the tan, cot, and sec. 
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If sin ^ be given, it cannot be-, since ^ is < 180°, and since 
sin ^B sin (180*"-^), there are two values of A^ one acute, the other 
obtuse, corresponding to a given value of sin^ ; and unless there be 
some other condition to show whether A is obtuse or acute, it is dear 
that A will admit of two different values. 

If the angle be a right angle or obtuse, the other two angles are both 
acute, and there can be no ambiguity. 



Examples. 

Ex. 1. Given ^4=40", a= 140*5, 6-170"6, find B and 0; given 

L8in40'*=9-8080675,Lsin SI** 18' =9-8923342, diff. for l'=-0001012, 

log 1405=3-1476763, log 1706=3-2319790. 

. p 6sin^ 170-6 sin 40* , -v 

sin i> = = T-77r-= (3^ 5. ) 

a 140-5 ^ ' 

L sin J5=log 170-6 - log 140*5 + L sin 40' 

= 2-2319790 - 21476763 + 98080675 

=9-8923702 ) ^^ 
L sin 51° 18'=9-8923342 J 360 



x60"=21^ 
1012 



.'. J5=51'' 18' 21", or 128** 41' 39". 

0=88" 41' 39^, or 11* 18' 21". 

Ex. 2. If a, 6 are the two given sides (a<&), A the given angle, 
and C, (7 the two values of the ambiguous angle, then 

cos-4 cosjB=8m— — sm — 5— • 
8in^sin^^=~{cosC'-cosOJ (x1l9.) 

=-i I cos(5-.4)+cos(^+J5) I 

=COS^ COS 5. 

Since C=ir-(^+J5), C=7r-{^ + (ir-J5)}=5-^. 
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\ 

Ex. 3. Show that the di£ference between the two values of (7 in the 
ambiguous case when a, 6, A are given, is 2 cos"^ < — 5B— ( . 
[iS^ Fig. m. in 4 (i.)] AQB and AGB are the two values of 

AGB-AQB^BGB^^QB 

cos£a/)=^-^ii^ (IxviiLS.) 






Ex. 4. Find the sum of the areas of the two triangles which satisfy 
the conditions of the problem in the ambiguous case. 

Sum of areas za-^ & sin ul {ci-\-c^ 

=-1- 6sin^(2&cos^)»6^sin^ cos -4. 



Ex. 5. In the ambiguous case, if A, B, 0, and A^B^Che the angles of 

the triangles in the two solutions, prove that ^^-^ + ^-^= 2 cos A. 

sm B sm IT 



From Fig. L Prop. i. 



sin , sin 0' c, . c- /«^,r^: *7 \ 

O 



Ex. 6. In the ambiguous case, prove that 
Ci* - 2 Cj C2 cos24 + Ca* = 4a* cosM. 

Left-hand members c^ + e^ - 2ci Cg (2 cos*^ - 1) 
= <a + Cgl* - 4ci C2 cos*-4 
= 462 cos2^ _ 4 (62 - a2) cos*^ 
=4a' cestui. 



I04 



MEASUREMENT Of 



pnri. 



XVI. 
Measurement of Heights and Distances. 

1. Dbf. The " Ancrle of meyatloii" of a point alMTO tbe ^e of an o1werY«r, 
iB tlie angle made witb tbe hoilzoiital plane liya straight line drawn from 
the ohserver's eye to the point 

If the point lie below the eye of the observer, the angle is called the 
" Angle of DepresBion." 
These angles are measured by the Theodolite. 

2. The angle subtended at the eye' of an observer by a line joining two 
distant objects is measured by a Sextant. 

3. The points of the " Mariner's Compass " should be carefally learnt. 
The Quadrant is divided into eight equal parts, each called a point, and 
the points are subdivided into half and quarter points. 

One point =11*15'. 
Half point = 5** 37' 30". 
Quarter point= 2° 48' 45". 

4. Pbop. Find the height and distance of an inaccessible 
object on a horizontal plane. 

(i.) A Let a; be the 

height of the object 
AB^ and j^ its dis- 
jptance from (7, the 
nearest accessible 
point. 

D Ob c 3^ B At observe the 

L ACB^Oy measure GD^^a^ and at D observe the angle ADB^fi, 
Then -^-P_ 8"i^CI> _ sin(180°-'a) _ sin a . ^_ a sin a 

a miDAC^ sin(a-0) "~sin(a-/5)' ^^"sin(a-0)' 

. «. ATici^Q asinasin^ 
sm(a-i3) 

-.«... 4. <* sin^ sin a cos a a cos a sinp 

y=a;cota=— T— 7^— -^r- x - — = — :— ^ ^r^- 

sm(a-0) sma sm(a-0) 




XVI.] 



HEIGHTS AND DISTANCES. 



105 



(iL) If the line CD cannot be measured towards the object. 

^ At C observe 




Then -^= 



u4GD=ft 
'g measure CD^a^ 
and at D observe 
ADC^y. 

a sin(18O*'-08+y))~sin08+y)' ^^"sin03+y) 

. ^ An«i^ asinasiny 
smO+y) 

y-^(7cosa=?^?i^r. 
smO+y) 

5. Prop. Find the distance between two visible inaccessible 
objects. 

Let SB be the distance between the two objects A^ B. Let 0, D be 
the two accessible points from which A and B are visible. 

At C observe the 
angles AOB, BCDy and 
if necessary ACD, 

Measure CD^a^ and 
at D observe the angles 
ADG, ABB. 

Then in the triangle 
-40/), we know two 
angles and a side, . *. AC 
m&j be found. Li the 
triangle BCD, we know two angles and a side, .*. CB may be found. 

Lastly in the triangle ABC we have AC^ BC, and the included angle 
ACBf from which x may be found. 




io6 



DIP OF THE HORIZON, 



[XVI. 



6. Peop. Dip of the Horizon. 




If be the centre of the earth, 
P a point at a height FQ (=A) 
aboye the sm&ce, FA a tangent to 
the sarfiu» at A; then ^ is on 
the terrestrial horizon ; and APB^ 
which is the angle of depression of 
the most distant point on the 
horizon seen from P, is called the 
" Dip of the horizon." 



TO A — complement of OF A « B 



h^FO^OF-OO^OA (Becd-l)»r?— ^,ifr=radiusofearth 



hca&B 
"l-cosd* 



cosd 



P^=0^ tand=,A50B4 tand-> '^^ 



'hooi-^' 



(cxviiL 3.) 



"l-cosd " 1-cosd" 
Also FA^^DF . FC (EucL iii. 36.) 

Since h is very small compared with 2r 

FA^^^lWj approximately. 
If n=»the number of miles in FA^ ^=the feet in PO, and rs:4000 
miles^ nearly. 

FA^^ (528011)^ 
2r 8000x5280 
^5280^ 
8000 
_ 628n» 
8 

= •66712 

=?^' nearly, 



or, 



2 3^ 
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or^ Thiee times the height in feet of the place of observation above the 
sea is equal to twice the square of the distance of the horizon in miles 

if w=l mile, fe=— ft. =8 ins. 

({.e.) An object less than 8 inches high will be visible from a point on 
the earth 1 mile distant. 



EXAMPLBS. 

Ex. 1. The angle of elevation of a tower at a distance of 20 yards from 
its foot is three times as great as the angle of elevation 100 yards from 

300, 



the same point ; show that the height of the tower is ^^ feet. 




tana=— , tan3a = - 

tan3a=^^^°"^'° 

3a; ^ 
X 100 100^ 
"3?" 



20 



1-; 



"1002 

_3 2^ 

1 100 100^ _ 3(100^) -or' 



1- 



■31?" 100 (1002 -Sjb^) 

ioo^ 

5 (1002 -3iB2) =3(1002) -x2 
2(1002) =14x2 

100 , 300 , 
. *. 0! = — «r varus = —7=1 



(xxix. 9.) 
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Ex. 2. An obeerver on the top of a clifi^ 200 feet above the sea-lerel, 
obsenres the angles of depression of two ships at anchor, in the same 
vertical plane with the observer, to be 45"* and 30"* respectively ; find 
the distance of the ships from each other. 

"^^ 50=200 

^10= 200 cot 30^ 
a;=200(cot30'-l) 
=200(V3-1) 
=200 (-73205) 
= 146-4. 

(xxxix. 7.) 

Ex. 3. A man standing due south of a spire, finds the angular elevation 

of its sunmiit to be a. He then walks to a point a yards due west of his 

former position, and finds the elevation to be jS. Show that the height 

- ., . . , . a sin a sin jS 

of the spire m yards is / . , ^. . . ^ ' 
^ Vsm(a-^)sm(a + i3) 




200 




AB=x cot o, AG=x cot /3 
a;2cot*i3=a2 + a;2cot2a 



^2= 



a^ sin^asin^jS 



cot* jS— cot* a sin* a cos^jS - cos* a sin* fi 
a* sin* a sin*i3 



"sin (a + /3) sin(o-i3) 

g sing sinjS 
" Vsin (a + j3) sin (o-/3) 



(lix, 11.) 
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Ex. 4. The angular elevation of a steeple at a place due south of it is 
45% and at another place, due west of the former station, the elevation 

is IS"" ; show that the height of the steeple is -^ (3* -3"*), a being the 

2 



distance between the places. 




.4C=a;cotl5" 
a;2cot*15*=a2+a;« 
x2(7 + 4V3)=a* + x« 
a«(6 + 4V3)=a* 



(viii. 7.) 



L 6 + 4V3 48-36 



^Z., «" 



.". »= 



a8(2-v/3) 
2V3 

y2 _ aV3-l ^a 1 j 
A/2V3 2V3 2 ^"^ ""* 



Ex. 5. A man walking along a straight road, which runs in a direction 
30"* east of north, notes when he is due south of a certain house. When 
he has walked a mile further, he observes that the house lies due west, 
and that a windmill on the opposite side of the road is N.E. of him. 
Three ndles further on, he finds that he is due north of the windmill. 
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Find the distance between the house and the windmill, and show that 

ASK — ft** /^ 

the line joining them makes with the road an angle tan~^ ii 



J7 the house, TT the windmill 



Let HKO=cL 0H=± 
2 




OTr_ sin 30° 0W_ 1 3 

OjB*"8inl36'*' 3 ""^2 ""* ^ "72" 

HW^=OH^ +0W^- 20H. OW COS ISS** 





-I4.94.0 1 3 1 
-4-*'2-*"^-2 V2 V2 






19 3 26 

"4"*" 2^ 2"4 




HW. 


=:A=2^miles. 
2 ^°^^ 




HK 
HO' 


_sinl20'* j^_ ^3 
sin a ' 4 sin a 




KW 
OW' 


sina ' 4 8ma 




^/3 + 3(V3-l)_6 






4 sina 2 





{xxxr. 12.) 



._ 4j3-3 

' 10-- 

.-;„-i5V3-3: 



)-io-! 
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Ex. 6. Two straight roads intersect at an angle of 30'' : from the point 
of junction two pedestrians A and B start at the same time, A walking 
along one of the roads at the rate of 5 miles an hour, B walking uni- 
formly along the other road. At the end of 3 hours A and jB are 9 miles 
apart. Show that there are two rates at which B may walk to fulfil the 
condition, and determine the slower rate of the two. 

Given log 2 = -3010300, log 3 = -4771213, log 8-0154 = -9039248, 
L sin 56° 27' =9-9208555, L sin 56* 26' =9-920771 7, 
L sin 26'' 26' 33"= 9-6486522. 

C 




B>^ 



sinJ?=:^sin30''=|- 



LsinjB=10+log5-log6 

= 10 + l-log2-log3-log2 

= ll-2log2-log3 

=9-92081871 ^^ 

L sin 56* 26' = 9*9207717 J \ ^ 

Lsin56*27'=9-9208555 T^® ' ®^® 

.-. 5=56* 26' 33" or 123* 33' 27''. 

C=180*-(123* 33' 27'' + 30*)=26* 26* 33' 



(xci. 4.) 



X 60^=33^ 



3a;= 



15 sin 26* 26' 33" 



sin 66* 26' 33^ 
log3a;=log3 + log5 + L sin26* 26' 33"-L sin66* 26' 33" 
= -9039248 
305=8-0154 
.-. a;= 2*6718 miles an hour. 
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XVII. 

Properties of Trianffles. 

^, jB, are the angles of any triangle, 
a, 6, c the opposite sides. 

g=a ^ > the semiperimeter, ;8f=»the area (EacL i. 41). 

A 

r=: radios of the inscribed circle (End. iv. 4). 

12= radius of circumscribed circle (Eucl. iy. 5). 

r^, r^ r^ the radii of the escribed circles, touching the sides a, 6, c 

respectively, and the other sides produced. 



1. Prop. Area of triangle 
=— perpendicular X base 

= -rr- db sin(7 = — ac smB=— be sin -4 
2 2 2 



_ 1 a^ sin5 sin 1^ b^ sin A sin C _ 1 c^ sin ^ sin B 

2 sin -4 ~T sin-B ~2 sinC 



2. Prop. rs=— =(s— a) tan— =(s-6) tan — = (s-c)tan— 
a sin — sin — 6 sin — sin — c sin . sin— 
= A = 5 = S^- 

cos -^ COS y COS Y 

Length of the tangent to the inscribed circle from the angle ^ =« - a, 
from the angle 5=«- 6, from the angle 0=« - c. 
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3. Prop. i2=^^ =^»= w^= % 

2 Sin -4 2 sin -B 2 sin C/ 4 /S 



B C 

S A ^^osycosy 

4. Prop. ro= =stan-T^= 5 

s— a 2 A 

cos^ 

'•*=i=j=«ta'^T 5 — ■ 

cos^ 

A B 

S G "ces-cos-^ 

r,=—-=st^-=. ^ 

cos^ 

Length of the tangent to the escribed' circle touohing the side a,- from 
the angle A =a, from the angle B=8 - o,.from the angle C= $-b. 

N.B. — The line joining the centres of the inscribed circle and the 
escribed circle touching the side a passes through the angle A. 



5. Prop. 

,A B ^G ^A.BC 

Ta cot "g- =^b ^^^ T"^' T"^ "2 ~2 ~2 

= 4B COS — COS — COS — • (xli. 8.) 

J J J 



6. Prop. Distance between the centres of inscribed and 



circumscribed circles = ^B^'-2Br. 

H 
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7. Prop. Distance between the centre of the inscribed circle 



and the escribed circle touching the side a= ^il?+2lira. 

Also, Distance^"" -' ^-r) ^^"^¥^^2 asm^sin^ ) 

-^ '~^] A 3 ( 



sin- sin- \ __A 



B+C 

A 



, = a sec - 



.A A A 2 

sm-cos- cosg 

8. Pkop. Distance between the centres of the escribed 

circles are _^- , -1^ , _^^ 
siny sin ^ sin — 

9. Prop. Area of a Quadrilateral inscribed in a circle 
= f^is—a) (s—b) (s— c) (s— rf), 

where a, 6, c, d are the sides, and « = half the perimeter. 



Radius of circumscribing circle ^l^/^^f^ ^^^/^^ lf-^t"l 
^ 4 V (s-a) (s-6) (s-c) (s-(«) 

10. The following properties should be proved — 

(i.) The lines joining the angular points A, B, of a triangle 
with A' J B, (7, the middle points of the opposite sides, 
meet in a point, which is the centre of gravity of the 
triangle. 
(ii.) The lines AD, BE, CF drawn from the angular points of 
a triangle perpendicular to the opposite sides, meet in a 
point (P), which is called the Orthocentre of the triangle 
ABC, 

Def. The triangle DEF, Joining the feet of the perpendiculars is called 
the Pedal triangle of ABC, 

Def. The Nine Points Circle is the circle which passes through tbe 
feet of the perpendiculars. 
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(iiL) The Nine Points Circle 

(a) Passes through the points A\ B^ C, 

(P) Passes through the middle points of FA, PB, PC. 

(y) Touches the inscribed and escribed circles. 

(8) Has a radius = — . 

(iv.) If 0, Oi, O2, O3 be the centres of the inscribed and escribed circles 

(a) ABC is the pedal triangle of 0^ 0^ O3. 

{P) is the orthocentre of 0^ Og O3. 

(y) Kadius of circle circumscribing 0^ Og 03=222. 

(v.) If a', 6', c', and ^', B', (7, be the sides and angles of the Pedal 
triangle of ABC, then 

a'=a cos-4, b' — bcosB, c'=ccosC, 

^'=7r-2-4, B^TT-^B, a^7r-2C. 

IT A' A' 

Hence also A = -^--^, and a=a' sec -4 = a' cosec -^ • 

-B=~- — , and 6=6' sec 2J= 6' cosec ^• 

0=— - -^, and c = c' sec = c' cosec — • 

And since corresponding to every triangle there is a pedal triangle, it 
follows that any formula connecting the sides and angles of a triangle is 
also tme if for tlie sides we write a cos ^ 6 cos i9> c cos C, and for tlie 
angles ir-2^, tt-^B, tr-2C: or again, if for the sides we write 

A , B C . . ^. ' IT A n B 

a cosec -g, cosec — , c cosec -g-, and for the angles -g - -g' "o" "" ¥' 

|.-|. (S«eci.2.) 
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Examples. 

Ex. 1. Prove that A + 1 + JL= 1. (xvi. 7.) 

Ta n Tc r 

Left-hand member=^-^ + ^r^^^-^=^^-(^J-^"^^) = 4=l. 
a is a r 



ABC 
Ex. 2. Prove that r=4i? sin — - sin -5- sin -q- • 
2 2 2 

e sin -^r- sin -s- ^ ^ 

2 2 , p c c 

^= ?— ' ^""^ ^=2lSC=~7-0 

cos-^ 4sm^cos-g^ 

, r ^ . A . B , C 



Ex. 3. Find the area of a triangle whose sides are '9, 1*2, 1*5 respec- 
tively. 

a= -9 
&=1*2 

c=l*6 (xxxix. 9.) 

3*6 

«=1*8 



Area=V« {s-a) (s-h) («— c)=\/l*8 x '9 x *6 x '3 



-y 



18 x9x6x3 ^ 1 /,^2— ^2-li^- RA 
10000 100 ^^^ ^^ "" 100 " 
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Ex. 4. If the lengths of the sides of a triangle be 242, 1212, and 
1450 yards, show that the area is 6 acres. 

a= 242 
6=1212 
c=1450 (xxivl 8.) 

2904 
«=1452 
Area = V«(«-a) («-6) («-c) = Vl452 x 1210x240x2 
=\/l02x 1212x242 
= 121x24x10 
= 29040 square yards 
29040, 



4840 



acres =6 acres. 



Qx. 5. The sides of a triangle are as 2 : 3 : 4, show that the radii of the 

escfibed circles are as — - : — - : 1. 
5 3 



(Ix. 10.) 



0^2 




6=3 




c=4 




9 




-1 






9-C 


1 1 

«-a*«-6' 


1 
9 -C 


1 1 
"5:3: 

2 2 


1 

; 1 
2 


1.1. 
" 5 • 3 ■ 


; 1. 
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Ex. 6. Prove that the area formed by joining the points of contact of 

A 3 C 

the inscribed circle equals ^r^ cos ■— cos -5- cos -^ • 

2 .A « 

Join the angular points of the new triangle with the centre of the 
inscribed circle. 
The angles at the centre are respectively tt- jB, tt-C, 7r--4. 

Area=-^ r* sin (w - ^) + — r^ sin (tt - B) + -=^ r^ sin (tt - C) 
2t A J* 

« r^ (sin A + sin jB + sin 0) 

A 
= 2" r« (^4 cos 2^ cos 2^ ^^^"2) ^^' ^'^ 

= 21^ cos— cos "2 cos ^ • 

Ex. 7. Show that the length of a side of an equilateral triangle 
inscribed in a circle is to that of a side of a square inscribed in the same 
circle as ^3 : V2. 

Let a and al be the sides of the triangle and square respectively, 
a a! 



Then jR= 



2 Sin ^ 2 sin — 

O 4 



.-. a : a' = sin ^ : sin-j (xiv. 8.) 

_ V3 i_ 

2 • V2 

= V3 : V2. 

Ex. 8. The sum of the diameters of the inscribed and circumscribed 
circles is a cot J. + 6 cot B + c cot 0. 

1? + r = iJ (1 + 4 sin ~ sin ^ sin ~\ (by Ex. 2.) 

« R (cos -4 + cos 5 + cos C) {See Chap. vii. Prop. 6.) 

a cos A b QosB c cosC 
*" 2~sinJ "*" 2 sin 5 "*" 2 sin 

-A (a cot^ + 6 cotB + c cotC) 

.*. 2R + 2r=a cot -4 + 6 cot jB -I- c cot C. 
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Ex. 9. The sides of a triangle are in ^.P, and its area is to that of an 
equilateral triangle of the same perimeter as 3 : 5. Find the ratio of the 
sides and the value of the largest angle. 

Let d — h^a^a-k-h denote the sides, 

then «=-^. (cxxvii. 11.) 

Area of equilateral triangle of the same perimeter, 

i.«., with side a= ^ ^ . 

4 

25 (a2-452) = 9a2 

16a2= 10062 

The sides are in the ratio — , — , — -, or 3 : 5 ::7.. 
2.' 2' 2' 

cosC-?-ti^^^ 9 + 25-49 15 li 

- 2a6 " 30 30 ^ 

.-. C=120°.. 

Ex. 10. If a, 6, c be the sides of a triangle, and a, /3^ 7^ the perpen- 
diculars drawn upon them from the centre of the circumscribing circle 

prove that 4 ) — + -5- + — ? =-5^ • 

\ a p y ^ apy 

Draw OD perpendicular to BC, then BOD=A, 

When^ + J5 + 0=ir, tan ^ + tan 5 + tan C= tan -4 tanB tan 

" 2-a + 2^-'2^-8^ .'.. ^^""'^'^ 



• 4I iL + A^^. t =^. 

(a )3 y J a/Sy 
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XVIII. 

Regular Polygrons, Inscribed and Circumscribed Circles, 
Area of Circle. 

r 3= radius of circle inscribed in a regular polygon of n sides, each 

side being = a. 
jR= radius of circumscribed circle. 



1. Prop. a=2jB sin —^ 2r tan — 



Perimeter of polygon = 2ni2 sin — = 2nr tan — 



2. Prop. Circumference of circle lies between 2nr sin — 

n 



and 2nr tan 


TT 

n 












%.e,, between 


2irr 


sin^ 
n 


and 


2irr 


tan — 
n 

fr ' 








n 






n 










sin — 


ten^ 



and when «=«.^=.0. and -^=-^=1. ^"^^^^^ 

n n 

.*. circumference =27n\ 

3. Prop. Area of Polygon 

^-ttBt sm — =nr* tan — =— - cot — 
2 n 71 4 n 



XVra.] AREA OF CIRCLE, I2i 

4. Prop. Area of circle lies between — 

-zrur^ sin — and nr^ tan — , 
2 n n 

am — tan — 

i.e., between irr^ —5 — and irr* • 



n 



. 2ir ^ IT 
sin — tan — 

and when n=oo, — =0, and q = - = 1> 

n n 

.*. area of circle =7rr* 

1 r^O 

5. Prop. Area of sector of circle = — arc x radius =-^, 

where B is the circular measure of the angle of the sector. 

6. Prop. 

side of regular polygon of n sides inscribed in circle _ tt 
side of regular polygon of n sides circumscribing circle ~ n' 
area of inscribed polygon _ ^ir_ 
area of circumscribed polygon"" n 

Examples. 

Ex. 1. An equilateral triangle and a regular hexagon have the same 
perimeter. Show that the areas of their inscribed circles are as 4 : 9. 
Let 6a = perimeter of each, 

.'. side of triangle— 2a, side of hexagon = a. 
Area of inscribed circles are as irr^ : nr^ 

(2a)' . g' 

4tan2-^ '4tan2^ (xvi. 8.) 

«> o 

-A ± 
3 

= 4:9. 
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Ex. 2. Prove that the square of the side of an inscribed pentagon 
equals the sum of the squares of the sides of a hexagon and decagon 
inscribed in the same circle. 

Let 2>) ^) <2 represent a side of the figures respectively. 

2)=2iJ sin g 

Since 72 = ( ^=2i2 sin — 

2sin-l 6 

n 



d =222 sin ^ (xiii. 7.) 



.•.fe« + d*^ = 4R8J 8in8-^+8in8j^j 



16 
8 



=4i?8in2:^ 
5 



Ex. 3. Prove that 22 + r = |- cot ^ • (xxxiv. 9.) 



2 2n 



a . a __al+^^ 



E^^r^ + 



2 sin- 2 tan^ ^ «:„ 't 



Scos^l- 
a 2to _^ a TT 

2" T~^!^ ^ """2 i;*' 

2 sm — cos zr- 
2n 2n 
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XIX. 
Subsidiary Angrles. 

An expressioii in the form of a product or quotient is said to be 
" adapted to logaritlmiic computation." 

If an expression consist of terms connected by + and - , it may be 
adapted to logarithms by means of a subsidiary angle. 

Def. An angle introduced into an expression in order to adapt it to 
logaritlmiic computation is called a Subsidiary Angle. 

The value of the sine and cosine of an angle ranges from to 1 ; we 

may, therefore, assume sin <^ or cos <^=-^-, if a is not > 6. 

The value of the tangent ranges from to 00 ; we may, therefore, 
assume for any real values of a and h that tan (^=-^ . 



-, ,., ^ A-B a-b ^ C 
1.(1.) tan-2-=^^cot- 

= ?-cot-^, let-=tan<^ 

a 

_ l-tan<^ a 
"l+tan<^ ^^* 2 



=tan(j-<^) cot^ 

... Ltan^^^-Ltan(^-c^)+Lcot|-10, 
where L tan <^ = 10 + log 6 - log a. 



i^^ 



Bx. a. Pto 

eqttaXs «»« ^^ 
inacnbei m ^ 

■Let p, 1>, d 




(x«Ti..lO-^ 






flxi-''' 



, 4flt^ cos 2 i 
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(ii.) c2=a3 + 63-2a6cosC 

=a2 + 63-2a6 (1-281113^) 
= (a-6)3 + 4a6sm2^' 



2 



=(^-^)^(^^-^««-4) 



c2=(a-6)8(l + tan«<^) 
= (a-6)^Bec'<^ 
c=(a-6) sec<^ 
.'. log c=log (a - 6) + L sec <^ - 10, and 

2(Ltan<^-10) = 2log2 + loga + log6-21og(a-6) + 2(^Lsm-^-10) 

or 2L tan<^=2 1og2 + loga + log6-21og(a-6) + 2Lsin — . 
(iii.) c* = a2 + 62 - 2a6 cos G 

= (a2 + 62)(cos2 J+ sin2|^-2a6(cos2 J-sin^J) 
= (a + 6)» sin^l +(a-6)2 cos^ J=(a + 6)2 sin^^ j l + (^Jcot|y j 
Lettanc^=^cot^, (Ixii. 6. 

c2=(a + 6)2sin2|^ (1 + tan^ <#>) = (a + 6)2 sin* ^ sec^c^ 



c=(a + 6) sin -^ sec ^ 



2 
2 



/. logc=log(a + 6) + Lsiny + Lsec<^-20, 

and L tan <^ =log (a - 6) -log (a + 6) + L cot — - . 

2 

3. (i.) a;=a + 6, where a and 6 are positive. 

=a (1 + — j, let tan2^=— 

=a(H-tan2<^) 
' =asec2<^ 
.*. log x=log a + 2 L sec <^ - 20, 
and 2 L tan <^=20 + log 6 - log a. 
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(ii.) x=a + 6, where a and h are not both positive. 
=a(l + -^\lettan<^=A 

=a (l + tan<^) 

aV2 /I .1 . . \ 

«^sin(c^ + ^) 

008 V 4/ 

.-. loga;=loga + --log2 + Lsinf</) + -^j-Lcos<^, 

and L tan (^=10 + log 6 -log a. 

4. a!=a-6 

=a (l ), letcos*<^ = — 

=a (1 - cos* 0)= a sin* <^ 
,•. logx=loga + 2L sin</)-20, and 2L cos 0=20 + log 6 -log a. 



5. x=va2 + 6* 

=a\/l + -o, lettan</>=— 
▼ a-* a 

=a Vl + tan* <^ =a sec </> 
.'. log x=log a + L sec </) - 10, and L tan <^ =log 6 - log a. 

6. x=Va + 6 + 'Ja-K 

Let cos <t = — , since a > 6, 
^ a 

x= ^a { Vl + cos0+ Vl -cos<^} 
= y/a I V2 cos^ + ^/2 sin-|^ | 

= 2 Va sin (£- + 1), or 2 V« co8(^ - i) 

.-. loga;=log2+llo(?a + Lsin(:^ + |-)-10, 
and L cos<^ = 10 + log6— loga. 
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XX. 

Construction of Trigronometrical Tables. 

1. Prop. If 6 be the circular measure of a positive angle 
less than a right angle, sin 6, 6, tan are in ascending order 
of magnitude. 

Or, ^ > sin ^ and < tan B, 

2. Prop. The limit of — ^- when is indefinitely diminished 

is 1. 

Or, sin^=^, very nearly. 

3. Prop. The limit of — ^ — when is indefinitely diminished 

is 1. 

Or, tan 6—6, very nearly. 

sm 7b 

4. Prop. The limit of — when n is indefinitely diminished 

is the circular measure of 1°. 

The limit of *— ^ when n is indefinitely diminished is the circular 
measure of 1' ; and generally — 

The limit of the ratio of the sine of an angle to the angle, 
when the angle is indefinitely diminished is the circular 
measure of the unit, whatever be the unit of angular mea- 
surement. 



6 6 6 6 

5. Prop. The limit of cos -^ cos -rs cos ^, . . . . cos — is 

2 2 2 ^^ 

sin^ , 

—w-f when n=x . 
u 
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6. Prop. If ^ be a positive angle, < --, sin 6>0—— . 



B 6 

sin ^= 2 sin — cos -5- 



>flC08«|- 



>^(l-8in4) 



tan^ > ^ 



*»°2>2 



h fortiori >^\}--^ 



sin-5-> -^ cos-^- 



sin^ < I 






.*. sin^is<^and>^--r" 
4 



7. Prop. If ^ be a positive angle, less than — , 



cos^>l-2-<l--+j-g- 



COS ^ = 1 - 


.2 8in2|- 






>1- 


<t) 






>1- 








C08^=l- 


-2sin«4 






<1- 


-14- 


32 




<1- 


-II- 


32*^328 


• 



'.• sin^ <^ 
«"^2<2 



sin^>^--r 
4 

. e 6 6^ 

«^"2>2-§S 



2^16 612 
d fortiori <l-2' + Yg' 
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8. Pkop. If ^ be the circular measure of a positive angle 

IT ff^ f)^ a^ 

< ir> prove that sin ^ > 0^— ; cosO < 1 — — -f _ . 
2 6 ' 2T2.4 

a a 

(i) sin ^=3 sin — - 4 sinS -|- 

.•.3Bm|:=32sin^-4,3siii3|j fwrite | for^,ajid 

K multiply by 3 
similarly 32 sin ^=38 sin ^ - 4.32 sin^ ^ 

etc. = etc. 

^'^ ^^ QiFl= 3* sin ^ - 4.3*-! sin^ ^ • 
By addition, 
8in^=3*sinl-4| 8in3|.+3 sin3^+ .... +3*-isin8^|; 

Now sin ^ < ^, . •. sin -^ <-^,, 
3 3 

.•.,in^>.3-Bin|-^(l4^^+ y 

. a 

if n = oo,3^sin- = —^=^, in the limit,. 

3^ 
and 33-(^l + 3,+ 33+ ... j = ^__ = _ 



^-i 



.•.8in^>^-^. 



(ii.) We have sin ^ > ^-_ 
6 

.•.8inl>4-f! 
2'^2 48 



l-2 8in2 4<i.2|'l-^V 
2^ ^V2 48/ 

2 ^24 
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9. Prop. If be the circular measure of a positive angle 

TT 6^ 

< -, prove that tan 6 > 0+-^ • 

A3 

Wehavesin^>^- — 

And co8^< 1-^ + 1^ 
2 24 



.-. tantf > ^ 



1 2 ■'■24 



. . ■O' ■ 8 l,^ 9; . , .. 
> P + g- + ^ — gr> "7 division ; 

^~¥''"24 

^ fr 

now 1 - -— is positive, if ^ < 3, h fortiori if ^ <-r-, 
47 2 

1 - ^ + ^ is positive, if ^2<6 + ^12, h foHioriy if ^< -^, 
.'. if ^ <-^, the fraction is positive, 

A3 

3 

10. Prop. Show how to find the value of sine 10". 

Let B be the circular measure of lO'', 

then 0=^^ ^^^^ ^ = -g— =. '000 048 481 368 

180 X 60 X 60 64800 

AS 

Since sin B<0, and > ^ - 1-, 
4 

sin 10'' < ^, and > ^- 4- ('000 0484 . . . )' 
4 

<^, and >^- -000 000000000 028 .... 
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Hence sin 10"= the circukr measure of 10', correct to 12 places of 
decimals. 
Then cos 10" may be found to be "999 999 998 8248 .... 
And since sin (» + 1 ) ^ + sin (« - 1) ^=2 sin ntf cos B^ 
if ^=10", putting w=l, 25 ... we get 
sin 20^=2 sin 10'' cos 10" 
sin 30" + sin 10" = 2 sin 20" cos 10" 
etc, = etc. 
in this way we can form a table of the sines and cosines of angles which 
differ by 10", 

11. When the sines of angles up to 45* have been found, we have 
sin (45* + u4) - sin (45" - u4) = V2 sin ^, 

by which those for the remainder of the quadrant may be deduced. 

When the sines of angles up to 60° have been found, we have 
sin (60° + ^) - sin (eO** - A) =8in A 
for the remainder of the quadrant. 

Having completed a table of sines, the cosines are known, since 
cos-4=sin (90* - A), Then the tangents may be fonnd ; and when the 
tangents up to 45° have been found, we may use 

tan (45° + J)=tan (45° - ^) + 2 tan 2^1 
to find the tangents of angles from 45° to 90°. 

Having found the sines, cosines, and tangents, the other trig-ratios 
may also be found. 

11. Formulsa need to test the accnracy of fhe calculated sines or 
cosines of angles are called Formnlsa of Verlflcation, 

Enler^B Fomralss: — 

sin (36* + ^) - sin (36° -A)- sin (72° + ^) + sin (72° - A) =sin A, 

cos (36° + ^) + cos (36° -A)- cos (72° + ^) - cos (72° - A) =cos A. 

In which we give to^ any value, and take from the tables the sines. and 

cosines of the angles involved, and these values must satisfy the above 

equations. 
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Legendre's Fonniila : — 

8m(90''-^)=cos^ 

= sin (54* + ^) + sin (54" -A)- sin (18' + ^) - sin (18' - A\ 
For example, if uis 11°, taking from the tables the sines involved, it 
should be true that 

sin 47° - sin 25° - sin 83° + sin 61°=sin 11°, 
or, sin 79° = sin 65° + sin 43° - sin 29° - sin 7°. 

Examples. 
Ex. 1. Given ?i2i=M|, prove that the value of 6 is 4° 24' nearly. 



(Ixxi. 1.) 





sin^ _ 


-6-' 


nearly. 






1- 


- ^ -1 

1014 


" 6 
6"= 


1 
1014 










^= 


1 
"169' 


^= 


1 
'l3 



.-. ^=i-of57°-295 .... =4° 24' nearly. 

lo 



Ex. 2. Given ?l?-?=?i|5, show that 6 contains 3° nearly. 
V 2166 

sin ^ &^ , 

-g^=l-_, nearly. 

l-±_==i.?L 
2166 6 

^^ 1 
6 2166 

361' 19 

.-. ^=-. of 57° nearly =3° nearly. 

1*7 



NAPIERIAN LOGARITHMS, 133 



XXI. 
Napierian Lograrithms. Exponential Theorem. 

1. Prop. Expand ^ in a series of ascending powers of x. 
By the Binomial Theorem, 

nsc (nas - 1) . . . (n x - r -h 1) 2_ , 
a;{a; ) a;(a? \ [x ) x\x )...(x ) 

— L2 ^ li 

1 2 

Now as n increases — , — > • • • diminish, 
n n 

and a; - — , x , . . . increase, 

(1 \** 
1 + — ) continually increases, 

and when n becomes infinite, — , — > • . • vanish. 

Hence the limit, when n becomes 00 , of 

/, I x*^ x^ V? x^ 

If x= 1, we have, when ii= 00 



(i+i)"„i+i+^+^+...+^+ 



and this series is denoted by e. 



N„|(,4)-j-.(,4)-, 



11 |3 ll 
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2. Find the Arithmetical Value of t. 



'''^'^li^ii'ii-*--' 


1 + 1 + ^=2-6 


1 
[3 = 


•166666666(> 


I 

5- 


•0416666666 


1 


•0083333333 


1 


•0013888888 


1 
[1^ 


•0001984126 


1 

1-8 = 


•0000248015 


1 


•0000027557 


1 

[10 "" 


•0000002765 







.-. e = 2-7182818 
the correct value of the base of the Napierian system of logarithms to 
seven places of decimals, which may be determined to any degree of 
accuracy by taking more terms of the series. 

3. The Quantity « is > 2 and < 3, and is therefore con- 
vergent. 

1 1 1 

e=l + l + |^+^ + |j+. . ., 

e is obviously > 2, 



^ 2 
< 1 + 2 . 
<3. 



1.1.1 

1 



and<l+[l+^+^+^ + 
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4. Prop. The Quantity c is incommensurable. 



For, if possible, let it = — , where w, n are + integers. 



wi 11 11 



Multiply both sides by \n_ , 

w In - 1 = iDteger + — -r + . . -^ . ^^ + 
' ^ n + 1 (n + l)(n + 2) 



^ 1 1 1 

^^^7*+l'*"(n+l)(w + 2) (n + l)(n + 2)(n + 3)"*" * * ' 



^ > — TT and < — — r + 7— -T\8+ 7 — rTVa+ • • 
» + l M+1 (n+1)* (n+1)' 



1 



_ ^+1 



n + 1 



n 



this series is therefore a fraction, 

Therefore m | n - 1 = integer + fraction 
(*.e.) integer = integer + fraction 
which is impossible, 

Therefore e is incommensurable. 
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5. Prop. The Quantity e cannot be the root of a quadratic 
equation with rational coefficients. 

K possible, suppose that 

ae^ + 6e + c = 0, where a, 6, c are integers. 

Multiply by |m, 

the expression on the left hand is <— ±— 

which is < 1, if m be taken large enough. 
Hence we have, 

Fraction = Integer, 

which is impossible. 



6. Prop. Expand a* in ascending powers of x. 
The Exponential Theorem. 

We have proved, g» = l+« + —.-f -^4- .... 
II II 
Let a*=»e*, 

Then «=log,a«=a; log^a, 
Substitute for » in e- .'. a«-l +x log,a+ t^^^ ^ t3^^ ^ 
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7. Prop. Expand loge (l+o?) in ascending powers of x. 
We have — 

«.= ! + . log.a+^il^*+ .... 

1 

Write 1 + a for a, ~~ 

(l + «).= l+.log.(l+a) + ^i?&|i±^% . . . . 

£j the Binomial Theorem, 

(l + a)*=l-f ga+ \ ^ a'-f-> r^^ ' a^->t . . . 

Equate the co-eflBcients of a in these two expansions of (1 + a)', 

1 /i^ N a' 1.2a» 1.2.3a* , 

loge(l+a) = a- ^- + -^^3 ^-+ 

a* a^ a* . 

='•-¥■'3-4+ •••• 

Write ic for a, 

X^ T^ «* 

.-. log.(l + a;)=x-|- + |-5+ .... 

a series which is only convergent, when x > - 1 and < 1 ; and unless x 
is very small, it converges very slowly, and is of little practical use for 
numerical calculation. 
Write - X for x. 

T /I A x« x3 ,4 

Loge(l-x)=-x--2--y--j-+ .... 

N,B, — K we required to expand {loge (1 + x)}* we should take the co- 
efficient of 7? from the two expansions of (1 + a)'. 

8. Prop. Series for Logarithms of numbers to base e. 
We have seen that 

log(l + x)=x-| + |-J+ .... 

l0g(l-x)=-X-|^-y-|-- .... 

log(l+aj)-log(l-x)=2(x + y + ^+ ) 

i.e.,log^=2(x4-^44- ....) 
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T A 1+^ au m-1 
Let m=:; — -, then x= -, 

(i.) .-. logm=2J — rT + ^ I — tt) +-r 1 ^ ) + •••• J 

' ^ ( III + 1 3 \m + 1/ 5 \m + 1/ J 

Y-.fii 1+x ., m — » 
Let — = = — 1, then x= , 

("•) • • !*« » =2 1 ,;ri:^+ 3 (iiTf^) +5 k^r) + • • • • 1 

let m=» + l, 

(iii.).Mog(«.l)-log„=2 j ^-i^4(^^)%^(^_L-)%. ... I 

The series (iii.) is rapidly convergent, and gives the Logarithm of a 
number from that of the next inferior number. 

9. Prop. Show how to form a Table of Logarithms to base e. 
It may be shown that — 

From which equation, by actual calculation, we can find the value of 
loge(n+ 1) when logefi is known. 
If»=l, log,n=0, 

••• l««'2=2 j 14 \^\\ (|)% .... I =-6931471 .... 

Hence loge 2 may be calculated to any degree of accuracy. 

= 1 0986123 .... 

Thus the logs of successive numbers to base e may be found by a series 
of laborious calculations. 

1 0. Prop. Show how to form a Table of Logarithms to base 1 0. 
The modulus (/m) for transferring logarithms from base e to base 10 

L^;ro" 2-30258509 . . .='42429448 

By multiplying each of the logarithms to ba«e e by this quantity we 
obtain the logarithms of the same numbers to base 10 ; 
Logio 2 =ft log« 2 = -4342944 x -6931472 = '3010300 
Logio3=ftlog«3 = -4342944xl-0986123 = -4771213etc. . . . 
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11. Prop. Compare the advantages of base 10 and base e. 

(i.) As 10 is the radix of our system of notation, it is proved that the 
characteristic can be found by inspection ; and by always making the 
mantissa positive, we need only register the mantissse of the logarithms 
of whole numbers, as the logarithms of decimals with the same significant 
digits will differ only in characteristic : 

Thus base 10 shortens the Tables. 

(ii.) The Napierian system is more adapted to theoretical investigations 
in which we may have to expand the logarithms of different expressions : 
Thus base e simplifies Formulae. 

/ 0\^ 

1 2. Prop. Find the limit of I cos - I , when n= 00 . 

Let ac=(cos— ) 

logx=-| log^l-sin2-^ 

2 ( n 2 n 3 n ) 

- + sm* — ^-sm** — + . . . . ? 
n n ) 





<; - 


2 ( n 

• 2^ 

sm^ — 

n n 




^1- 


-sm*— 
n 




<- 


■f-4 




<- 


"2n 


(^ 




<- 


'2»' 


\ n - 


But when 




=0 



tan — 
, when 71= X , 1^ = 1 

n 



loga;=0 ; .*. x=l. 
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( • ^ 
I sm — , 

13. Prop. Find the limit of I — y- / > when 7i=qo , 

A A A 

sin — , — , tan — are in ascending order of magnitude. 
n n n 

.6 . $ 

sm — sm — 

".<i,and> « 




[^^li]' 



but the limit of (cos — ) is 1. 



I sin- 
.'. the limit of J ---J^ V is 1. 



Examples. 
Ex. 1. Prove the following theorem :— 

Left hand member= li^ log (1 + i^O + ^^^ log {\-N) 

-iiog(n-ff)(i-a5tf %i^ (ojfci) 

41 ----¥-¥-?■ ■••I 
=(--¥)*(?-f)*(f -f)* ■ ■ ■ 



1.2"^ 3.4 **■ 5.6 
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Ex. 2. Show that the series 1 + 2 + -^ + — i-+ .... =2«. 

\»2t 1.2.3 

e= 1+1 +7^ + 4-+ (CVU.2.) 

add. 2e=l + 2+(l+^) + (^ + |) + (^ + |)+.... 
1 « 3 4 5 

Ex.3. Pro.ethatlog|=^- { j^, + ^-|^H- . . . . j 

log-|=log(l + j) (lxxxix.1.) 



,1— L+J-__L+J_. 

2 2.2» 3.2» 4.2* 6.2» 

1 3-1 5-2 

2 1.3.2» 2.5.2« ■ ■ ■ ■ 



2 \ 1.3. 



2» 2.5.2» 



11 1 ''^\^~a\ 

Ex. 4. Prove tan ^+-i tanM + -i tan«tf+ . . . =-i-log — i ll. 

3 6 2 * /. n-\ 

cos(<J + -j 

Eight-hand iiiember=i log °°^f'^'!°f (lix. 2.) 

2 °co8d-sm^ ^ ' 



'C08< 

1 , I+tand 
= 2- ^"SritoE^ 



= Y I log (1 + tan tf) - log (1 - tan ^ I 
= |{tan^^.*^ + ti^^*^^... 

-(_tantf+*^-t?^^t^_:..)} 
=tan<> + *i^^*55!^+ . . . 
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[ . ^^» 

\ sm 
13. Prop. Find the limit of I — y- ) » when 7i= oo , 

A A A 

sin — , — , tan — are in ascending order of magnitude, 
n' n' n 

. e . 

sm — sm — 

".<l,and> 5 




n 

Examples. 






Ex. 1. Prove the following theorem :— 

Left hand member= L±^ log (1 + i^O + ^^ log {l-N) 

.ilog(l+iV)(l-ff)+f lojii^ <™x.3.) 



'l.2 3.4 5.6 
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Ex. 2. Show that the series l + 2 + -^ + --4«+ ... =2«. 

1*2 1.2.3 

«= 1+ 1 +i|-+|i-+ . . . . (cviL2.) 

add, 2e=l + 2+(l + j^) + (i| + ^) + (i| + i|-)+.... 
= 1 + 2+1+1 + 1+.... 

Ex 3. Prove thatlog|4- j ^^^^ . . . . } 

log|=log(l+|) (lxxxix.1.) 



2 O* 3.2» 4.2* 6.2' 
1 3-1 5-2 



2 1.3.2» 2.5.2» ■ * ■ ■ 

2 J 1.3.2* 2.5.2' 5 

1 1 1 <»«(*~t) 
Ex. 4. Prove tan 5+4 tan»tf+-i- tan»tf+ . . . =4" log — ^ V-- 

3 '^ 2 .^^^^,^ 



cost 



Right-hand member=-^ log ^g^_g|^^ (^- 2.) 

1 , 1+tand 

= 4- 1 log (1 + tan ^) -log (1 - tan ^ I 
1 (^ . . tan^^^tan^^. taii*^^ 



142 THEOR V OF PRO FOR FIONA L FAR FS. [XXH. 

V K T> *u * « 1 . 1 + 2 . 1 + 2 + 3 . ^ 

Ex. 5. Prove that -^= I— + -rr-+ — r-j — + etc. . , . 

2 |_2_ |_3 |_4_ 

^ ,, l + 2+...+n«(n + l) 1 1 

General term= j ; =z;-f r^=^ i 7 

| n+l 2 | n + l 2 | n-l 

Writing n= 1, 2, 3 . . . , we have 

__ e 
""2" 

Ex. 6. Prove that -=||- + ,4- + ,-!• + etc. . . . 

e 1 3 1 5 1 7 

|2_ |3_^U 
3-15-17-1 






XXII. 

Theory of Proportional Parts. 

1. Prop. The change of the Logarithm is approximately 
proportional to the change of the Number. 

Logio (n + rf)-log„ n=logi,*±i=log„(n.i.) 

=Mlog.(l+4) 

^\n 2n«'*'3n3 * * 7 
when fi= -43429448 . . . , a quantity < 4-' 
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If n be a whole number containing five digits, i.e., not < 10*, and if 
d, be not > 1, 

and the next term is much less than this ; 

/. log (n + (i)-logn=/i— , correct to seven places of decimals, the 
n 

number of places to which logarithms are generally calculated. 

Hence if the number be changed from n to n + (i, the corresponding 
change in the logarithm is approximately — ; which proves the proposi- 
tion. 

2. The theory of Proportional Parts may be shown to hold in the case 
of the natural trig-ratios, and also of the log-trig-ratios ; that is, the 
change of each of the trig-ratios, and of the log-trig-ratios is approxi- 
mately proportional to the change of the angle. 

The angles are considered positive, and not > 90*. 



3. Prop. To prove the rule for the Table of Natural Sines, 
sin (^ + ^) - sin d= sin ^ cos ^ - sin ^ (1 - cos K) 
=sin ^ cos ^^1 - tan ^ tan -5-^ 
if ^ is the circular measure of a very small angle, sin ^=^ nearly, 
sin (^ + ^) - sin ^=fe cos ^ M - tan ^ tan — ) 

if ^ is not very nearly = —, tan 6 is not very large, and tan ^ tan — may 

be neglected, 

.*. sin (^ + ^) - sin ^= ^ cos ^, approximately. 
Similarly sin (^ - ^) - sin ^ = - ^ cos ^, 

which proves the proposition. 
Hence the increment of the sine is very nearly proportional to the 
cosine, when the angle is not very nearly a right angle. 
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4. Pbop. To prove the rule for a Table of Natural Cosines. 

cos (^-^)-co8d=Bin^ sin^-cos^ (1-cos^) 
=sinA sin^M-cot^ tan-5-) 
if ^ is the circular measure of a very small angle, sin^^^ nearly, 
cos (^-^)-co8d=A sin^ (l — cot^ tan -5-) 

if ^ is not yery small, cot ^ is not yeiy large, and cot B tan -^ may be 

neglected, 

. •. cos (^ - ^) - cos ^ = fe sin ^, approximately. 
Similarly cos (^ + ^) - cos ^= - ^ sin ^, 

which proves the proposition. 
Hence the increment of the cosine is very nearly proportional to the 
sine, when the angle is not very small. 

5. Prop. To prove the rule for a Table of Natural Tangents. 

//lj.Ji^_+ ^_ sin(^ + ^) sin^ _ sin(^ + fe-^ _ sinfe 

tan [p-^h) tane-^^^^^^ cos^"cos>(^+») cos ^"" cos (^+^) cos ^ 

sinfe 

"cos*^ (cos ^ - sin A tan &) 
__ tan^ 

""cos'^Cl-tan^tan^ 

If ^ is the circular measure of a very small angle, tan^— ^ nearly, and 

if ^ is not very nearly =-5:, tan^ tan A may be neglected, 

.'. tan (^ + Ai) - tan ^ = — 1^== h sec' d, approximately. 

Similarly tan (^-A)-tan^= -Aseo'^ 

which proves the proposition. 
By a similar process, we can show — 

cot (B-h)- cot $=^h cosec' $ approximately. 

cot (^ + A) - cot ^= - A cosec* 0. 
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6. Prop. To prove the rule for a Table of Natural Secants. 

,A i.\ A 1 1 cos ^- cos (^+ A) 

sec (^ + A)- sec ^= — ,a , , v a ™ a 7^ — rr 

^ ' co8(tf-fA) cosr cos^cos(d + ^) 

Bin A COS ^ + eo8 ^ (l-oos^) 
cos^ B (cos A - sin A tan B) 

tan A sin ^ (1 + tan-^ cot^) 
*" cos3i9(l-tan&tan^ 

If A is the circular measure «f b very suudl angle, iasih^h 
nearly, and if ^ is neither vety SHiall or very nearly =-^, tan ^ tan A and 

cot B tan -5- may be neglected, 

.'. see {fi +'ft) — «ec ^^ ,> = A sin ^ sec* B approximately. 

Similarly sec {B-h)- sec^« - h «in^ sec*^, 

which proyes the propositdon. 
By a similar process we can show 

cosec (^ + A) - cosec ^== A cos ^ cosec' B approximately, 

cosec {B-%)- coBec^= - A cos ^ cosec* B, 

7. Piw>p. To prove the rule for a Table of L sines. 

We have sin (^ + ^) =sin ^ cos h + cos ^ sin J^. 
If A is the circular measure of a very small angle, cos^=l, sinA=A 
nearly, sin (^ + A) =sin ^ + A cos B 

fiina 

Lio sin {B + h)- Li<> sin ^=logio (1 + ^ cot B) 
=/ilog, (1+Acot^) 

^li,\hGoiB-'^Qio\?B+ . . A 

. •. L sin (^ + ^) - L sin ^=fi^ cot B approximately. 
Similarly L sin (^ - fe) - L sin ^ = - ftfe cot ^, 
which proTBS the proposition. 
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8. Prop. To prove the rule for a Table of L cosines, 

COS ((?~^}s=oos^cos% + siii^8in^. 

If ii be the circular measure of a very smaU angle coBii«l, sin&=^ 

nearly, 

cos (^ - ^) s cos ^+ & sin ^ 

^— 3—^=1 + A tan ^ 

cos^ 

.'. laocOB (^~^)~LioOOs^=logio (1+iitan^ 
— /ilogf (1+% tan^ 

= /*(^tan^--| A«tan«^+ . . .) 

^ph tan approximately. 

Similarly L cos (^+^)-Lcos^= -/Jitan^, 

which proves the proposition. 

9. Prop. To prove the rule for a Table of L tangents. 

By Prop. 6. tan (^ + ii) = tan ^ + ^ sec* 6 approximately 

tan(^H-fe) ^ ^sec*^ 
tan^ ^"*" tan^ 



sin2^ 
= l + 2^cosec2^ 

.'. Liotan(^+^)~L]otan^-logio (l + 2^cosec2^ 
=/Li log. (1 + 2^ cosec 2^) 
s=/Li 2^ cosec 2d approximately. 
Similarly Ltan (d -^)-L tan ^=-2/*A cosec 2d, 
which proves the proposition. 
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10. When 6 is very small, cot ^ is very large, and /. h^ cot^^ cannot 
be neglected ; in this case — 

sin (^ + A)-sin^-sin^ cos^ (1 - tan^ tan ~) 

h being very small, sin A=^, and tan \^\ approximately, 

/. sin(d + ^)-sin^=^cos^-~sin^ 

2 

sin(^+^) , , .>. ^» 

-lk?-=l+^ cot^-g- (xxxvi 9.) 

.•.Liosin(^+^)-Liosin^=/ilo&| i + ^^cot^--^) | 

=^(^cot^.|)-|(;^cot^-|y+... 

=Mcotd~^^l + cot»^)+ . . . 

=fi^cot^-^cosec*^+ . . . 

If the L sines in the tables are calculated to every 10", then the 
greatest value of A is g^, or '00006, and /* =~ nearly, 

.-. the greatest error^cosec«^=^^???^. 

This is sensible in calculations to seven places of decimals if 6 cosec' B 
is as great as lO^, if sin2d is as smaU as '006, or sin^ as smaU as ^006 ; 
and from the tables we see that sin 4* 30'= -0784 ... is a little greater 
than V006. 

So that the differences of consecutive L sines are vrregvXa/r when the 
angles are very small. 

When e is very nearly a right angle, cot ^ is very small, but cosec^^ 
is not very smaU, and the differences of consecutive L sines in this case 
are nearly insensible and irregular. 
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11. Hence, wh^n an angle is v^ small or nearly s^^, it is iMpiaeti- 
cable to use the principle of proportional parts in the tiaSe 6f L sines by 
means of the ordinary tables. 

The following methods have been proposed :— 

(i.) Tables of L sines are oonstnicted for every second for the first few 
degrees, so that the greatest valne of ^ is the ciicalar measure of 1", and 

/. rlL cosec'^ is small enough to be neglected, if sin ^ is as small as 

V'00006 ; and from the tables we see that sin 3(y is a little more than 
VW006, vix., -0087. 



(ii.) Kaskelyne's Ketliod. 
We know that approximately sin (? = ^ - — and cos ^ = 1 - — , 

D 22 



sin^ 



^2 / ^\^ \ 

si--^=M-— j = (cos &) approximately, 



.-. L8in^-10=log^ + 4-(I'Cos^-10) 

which gives L sin ^, if ^ be given. If L sin ^ be given, we must find 
from the table 6, and then L cos approximately, so that B may be found 

from log ^=L sin ^ - 10 -4- (^ <^ ^ ~ 1^)- 
3 

If 6 be the circular measure of n", B^n sin 1", Chap. xx. Prop. 4, 

sin^ =nsinl''(cos^)* 
or sin n^ = n sin 1" (cos w") 

.-. L8ilin''«logn + Lsinr + 4- (Lcosn"-10) 

from which we can find L sin n" from log n, or n if we know L sin n", 
taking an approximimate value of L cos n^ from the tables instead of the 
real value. 
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(iii.) Delamlnre's Method. 

A table is constracted which gives the value of Ipg ^^ + L sin 1" for 
eveiy second for the first few d^ees. 

If 6 be the circular measure of n''^ d=n sin 1'', 

log^=log -^^«L Sinn"- logn- L sin r 

.-. logn=Lsinn''-nog?^+Lsinl*V 

If the angle is known, the table gives the value of the expression in 
brackets, and logn can be found from the tables of logs of numbers : 
thus L sin Ti'' ctgi be found. 

If L sinn" is given, we can find approximately the value of n, and 
from the table we have the value of the expression in brackets : thus 
we can find logn, and so % from the tables of logs of numbers. 

12. Exceptional cases, where the principle of Proportioned 
Parts is inapplicable. 

The differences between the natural sines of two angles, which are each 
nearly right angles, are very Qmall or vM^fM/ihUy since cps ^ is then very 
small, and therefore h cos B will be very small ; also the second term of 
the series cannot be neglected, so that the increments of the sines are not 
proportional to the increments of the angle ; they are then said to be 

For cosines, they are insensible <md irregular when the angles are very 
smf^L 

For tangents, they are vrregvla/r when the angles are nearly right 
angles, and never insensible since sec B is not less than 1. 

For cotangents, they are irreguia/r when the angles are very small. 
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For secants, they are insensihU when the angles are very small, and 
irregula/ir when nearly right angles. 

For cosecants, they are irregula/r when the angles are small, and 
iThsendble when nearly right angles. 

In dU cases irregula/rUy accompanies insensibiUty, 

The principle of Proportional Parts fails for every log-trig-ratio, when 
the angles are either very small or very nearly right angles. 

For L sines and L cosecants, the differences are irregula/r when the 
angles are very small, and insermhle when nearly right angles. 

For L tangents and L cotangents, the differences are irregular when 
the angles are very small or nearly right angles. 

For L cosines and L secants, the differences are insensible when the 
angles are very small, and irregular when nearly right angles. 



13. Since the differences of consecutive sines vary approximately as 
the cosine, and the differences of consecutive cosines vary approximately 
as the sine, and 

when the angle < ^, the sine < cosine, 
4 

when the angle > -^, the sine > cosine, 

Therefore for all angles < -^ the differences of consecutive sines will be 
greater than the differences of consecutive cosines, and vice versd. 



Hence for angles<^, it is better to calculate them from their sines, 
and for angles >-^, from their cosines. 

The same rule applies to L sines and L oosiaes. 
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XXIII. 
De Moivre's Theorem. 
(L) iJ-a^ = a<J-l; nj-l is & symbol subject to the laws of 
indices, so that (V-l)'=-l, (>/-l)»= -V-1. (V-l)*"l. 
Every number is of the form 4m, 4m+ 1, 4m + 2, or 4m+ 3, 

(V-l)*« =(-l)2»=+l 

(V-i)*~*^=(V-i)*~V-i =V-i 
(V-ij*~^^=(V-i)*~'"V-i=V-ixV-i=-i 

(iL) U x + y J-l=^a + h Mj-lfWe know that «=a, y=6, and that 
x-y V-l=»-^ V-1- 

(ilL) In the Binomial Theorem, the number of terms in the expansion 
of (x + a)* is 7^+ 1, and if t^ is even, the coefficient of the middle term 

(the ^ + l^j is »Cn , or J— ^ ■- : if n is odd, the two middle terms 



arc the —5— and the -5— > and the coefficients are *(Vi, or 

25 2S 2 



w-1 
2 


n + 1 
2 



1. PbOP. De HolTTe'e Theorem. 

(cos 0dt^ — 1 sin^*=cos nOdt V— 1 sinn^, whatever be the 
value of n, positive or negative, integral or fractional. 

(co8d±V-l sin^'=co8'^-sin«^±2V-lsmdcos^ 

=cos2^±V-l sin 2^. 
(co8^±V-lsin^'=(cos2^±V-l sin 2^ (cos^±V-l sin^ 
s cos 2^ cos ^ ' sin 2^ sin ^ 

±V-1 (sin2^cos^ + co6 2^sin^ 
sC083^±V-l sin 3^. 
etc. etc 
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Assume the law here observed to be true for the index n — 1 ; t.«. assume 
(cos^±V-l sm^*~i =cos(tt-l)^±V-l sin(n-l) ^, 
Introduce a new factor (cos ^± V - 1 sin G)^ 

(cos^±V-l8in^* 

= {cos(W' 1) tf±^/- 1 sin(w-l) ^} (cos ^±V-1 M»^) 

=cos (tt- 1) ^ cos ^- sin (it— 1) B sintf 

± V- 1 {sin (n- 1) ^ cos ^ + cos (n- 1) ^ sin ^} 

= cosn^±V-l sinnd. 

If then the formuls be true for one value (n - 1) of the index, it is 
proved true for the next (n) value ; but it has been shown to be true when 
the index is 2, 3, . . . and therefore it is true when the index is 4, 5, . . . 
i.e. generally 

.*. (cos^±V-lsin^)*=cos»^±V-lsinn^ 
when n is a positive integer 

(iL) Let n= - m. 

Then (cos^±s/-l sin^*=(cos^±s/-l sin^)""* 



(cos^±V-lsin^"» 

^ 1 

cosm^±V-i sinm^ 

cosm^^V-1 sinm^ 
°* cos'm^ + sin*m^ 

=cosf»^:fV-l sinm^ 

»oo(i(-wi^)±V^l 8in(-w^) 

=ooan^±V- 1 sinn^. 

whieh proves the theorem for a negative integer. 
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(iii.) I^t n= ^, where j9 and g are integral, 

p_ 
(cos^±V-l Bin^*=(cos^±V-l sin^« 

= (cos|>^± V - 1 sin|>^) « 

Now (cos^±V-l sin^)*=coBn^±V-l sinn^, 

take nth root of both sides, and 

cos^±V-l sin^=(cos»^+V-l sinn^)" 

But there are n values of (cos n^± V - 1 sin n^ ** and one of them is 
shown to be cos ^± V - 1 sin ^, 

.-. one of the values of (cos|>^±V- 1 sin|>^' is 

cos£^±V-l8in«^. 
^ 2 

It only remains to find an expression which will give all the q values 
of (cos ^± V- 1 sin ^) f • 

(cos ^± V- 1 sind) « *(cQs^± V- 1 mp^^ 

«(co« (2r7r+jj^±V-l sin (2nr+p^))» 

the 9 values being found by making r*>0, 1, 2, . . . , tf - 1 ; and it will 
be found that there are only q different values, for when r^g, we have 
the same value as when r=0, and when r«g + l, the same value as 
when r=l, etc. 

Hence De Moivre's Theorem is fully established. 
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2. Pkop. Find the number of different values of cos ^S— 

and sin — when successive integral values are assigned 

to r. 



7 Vj UUO 


3 


, 






r-1, 


)) 






(kx.a) 


r=2, 


» 


etc. etc. 


• 




r=o-l. 




= COB — ^^S ^ ^— = COS 


fa. 2-i>^ 


=cos *— 



all these ^ values are different. 



r=ggiye8cos?^:?^±£^=cos ?2^^±^=cos(2^+«^)=cos^^ 
1^ q \ q/ q' 

the same value as when r=0, 

.- . (2g + 2)ir + »^ /„ 27r + »^\ 27r+|>^ 
r=g + l gives cos ^-^s i ^:_-:(jos(2tr+ ^--l=cos ^ 

q \ q ^ q 

the same value as when r^l, 

etc., 

from which it appears that there are q and only q different values of 

cos —. since the same values afterwards recur in the same order. 

q 

Similarly for sin — • 

^ q 
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3. Prop. Express sin tiB and cos nO in terms of the powers 
of sin and cos Q, 

co8n^+ iJ-X 8mn^=(cos^+ V-1 sin^)» 

=C08*^ + »C0B*"*^V-1 sin^ + »C2C0B*"'^(V-l sin^'+ . . . 
+ *0^co8»-»'^(V-lBin^)»'+ . . . 

+ ncos^(V-l sin^*"i + (V-l sin^* 
=coB»^ + »co8»~i^V-l sm^-*02COg*"2^sm*d+ . . . 

w-l n 

+ . . . +(-1)" ttcos^sm*"^^+(-l)" sin*^. 
Equate the possible and impossible parts, 

r + (-l/ sin"^ 

.-. <KW«^=co6-^-^^-^^osH-2^sm«d + ..J ^^^^^'l^ 
1.2 A *zi 

I +(-1) ' ncos^sin*-*^ 

V (»Odd) 

and sin nB^n cos^'^B amB- ^^'*' "/] i"* " ^^ cos^-s ^ sin^ 6 + . . . 

n-» 

+ (-1)' ncos^sm*"*^ (n even) 






+ (-1) ■ sin*^ (»odd). 

4. Prop. Express tan nO in tenns of the powers of tan 0. 
By the preyious proposition, 
«^-^^ntan^--C3tan3^ + -0,tan«^- ^ +(-l)"^ntan-i^ (neven) 



?- i +("^) * wtan*-!^ (n( 
' +(-l)'*"tan«»^ (n< 



C08»^ 

, odd). 



???^=l--a tan2^+*C4 tan*^. 



(+(-l)*tan*^ (neven) 

I +(-!)« ntan»-*tf (u odd). 



Bydivision, n tan^- "^ (^^ ^) (^-^) tan»^ -h . . . 



.-. tann^= ^'^'^ 



l_!L(5^)tan«^+... 

1.2 



writing down the last terms as above. 



156 DE MOIVRE'S THEOREM. [XnH. 

5. Prop. Express the Sine, Cosine, and Tangent of the sum 
of any number of ajigles iu t^rms of the powers of the 
tangent. 

It may be shown that — 

(cofia + V-1 sina) (c.09i3 + V-l 8i»i3) (cosy + V-1 siny) ... 
=cos(a + /3+y+ . . .) + V-l sin (« + i3 + y+ . . .) 
.*. cosacos^cosy . . . (1+^-1 tano)(l+V-l ten/3) (1 + V-ltany) .. . 
= cos(a + i3 + y+ . . .) + V-lsi»(a+i3+y+ . . .) 
let «!» tana + tan i3 + tan y-f . . . 
<2=tana tan/S + tanc 
«3^tanatani3 tanyr 
Then cos (o + i3+y+ . . .)+V-l «a(a+/5 + y-f . . .) 

=cosacosi3cosy . . . (l-<iV- l-«2"*3 V- l+«4 + «6V-l-- ♦ •) 

Equate possible and impossible parts, 

( ^ 

.-. si»(a + i3 + y+ . .) = cosac9Si3cosy . . («i-<s + «6-«7 • A +(-1) ' <«-i(Wlii) 



Bin ^a T H -r "jr T . . ./ 

any+ ... \ 
iatany+ . . . >etc. . 
K-f . . . ) 



cos(a + i3 + y+. .)=cosacosi3cosy . . (l-<j+<4-«e . . I +(_!)« «^ (^) 

By division, . • . (- 1) ' «»-i (.An) ' 

ten(a + i3 + y4- . . .)= ^r^ll + ^ff-^+--(-Y'^ (A) 






Ex. Iftan^=-L, tan 5=1, tan 0=2, find tan (^ + -B + C). 

tan(^ + B+0=?l-^=y f-i^ ^ (oix.5.) 



l^i-1-1 



2 
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6. Prop. Expand sin a and cos a in a series of powers of a. 
When n is a positive integer, 

cosn^=cos*^-*C2COs*"2^sin2tf + »04COfl*"*^sin*^- . . . 
sin n^=n cos*" 1^ sin ^-"Cg cos*" '^sin^^H- . . . 
/. cos»^=cos*^(l-*C2tan«^ + *C4tan*^-- . . .) 
sinn^=cos«^(ntan^-»»C3tan8^+ . . .) 

Let nB=a. then n=-^, 
eoe,„=ccB-(» { i_g(|ri)(y)V ''(''-<»(°y^(°-3<» (y)V . . J 

ifn=Qo,then^»0,and the limit of eos^^isl; also the limit of ^^^^ 
and its powers is 1, 

.: cosa=l-i-5- + r-j-- . . . , md sma=a-j-5- + j-=-- . . . 

By division, we should get tan d = o + — - + -^ + ^ + . . . 

3 3.5 3.3.5.7 

(L) Since sin (-a) = -sin a, the values of sin a change sign with a, 
hence the series for sin a contains only odd powers of a. 

And since cos ( - a) = cos a, the series for cos a contains only even powers 
of a. 

(ii) The series for sin a and cos a Inay be proved to be convergent. 



,...v . /a* tfi\ /a^ a*\ 

-("-|H|-|i)- • 



The terms in brackets are all + if o^ is not>6; dfortioriy if a is < 1, 

.*. sin a < a and > a - ^ . (As proved in Cbap. xx. Prop. 8.) 




- /a* a*\ /a* a'\ 

'" (lI"lI)"(il"lI)"■■■ 
-('-|HE-E^•• 



. *. cos a > 1 - - 
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7. Prop. Expand sin n* in a series of powers of a, where a 
is the circular measure of n*. 

"""180 
.'.Sinn s=sma=a-nr + r^- • • • 

II lA 

"180 |_3 \180/ '*"[6^ \180/ 

COSn =C0Ba«l-r^ + r7-- . . . 

XL l± 



"^ [2 \180/ ^[4\180/ 



Examples. 

Ex. 1. Find the cube roots of 1 ; i,^*^ solve a:^- 1 =0. 
Vl«(cosO' + V-lsinO°)* 

aTir . # • • 2nr 
=cos-^ + V-lsin-y^, 

=cobO"+ V-l»inO"=l, ifr=0 

=C0B-g +V-lsmy= ^ , ifr=l 

4ir , - _ . 4ir -1-^-3 .. ^ 
==cos-^+V-lBm-g- = ^^^ ^, ifr«2. 

Ex. 2. Find the cube roots of- 1 ; i.e., solve a:^+ 1 =0. 
V-l = (costr+ V-1 sintr)* 

= cos — g — +V-lsin — g — , (Ixxx. 5.) 

==cos-^ + V-l sm-g-= — I — , if r«0 

=cosir + V-l sui«' =-!> ifr«l 

6ir. / ,.5ir 1 — V~3 .- ^ 
=cos g^+ V-lsm^= — I y ifr=2. 
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Ex. 3. Express the cube roots of 3 + 4 V-1 in the forma+/3V-l. 

3 + V-l=6(|4v-l) 

3 4 

if 008^=-=-, we know that sin^=a-=- 
o 

.•. V3 + 4V-1= V5{cos^+ V-lsin^* 

= V5|cos— ^— + V-lsin— g— I . 
Where r=0, 1, 2, and the cube roots are 
VS-[cos g-+ V-lsiny j-j V5-[cos— g— +V-lsm— ^j-, 

V6|cOS-y-+V-lsm— y— |. 

And from a table of natural cosines, 

COS ^= -6 gives ^=63' 8' nearly. 

Ex.4. Findthevalueof (-1+ V-3)«+(-l-V-3)». (Ixxiii. 1.) 
expression =:25(-l+^V-iy+2^(-4-^V-iy 

=2^{(c.sfw-lsinJ)V(cos|r-V.lsin|y} 
=25 Jcos-^+ V-lsm— + 008-^ — V-lsin — I 
= 2«cos^=2«x4--26=32. 

Ex. 6. If tan 0"—, prove that 

— — a A 

(a±5V- 1)" =(«*+&*) *•(«» |-± V- 1 sin -^). 

tantf-A, ,.8mO--^and cosO--^ (cii 7.) 

=:(cos^±V-l amff)^(a^ + h^ 
=(cos|±V-lsin-J)(a« + 62A 
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Ex. 6. fizpf088 M-\ in the form a + /3 kj -\\ detetmine all the 
values of a and /3. 

V-l=(co8ir±>/-l sintr)^ (^^^ 6-) 

^co8(g^±V-lsm(^^t^^ 
6 6 

=coe^±V-l sin-^= ^^y-\ if r=0 

=cos|-±V-l8in-|.»=:±V-l, ifr«l 

«00B^±V-lsin^^ -^y^\ ifr=2. 
The six values are±V-land ^V3W-l . 



XXIV. 
Bzpajision of Trigronometrical PonctionB. 
1. Prop. Ifa:^cos^+ V— 1 sin^, 

/— 1 sin^ cos^ ^+sm^ 



X X ^ 

Also a;*=(cos ^ + V - 1 si^i ^)*= cos ntf + V - 1 sin n^, 

-l = (cos^-V-l sin^*-cosn^-V-l sinn^, 

If a;=cos^ + V-l sin^, /. -i- = oos^- J-1 sinA 
y=cos<^ + V-l sin<^, .-. — =cos0- V-1 sin0, 

y 

.-. xy + i-=:2cos(^ + <^), «y-— e:2V-l sin(^ + 0). 
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2. Pkop. Express cos** in terms of cosines of multiples of 
6^ when ti is a positive integer. 

2cos^=a; + — 



2»cofl*^ 



-('4)- 



=aJ* + nfiC"~2 + 



C +*Cj»^ (»even)\ 

(^ + HC-zif a + — \ (n odd) j 



sc** * aJ**~^ jc* 






=2 COS n^ + n 2 cos (n - 2)^ + 5^^^f— i^ 2 cos (n - 4)^ 4- , 

2 



(n even) 



. . . + 



;!= — -2costf (nodd) 

w-1 n+1 ^ ' 



2n-icos»d=co8nd + ncos(n-2)d + ?L(!?— 1^008(^-4)^+. . . 



+ — »=— or 



l!L 



■2 2" 



n-1 
2 


n+1 
2 



cos^. 



^"*^i^ Z-:rr^-=*r ^iir' rf :xl ~-Tm^ i£ it^sEnes of multiples 



1 1 



"-- > -^ _ 



* — =. *— 



• -4tf. 



Tm'.r-rA^ of 



-■*.—- :iC:. -ft fcrf— ... 



^St 1— l;tf- 
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5. Prop. Expand cos w^ in a series of descending powers 
of cos Qy when ?i is a positive integer. 

Let 05=008 ^ + V-l sin^ 

Then a; + — = 2 cos ^, and x»+ — =2 cos nB, 
X ac* 

Now (1-^) (1- A)=i_,(^ + l) + ,2 

= l-z (2 cos^-») 
«l-»(c-»), if c=2cofl^, 

log (l-ax) + log (l--|-)=log (l-« (c-»)) 



2 n X 2x^ rwc* 



71-1 



Coefficient of t^ on the left-hand side =-i- /'jb* +_\ 
Coefficient of sf in tS^::^ ;. f 



IS — , 



n— 1 n— 1 

. 8f>-«(c -.)>-« J_ (n-2)(n-3) , 
n-2 ^»-2 1.2 

etc. etc. 
^2cosn^=— (2cosd)»-(2cos^»-2 + 5_Z^(2cos^»-*- . . . 

.-. cosn^=2»»-i cos'»^-w2*"3 cos^'^^+^J^":!:?) 2»-6cos*-*^-- ' 

1.2 

Ex. cos 5^=2* COS** e - 5.2* cos^ d + ^ cos ^ 

1.2 

= 16 cos* ^ - 20 cos3 ^ + 6 cos ^. (11 6.) 
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3. Prop. Express sin"^ in terms of cosines of multiples 
of 0, when n is an even positive integer. 



2V-1 sin^=x — =- 
% 

n 



+ (-1)' k:!* +. . .+*C2 



icH- 






=('«"+ Jr)-«(«"-'+5^)+*C,(ai"-*+~4)+ • • • +(-1)' -Cj 

=2cosnfl-«2cos(«-2)tf+^^^^^^2cos(n-4)tf+ . . . 



+ (-1)' 



\1.\1 



2»-»(-l)' 8m"tf=C08»tf-»co8(m-2)d+— ^" --^coB(n-4)tf . 



+ (-lf 



4. Prop. Express sin* in terms of sines of multiples of 6 
when 71 is an odd positive integer. 

=(^-i)-«(^--^)+-c,(««--^,)- . . . 

= 2V- lsin«tf -« 2v/-l sin(w-2) tf + ^li^^ 2V- 1 sm(»-4)d-. . . 



+ (-1) 



n-1 
3 



n-1 


w+1 


2 


2 



2V-1 sin^ 



.-. 2*-i(-l)" sm»^=8mn^-nsm(w-2)d + ^^^j^^ 



+ (-1) 



"2" liL 



n-1 
2 


n+1 
2 



sind. 
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5. Prop. Expand cos nQva z, series of descending powers 
of cos Qy when Wr is a positive integer. 

Let a;=cosd+V-l sind 

Then 01 + — = 2cosd, anda*+ — =2oosnd. 

Now (l-aa) (1- A)=i--55(a; + -l) + a2 

= 1-2 (2cosd-«) 

= l-»(c-2!), ifc=2co8d, 

log (1 -ax) + log ^1 - A^=log (1-2 (c-a)) 



•• «+x+ • • -^-r-^ • • •+¥+^«+ • • • +;^+ • • 

ss'fc— a)2 a»"i(c-2)»~^ a»(c-a)» 



n-1 

Coefficient of af on the left-hand side=— /^x* +— \ 

n \ x*/ 

, . a»(c-a)» . c» 

' in i ' 10 



n 
in 



?i— 1 n— 1 



. g^-^g-g)""' . J_ (n-2)(n-3) , 
71-2 ^n-2 1.2 



etc. etc. 



^2cosnd=-(2cosd)«-(2cos^»-2 + ^(2cosd)«-* 

n n ^ 1.2 

.-. cosn^=2*-* cos*d-n2*-3 cos*-2d+^^^^^ 2»-5cos*-*d- « 

1.2 

Ex. cos 5^= 2* cos^ e - 5.22 cos^ ^ + ^ cos ^ 

1.^ 

= 16cos6^-20cos3^ + 5cosd. (IL 6.) 
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3. Prop. Express sin'*^ in terms of cosines of multiples 
of Q, when n is an even positive integer. 

2V-1 sind=x- — 

X 
n 

=2cos»^-«2cos(n-2)tf+^^^Y^^2cos(n-4)fl+ . . . 

.-. 2»-i(-l)' 8m»tf=co8»fl-»co8(»-2)tf+— V^-^cos(»-4)fl. .. 

1.2S 



+ (-1)' 



« 


\n 




3 1 


) 


n 


n 


2 






_2_ 


_2 



4. Prop. Express sin* ^ in terms of sines of multiples of 6 
when n is an odd positive integer. 

= 2V- 1 sinnfl - n 2V- 1 sm(n-2) fl+^-i^^ 2V- 1 sm(»-4)tf- . . . 



+ (-1) 



n-1 
2 



n-l 



j=-— j-2V-lsind 



n + 1 
2 



.^ 2*"i(-l)* sm»^=smn^-nsin(n-2)d + ^^-^^^^siii(n-4)d-. 



+ (-1)^- 



i-l 



n + 1 



sind. 
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5. Pkop. Expand cos ti^ in a series of descending powers 
of cos Qy when ti is a positive integer. 

Let a;=cos ^ + V - 1 sin ^ 

Thena; + — = 2cosd, and a* +—=2 cos wd. 

= 1-2 (2 cosd-2) 

= l-»(c-«), if c=2cosd, 

log (1 -ax) + log (1 - -|-)=log (1 - » (c - »)) 
2 n-1 « 



Coefficient of ^ on the left-hand side: 
Coefficient of sf in ?!i£z£)! fg ^, 



=i(--i> 



H— 1 ?l— 1 

. g*-Vc-g)H-« J_ (n-2)( n-3) , 
71-2 ^71-2 1.2 

etc. etc. 
;^2cosn^=^(2cos^)«-(2cos^»-2 + 5^(2cosd)»-* 

.-. cosw^=2*-i cos*^-?i2*-3 cos*"2^+^^-V^2»"«cos*-*d-' 

1.2 

Ex. cos 5^=2* cos*^ B - 5.2^ cos^ ^ + ^ cos ^ 

= 16 cos*^ ^ - 20 cos3 ^ + 5 cos ^. (IL 6.) 



1 62 EXPANSION OF TRIGONOMETRICAL FUNCTIONS. [XXIV. 



3. Prop. Express sin"^ in terms of cosines of multiples 
of Qy when n is an even positive integer. 

X 

N 

=(^+Jr)-«(«"-''+^)+"C,(a>"-«+-y+. . . +(-lf «C^ 
=2coan^-w2co8(»-2)tf+ "'^!*~ ^ 2cos(»-4)g+ . . . 



+ (-!)'" -^ 



n 

! n i_n 
.■2 I 2 



2n-i(_i)a sm*^=cosnd-?icos(n-2)d+— ^2-^008(11-4)^. .. 

« In 



4. Pkop. Express sin* Q in terms of sines of multiples of Q 
when % is an odd positive integer. 

2'»(-l)' sin«5=(a;--i-y=x~-rKC*"2+*C2a:»-*. . . 

. . . +(-1} 2 \ x) ^ic* * jc» 2 jc* 

= (.»-l)-„(^--^,)-H-C,(«n-.__^^)_ . . . 



.(-1)^'"^-^' 



(-a 



= 2V 



- 1 sinnfl - n 2>/-l sm(n-2) tf + 'L(^^ 2V- 1 sm(n-4)tf-. . . 



+ (-1) 



*»-l I*. 



+(-1) 



2 


71+1 

2 


I sin (n - 2) ^ 

1- 


n-1 
2 


n + 1 
2 



2V-1 sind 



., 2«"*(-l)* sin»^=sinn^-nsin(n-2)d+— Y^— ^siii(n-4)d^. . 



sind. 
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5. Pkop. Expand cos Wr^ in a series of descending powers 
of cos Qy when ti is a positive integer. 

Let a;=cos^ + V-l sin^ 

Then a; + — = 2cos^, anda*+ — =2oosnd. 

Now (l-«x) (1- |)=l-«(^ + l) + «2 

= l-«(2 cosd-«) 

= l-»(c-«), ifc=2cofld, 

log (l-aB) + log (l--|-)=log (1-a (c-2!)) 



2 M sc 2a;2 ?ia;* 

= g(c-z)+ ^ ^ +. . . Ar- ^^:L-!1 — + ^ ^^ ^f 4- . . . 



n-1 
Coefficient of ^ on the left-hand side =— /^ic* +— \ 

Coefficient of 2i» in ^(^"^^^ is -* 



71 n 

in 



?l— 1 ?l— 1 



. af-yc -.)»>-« J_ (n-2)( n-3) , 
11-2 ^n-2 1.2 ' 

etc. etc. 
^2co8n^=-(2cos^)»-(2cos^»-2 + ^(2cos^)»-* 

.-. cosn^=2»"* cos*^-n2»"3 cos»"2d+^^-Yi-^ 2*-5cos»"*d- • 

Ex. cos 5^= 2* cos^ ^ - 5.22 cos3 ^ + ^ cos ^ 

1.2 

= 16 cos^ ^ - 20 cos^ d + 5 cos d. (IL 6.) 



l6o EXPANSION OF TRIGONOMETRICAL FUNCTIONS, [XXIV. 

Ex. 6. fixpNM \]-\ in the form a + /3 n] -\\ detennine all the 
yalues of a and /3. 

V-l=(cosir±>/-l sinir)^ (^^^ 6) 

(2r+l)ir. , 1 ^c^CSf + lV 
= C08^ — ^-^±V-1 ^^- — g-^ 

=cos^±V-l sin-l= ^^y-\ if r=0 

=cosy±V-l8in|-*=±>/-l, ifr«^l 

„eoe^±V-lsin^^ -^^|^^'^^ ifr=2. 

The six values are ± V- 1 and ^^^^^""^ - 



XXIV. 
Bzpansion of Tiigonometrical Functions. 
1. Prop. Ifap=cos^+ V— 1 sin^, 

X cos^+ V-lsin^ cos^e+sin^^ ^ 

X X ^ 

Also 5C»» = (cos ^ + V-1 sin d)*=cos 71^4- V-1 sinn^, 

-^=(cosd-V-l sin^»»-cosnd-V-l sinn^, 
.-. aj* + — =2 cosTi^, X*-— «2V-1 sin«^. 

If a=C08^ + V-l sin^, .'. -i. = oosd- ^-1 sind, 
y=cos</) + V-l sin</), .'. — =cos^- V-1 sin^, 
.-. ay + -L = 2cos(^ + </)), «y- —« 2^-1 sin (^ + <^). 



XXnr.] EXPANSION OF TRIGONOMETRICAL FUNCTIONS. i6l 



2. Prop. Express cos* 6 in terms of cosines of multiples of 
6, when ti is a positive integer. 



2cosd=a; + — 

X 



2*cos»d=(a; + — j 

r +"Cn^ (neven)\ 

( +"CiL (ev'iu)) 

V W ^ ^-) \ Xn.; (-^.Cn^.(. + l)U)j 



=2co8n^ + n2cos(n-2)^ + ?:^?^— ^2co8(ii-4)d+. . . 



+J^ 



(n even) 



n-1 



-— r2co8d (wodd) 
n-1 ^ ^ 



2*"icos*d=co8nd + rKJOs(n-2)^ + ?!:i?!l^^ C08(w-4)^+ . . 



+ — !=— or 



n n_ 
2 2 



n-l 



■= — -r COS^. 



W+1 

2 



i68 GREGORY'S SERIES, [XXV. 

3. Prop. Express Q in tenns of Powers of tan 0, 
Gregory's Series. 

«-V-i=oo8^-V--l sintf 

By division, eW-i^gg^^-^^^"^ sin^^W- 1 tan^ 

•^ cos^-V-lsm^ 1-V-ltan^ 

2dV-l=log(l + V-l tan^-log(l- ^-1 tan^ 

-(-V-1 tand+-|^tan*^+-|-V-ltan5d- Jtan*tf...^ 

=2V-lftand-^tan3d + -^ tans^ . . ."j + l tan*^-^- tan*^. . . 
\ 3 5 / 2 4 



Equate impossible parts, 
.-. ^=tand-i- ta 

A convergent series if tan ^ is = or < 1, t.e. if ^ lies between 

-^ a 
4 

Cor. (i.) iftand=x 



^=tand— i tan^^+i- tan'^^- 
o 5 



'^ and ^, or between ?^ and ^ . 
4 4 4 4 



tan-ia;=a;- ■o'+'f- • • • 
o d 

CoR. (ii.) if^=-J 

4 3^6 7^9 11^ 

A series which is very slowly convergent. 

^H'-i)*a-i)-(i-i^)- • 

1.3 5.7 9.11"^ * * * 
4 V3 5/ V7 9/ 

3.5 7.9 
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4. Prop. Euler's Series, for determining the value of tt. 

tan-i-i + tan-i-i^= tan-i \ r = tan-il=-^ 

2 3 1 _±_ ±_ 4 

2.3 



TT 



) 2 3 23^5.2* * • * $ ^ ( 3 3.3* 5.36 • ' J 

5. Machin's Series. 

It may be shown that ^=4tan~^ — -tan~i k^ 
4 5 239 

(5 3.53 "^6.56 •••}"■( 239 "3.239s 5.239'^ • * ' ) 



AT 



Three terms of the first series and one of the second will give the value 
fr= 3*1416 : eight terms of the first and three of the second will give the 
value correct to 15 places of decimals. 

6. Prop. Given two sides and the included angle of a 
triangle, find the third side and angles, by means of infinite 
series. 

(i.) c*=a2 + 62_2a6cosC 

=»» + 62 - aft (e^V-i + arC^^-V) (Ixxiv. 3.) 

=a^(l - -J e^V-i) (1 - 1 erG^-\^ 
2 logc=2 loga + log (1 - -^ eC^^-A + log (l - "I" «-^^^-i) 
= 2 log a - I- (eC^^-i + e-c^^^-i) - ^2 («^^^"^ + e-a^V-i) 

=2 loga-— 2 cos (7- 5-2 2 cos 20- ^2 cos 3(7- . . 4 

.*. log c=loga cos C- g-j cos 2(7 - ^ cos 3(7- . . . 

a series which is convergent when 6 < a. 



I70 



EXPANSIONS, [XXV. 



,.., ., a BinJl sm(J5+C) ^^„^. sinC 

(il) Also -5-=^ — D= . p — <^<>sU+.---p 

^ ' sinJ5 sini) tani> 

a tan B= 6 cos (7 tan B + 6 sin (7 
a - 6 COS C7 

e2B^-i + 1 ~ 2a - 6 (eC'V-i + e-Cv^-i) 

1 - A e-c-/-i 

a 
25V-l=log(l- -^ e-c^^-i)-log(l + -^ cC^V-i^ 

=A2V-lsinO+^2V-lsin2C + ^2V-l8in3(7+... 

.-. ^=i- sin 0+^„ sin 2(7+^3 sin 3(7+ .. . 
a 2a* 3a' 

a series which is conyergent if 6 < a. 

7. Prop. Given sin x=n sin (x+a), expand x in powers 
of n, 

eaV-i [1 - ne«V-i] = e^^/-i [1 - w«-^-i] 

2x V - 1 =log (1 - wr»V-i) - log (1 - we«V-i) 

2 

= 2V-1 wsina + Y V-l sin 2a + y 2^-1 8iii3o+ • • 
.'. a;=n sina +"2- sin 2a + Ysin 3a+ . . . 
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8. Prop. Given taiia:;=7i tan a, expand x in powers of n, 

eW-i + i =^ eW-1 + 1 (^™^^- 4-) 

By the theory of proportion, 

_ e2*\/-i (l + n) + (l-yt) , _l-n 
me2«'/-i + i 

2x V- l = 2a V- 1 + log (1 + me-2»\^-i) -log (1 + wieS-V-i) 

=:2aV-l-m (g2«^/-i^e-2»v/-i) + !^ (e4«^-i_e-4-H^-i)- ... 

=2aV-l-mV-lsm2a + ^ 2V-lsin4a- . . . 

25 

.*. a;=a — m sm2o + — siii4a- . . . 

9. Prop. Find the coefficient of o?^ in e** cos fee. 
e«« cos 6a;= -5- e«« (e^V-i + 6-^\^-i) 

2 ( 1^ n 

Coefficient of as* 

"" 2 I |_n, ■*■ I n, J 

Let a =r cos ^, and 6=r sin ^, .•. a^ + J^^^-a. 
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Coefficient of a* 

-4{(tW-'4)-Hv-4^-')-} 

« J!L {(cos^+V-l sin ^)*+(cosd-V-l Bind)*} 

2 JTl 

= or~^ {oosn^ + >/-l sinn^ + cosn^-V-l sinn^} 

= "T]^ 2cosn^ 

=^^— 1 ^ cosn^=— 1 cos < nsin *-p=== V 

n 

Also coefficient of sc* in e~ sin ftx is (<^' + ^') sin n^. 

In 

EXAMPIillS. 

Ex. 1. Eeduce cos (a+P^J-l) to the fonn x + y ij-l, 
2cos(a+^V-l)= e<*+^^-i)^-i + H-+/V-1V-1 

= «-^ (cosa+ /J -I sin a) + «^ (cos a- ^J-l sina) 
=cosa (erfi + efi)- /J -I sina (e^-en^), 
which is the required form. 

Ex. 2. If log(x + yV-l)=« + /3V-l| prove that a? + y*=e**, and 
y=x tan^. 

«+ y V - 1 =ea+^-/-l=ze* e^-i 

=e«(cos3 + x/-l sin^), 
equate possible and impossible parts : (Ixy. 7.) 

a=e*cosi3 ) 
y«e«sini3 J 

.-. x2 + ^=e«*(sin2^ + cos'^)=e««. 

Also -5^= tan 3. 

X 
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Ex. 3. Apply the exponential values of sin 6 and cos 6 to show that 

^B sind 
cot-jr=; 



2 1-cos^ 



V-l(2-eV-i-e-«V-i)- " 


_v-i(J--.-4^-0' 


■J^-^.-I^-^ 




. ve^-, -?v-A _ 


,_,U, _,..•„<') .:„<> '"''2 



Ex.4. Prove that (3* -3"*) -4- (3^ -3 V-r(3*-3~V. • —^^ 
By Oregory'B series, 

d=»tand--i-^n3d+4-ta»*^- • • • 

6 

.-. :^=tan^~4tan8- + ltans-- ... (bui 3.) 

3 3 3 353 ^ ^ 

Al80^=tan^- |-tan»|. + ltan«|- . . . 
=3"*-|-3"*+-i3"*-... (iL) 
Subtract (ii.) from (i.), 

^=(3»-3-»)4(3*-3-*)4(3*-3-V.. 
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Ex. 5. If sin (a + )3 V - 1) =35 + y V — 1) prove x^ cosec^ a-y^ sec' a= 1. 
sina cos^V-l + cosasin3A/-l=^ + yV"'l 
-i-sina(e-« + e^)+— — - cosa(e-^-e^)=x + y V-1 

a/-1 sina (e-/3 + e/S) + coso (e-fi-efi) = 2s/-l x-2y 
2.r=sina (erfi + e^) 
(Ixxv. 4.) 2y = — cx)s a (e-^ - e^) 

2x cosec a=«-^ + e^ 
2y seca=e^-e-^ 
4x' C08ec2a-4y' sec^o=2 + 2 = 4 
.'. x^ cosec' a-y^ sec' a= 1. 

Ex. 6. Prove 2cos(7icos-*x)=(x + V- 1 VlTx')* + (x - V - 1 Vl-x*)* 
Let n cos" ^ X = ^ (Ixxxv. 6.) 

.*. x=cos — , and sin — = Vl — x'. 
n n 

and 2cos^=(eos^ + /s/-l sin^) + (cos^- V-1 ^^^ 

cos — + V-1 sin— I +(cos V-lsin— j 

n nJ \ n nJ 

.-. 2cos(ncos"lx) = (x + V-l^^^^)" + (x- >J-l^r^)\ 

a/-1 — 

Ex. 7. Prove that (V - 1) = e' 2 . 

V-l = (cos-|- + V-l sin-|-) (Ixxxix. 3.) 



XXV.] EXAMPLES, 17S 

Ex 8. Find the co-efficients of x* in the expansion of e* cos x. 

e* cos x = — e» (e» '/-I + e-« -/-i) (cxxiii. 8.) 

=J. (««(i+V-i) + e«(i-'/-i)). 
Coefficient of x«=i- / (W^%(lll^- ) 

+ (cos "I— V - 1 sin -j)" I 2^ 

n 

= jTi — \ cos-p + V - 1 sin-j- + cos-p -yf-l 8in-r ? 
2|n^(4 4 4^ 4) 

M 

= 7— COS -7- • 

|n_ 4 

Ex. 9. Prove that e«(cos^ + V-l sin^)=«^^K^°'T"*'^"^ '^l). 

Hence prove that the coefficient of ^ in the expansions of e^cos^ 

and e^sin 6 will be , — cos — and , — sin ^ respectively. 
|2» 2 \2n 2 ^ ^ 

cos^ + V-l sin^=«eV-i 

/. .^(cosd-l-V-1 sin^)=e^^-*-^-^>=M-«^^-^^^^l) (Ixiv. 8.) 

.*. ««cos^ + V-le^sin^=l + dV2(cos-j+V-lsin^) 

4-l(^V2(cos^ + V-lsin^))%... 
coefficient ^^ ^^ is ^ | V2 (cos £- + ^^ 1 sin -^) p 

.'. coefficient of ^^ in 6^ cos ^ is r— - cos ^, 

and coefficient of 6^ in e^ sin 6 is r-— sin -^ • 

2^ 2 
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Ex. 10. Show that every nomber, positive or negative, has an infinite 
nnmber of imaginary logarithms. 

00835 + V-1 sinx=e»^-i. 
For X write 2rn- + ac, then 

COB (2nr + x) + V - 1 sin (2nr + «) = e^2'*+*>^-^- 
a = 0, gives 1 = e2rr-/-l^ 

x=ir, gives -l=«<2''+i>'^-i (cxxiv.6.) 

.-. logal = 2nri^/-l 
log.(-l) = (2r+iyV-l, 

if r=0, then log« 1=0, which is the common Arithmetical Logarithm of 
unity, but as r may be any whole number, + 1 has an infinite number of 
Napierian logarithms, all of which except are imaginary. 

Hence also it follows that every positive number has an infinite number 
of logarithms to the same base ; 

For suppose loggy=JC, then y=6* x 1 

.'• log«y=a + 2r7rV-li 

and as we can transfer the base to 10, or to any base, we conclude that 
every number has an infinite number of logarithms to that base. 

Again, in 

lofo(-l)=(2r + l)irV-l, 

since r is to be an integer, .% log^ ( - 1) can never be a possible quantity, 
and therefore every negative number has an infinite number of logarithms 
to any base, all of which are affected with V - 1. 
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XXVI. 
Resolution of Bxpreasions into Factors. 

1. Prop. Eesolve x^—l into factors. 

If ic*»-l = 0, sc»=l = cos2nr±V-l siii2r»r, 

i 2r7r . , . . 2nr 

.-. a;=(cos2nr±V-l8m2nr)- =cos — ± V" Ism — • 

(i.) n even, put r=0, 1, 2, . . . . -^ in the factors, which are 

/ 2rjr - - . 2nr\ / 2nr . , . . 2r7r\ 

laj-cos V-1 sm — 1 (as-cos + v-1 sm 1 

\ n n J \ n n / 

=1 a; - cos — I +8in* — liv. 8.) 

\ n / n 

=»■ - 2a; cos — + 1, and we get 
a5»-l=(x-l)(x«-2a;oos^ + l)(x«-2«;cos^ + l). . . 
(^2^5k«cos£:^"-Hl)(^+l)! 

Wf— 1 

(ii.) n odd, put r=0, 1, 2, , . . . —5—, and we get 
a*-l = (a;-l) (a;* - 2a; cos ?^ + 1) (x^ - 2a; cos ^ + 1 V . . . 

(,^_2a;co8(^'::^ + l) 

2. Prop. Eesolve ic»+l into factors. 

If a;*+l=0, a;*=:-l = cos (2rjr + w)± ^-1 sin (2r»r + ir) 

.-. x=(cofl(2r + l)7r± V-1 sin (2r+l)7r)"" 

(2r+l)7r. , , . (2r+l)»r 

=cos ^ ^ ±V-lsm^^ — 

» n 

(L) n even, put r=0, 1, 2, . . . . "o"""^ in the factors, which, are 

/ (2r+l)7r . - . (2r + l)2r\/ (2r+l)7r. , _ . (2r+l)7r\ 

Ix-cos^ V-lsin^ — ' i(a;-oos^^ ^— + V-lsin^ '—\ 

\ n ^ n J\ n ^ n / 

=a;2 - 2a; cos ^ + 1, and we get 

a^ + l = (x2-2a;oo8^ +l)(a;2_2a;cos^+A .... 
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n— 1 
(ii.) n odd, put r=0, 1, 2, . . . —^ , and we get 

x*+l = (a; + l)(a;2-2xcos^ + l)(a:2-2xcos^ + l) .... 

3. Prop. Eesolve x^'^—2x^ cos^+1 into factors. 

Let x2»- 2x* cos ^ + 1=0, a5*»-2a* cos ^H-cos* ^=co8* ^- 1= -sin' 6 
a;*-co8^=±V-l sin^, sc»=cos ^± V-1 sin^ 

/ iio. / 1 • /ix^ 2nr + ^. , . . 2nr + ^ 
. . a;=(cos^±v-l sin^" =cos ±s/-l sin , 

put r=0, 1, 2, . . . n- 1, we get 2» different values, and the factors are 

(a- cos v-1 sm ) (a; -cos +J-\ sin ) 

= (05— cos I +sm2 =a:2_2xcos + 1, 

.•.a;2*-2jB»cos^ + l=(x2-2xcos-^+l)(a;2-2xcos^^^ + l). . . 

I JB^ - 2X COS -^ + 1 ). 

aJ*— 1 

4. Since -=^x^-^ + x*'''^ + x^-^+ . . . +a5 + l=«, when x=l. 

By (ii.) in Prop. 1. 
.•.n=(2-2cos|)(2-2co6jX2-2«>8j)...(2-2co8(?^) 

= 2» sin* ^. 2« sin'??^ . , . 2» sin» ^^^^ 
n n 2n 

= 2** ^ Sin* — sin* — ... sin* ^ ^— 

n n n 

/ „ 2" • ^ • 27r . (n-l)ir 
/. Jn=2 "* sin — sin — ... sin^ ^— . 

taking the + sign of the radical, since every sine is +, each angle 
being< ^ • 
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5. Prop. Eesolve sin into the product of quadratic 
factors in terms of ^. 
If sin (9= 0, ^=7wr, where n is zero or any positive or negative integer, 
.'. ^=0, ±7r, ±27r, ±37r, . . . are the solutions 
8in^=a^(^ + 7r) (^ - tt) (^ + 27r) (fi-^) . . . 

=a^ (^-7r2) (^-2V2) (^a-3V) ... (L) 

Where a = some constant quantity. 
Now (i.) may be written, (Ixxviii. 5.) 

which is true when ^=0, and then— ^ = 1, 

.M=:a(-7r2)(-2V)(-3V) . . . 

l = ±a7r2.2V2.3V« . . . (il) 

from(i.), sin^=±a7r2.2V.3V...^(l-^Vl-2^V.. 

•from(iL), sin^=^(l-5)(l-2&)(l-3j.)... 

when ^ > and < tt, sin ^ is + , and each factor on the right hand is + 
when S>n and < 27r, sin ^ is - , and one factor only on the right hand 
is — , and so on. 

Hence the + sign must be taken, and there is no ambiguity. 

Cor. Wallis's Expression for tt. 

Let d= -pr, then sin-^- = 1, and — =-^, 
2 2 IT 2 ' 



'^"" 2 (^ 22 ) V 22.22/ y "^ 32.22/ • 



£_ O 3^ 5^ 
2 22 ' 42 ' 62 

IT 32. 52.72.92 . . . 



2 22.42.62.82... 

TT 22.42.62.82 . . . 

' 2 32.52.72.92 . . . 
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6. Prop. Eesolve cos into the product of quadratic 
factors in terms of 0, 

If cos^=0, d=«2rMr±-^, where n is zero or any positive or negative 
integer, 

.-. 6^ ± %-y ±|r, ±^, ... are the solutions, 
2' 2' 2 

••"■'"('■^f)('-T)(''*t)(»-T)-- 

-«('-S)('-'^ W 

where a = some constant quantity. 
If^=0, cosd=l 

•••'=<-?)(-?")(-¥)■•• 

. 7r« 3V 6V .... 

^„(t,»..-.^.^'.¥...(.-^(.-^)(.-.^)... 

Examples. 
Ex. 1. Resolve 6^ ± m into quadratic factors. 
eav^-i + eW.i=2co8«^2(l-^")(l-^). . . 

ea^-i_e^V-i = 2V-l sina=2aV-l(l-^)(l-2^). • • 

.■...H.<,.^(,.,^)... 
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Ex. 2. Having given the series for sin 6 and cosd in powers of By 
show that 

p+ 22+ 32+ • • •- 6"' and 12+32+52+ ' ' * = "g- 



«-'-|-^--^-5)(-5&)('-,-&)- ■ 
■•••-|-|---='-5(t.44---) '— '•> 



Equate coefficients of ^, 

1+1+1+ =![!. 

12+ 2ii+ 3S+ 6 



"--S*^---('-^('-,«)(-»S)' 



-'-i?{"i+-5>+-'-)' 

Equate coefficients of ^, 



1 + 1 + 1. -!^ 

12-^ 32-^ 52+ • • •- 8 ' 



XXVII. 
Summation of Trigronometrical Series. 
1. Prop. Siiia+sm(a+y9)+sin(a+2)8)+ . • • to ti terms. 
cos^a--|-j- cosU + -|-j = 2sina sin-|- 

cos(a + -^)- cos^a + ^^ = 2 sin(a + 3) sinA 

etc. = etc. (xcviii. 8.) 

sin(a + ^)sinf 



.-. S. 



sin-?- 



N,B, — Soo cannot be found, since the terms of the series neither 
increase nor decrease ad inf. ; and since they are all finite, and are + or 
- according to the magnitude of the angle, the series will alternately 
converge and diverge. 
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2. Sina— sin(a+/8)+sin(a+2y9)-- . . . to ti terms. 

^.e., Bmo + Biii(7r + o + ^)+sin(27r + o + 2/3)+ . . . 
write IT + /3 for /3 in (1), 
. / (n-l)(7r + /3)\ . n(ir+/3) 



-Sf.=- 



. 7r + /3 
sin -TT^ 



3. Sin a+sin 2a+siii 3a+ . . . to ti terms, 
write /3=a in (1), 



. (n + l)a . na ^^^^ ^v 

sin^^ — g-^ ^"^"o" (Ixxv. 5.) 



a 

sin-^ 



4. Sina+sin3a+sin5a+ . . . to 7i terms. 

write 0=2o in (1), 

a sin^wa ,^* -X 

8^=—. (xcvi. 5.) 

5. Pkop. Cosa+cos(a4-y9)+cos(a+2/8)+ ... to n terms. 

Bin(a + |-)-sin(«-|-) = 2cosasin| (^^iji ^^ 

8in(a + ^^-sin(a + |-)=2 coa(a+p) sin^ 
etc. = etc. 



■(-^S?) 



cos(a + ^^ — ^r-^l sin- 



sin-^ 
2 



6. Cosa— cos(a+y9)+cos(a+2)8)— . . . to w terms. 

♦.e., cosa + cos(w + a + /3) + coB(27r + a + 2/3)+ . . . 
write rr + PfoT p in (6), 



sin^^ 
2 
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7. Cos a+cos 2a+cos 3a+ . . . to 7i terms, 
write ^=o in (5), 

8^^ 1 2.. 



sm- 



8. Cos a+cos 3a+cos 5a+ . . . to ?i terms. 

write /3=2a in (6), 

a sin 2na /w^^ r \ 

^ =-— ^ (Ixxx, 5.) 

" 2 sm a 

9. Sin2a+sin2(a+^)+sin2(a+2^)+. . . to ?i terms. 

2/8f=l-cos2o+l-cos2(a + 3) + l-cos2(a + 2i3)+ . , . 

=»-(cos2a + cos2(a + /3) + cos2(a + 2i3)+ . . .) 



„ _ n sin jS - cos (2a + (yi - l)j3) ain njS 
2sin)3 



10, Siii2a+sin2 2a+sin2 3a+. . . to ?i terms, 

write /3 = a in (9), 

S _ >^ sin g - sin na cos (n + l)a ^xciii 7.) 

*~" 2 sin a 

11. Siii'a+sm*(a+/8)+siii»(a+2)8)+. • « to 71 terms. 

^=i-(3 sina-sin3a) + 4-(3sin(a + /3)-sin3(a+^))+ . . . 
4 4 

4fif=3 (sina + sin(o+^) + sin(a + ^)+ . . .) 
-(sin3a + sin3(o+^) + sin3(o + 2^)+ . . .) 

^•"7 -3 •» 7—55 

sm— 4 sm -X- 
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12. Sin' a+sin' 2a+siii^ 3a+ . . . to ?i terms. 

write /3=o in (11), 

^ . na . (n+\)a , Sna . 3{n+l)a 
3sm-2 sin ^ g ^ sm— sm ^ 

^•^ 7~^ 7""^= — 

4 suiy 4sin-^ 

13. Sina sin2a+sin2a sin 3a+sin 3a sin 4 a+. ..to n terms. 

cos a - cos 3a=2 sin 2a sin a 
cos a - cos 6a= 2 sin 3a sin 2a 
etc. = etc. 
o w sina cosa-sinnacos(» + 2)a 
** 2 sina 

14. Coseca+cosec2a+cosec22a+ . . . to ti terms. 

cosec o= cot-^ - cot a 

cosec 2a = cot a - cot 2a 
etc. = etc. 
'Sfn=cot-^-cot2«-ia. 



15. Tana+2 tan 2a+2^ tan 2^a+ ... to w terms. 

tan a=cot a - 2 cot 2a 

2 tan2a=2 cot2a-22 cot2*a 

etc. = etc. (IxvL 6.) 

i5«=coto-2*cot2«a. 

16. Tana+YtanY+-22tan-p+ . . . to ?i terms. 

tana=cota-2 cot 2a 
1 tan -1=1 cot I- cot a 

etc. = etc. 
,» =^r-i-= cot -Aj - 2 cot 2a. 
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17. (taiia+cota)+(taii 2a+cot 2a)+(taii 2V+cot 22a+)... 

to n terms. 

tano + coto=2 cota-2 cot 2a 

tan2a + cot2a=2 cot2o-2 0012^0 

etc. = etc. 
/S^=2 cota-2 cot 2*a. 

18. Sec a sec 2a+sec 2a sec 3a+ . . . to 7t terms. 

sec a sec 2a = cosec a (tan 2a - tan a) 
sec 2a sec 3a = cosec a (tan 3a - tan 2a) 
etc. « eta 
&'^ = cosec a (tan (n + l)a — tan a). 

19. Cosec a cosec 2a+cosec 2a cosec 3a+ ... to n terms. 

cosec a cosec 2a = cosec a (cot a - cot 2a) 
cosec 2o cosec 3a = cosec a (cot 2a - cot 3a) 
etc. = etc. 
B^ == cosec a (cot a - cot (n + l)a). 



sin2^ , sin4^ , , ^ 

20. — 3 ^H ^^ ^+ ... to 71 terms. 

cos^ cos 3^ cos W cos 5^ 

o o„;»/i COS d- COS 3d cos 3d -COS 5^ . 

2 O sin a=: ;; —r- + — r — r- + . . . 

COS d COS ZB cos 3d cos 5d 

= (sec 3d - sec d) + (sec 5d - sec 3d) + . . + (sec (2w + l)d - sec (2n - l)d) 

=8ec(2n + l)d-secd 

^ _ sec (2rt + l)d- seed 
•" 2sind 
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21. Tan-i ^^^^^t +tan-i ^^^^^i + ■ • ton terms. 

eta = etc. 
/. i8^=tan-il-tan-i^^ 

^-T--tMi.-^ • 

4 n + 1 



Summation by Exponential Theorem. 

22. Prop. Let <?=« cos(a+/3)+,-7r co8(a+2/3) 

a? 
+r^ cos(a+3y9)+ . . . to oo . 

I± 
5=a? sin(a+/3)+,^ sin(a+2)3) 

+ |-3-sin(a+3/3)+. . . to oa. 

0+ V - 1 iSf=xe^*+^>^-i + i^e<*+2flV-i + -^e(*+8<^--i + . . . 

lA lA 

= e«V-l { e^'cos /S+-/-1 sin/S) - 1 } 

= ex cos/3 {co8(a + x sin ^) + V-l sin (o + x sin /3) } 
— (cos a + V - 1 sin a) 
Equate possible and impossible parts, 

C=6^oo8^ cos(a + x sin /3)- cos a. 
^«e« co8^ sin (a + a; sin /3) - sin a. 
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23. S=sin^+?^sin2d+5^sin3^+ . . . to « . 

1 1. J 

=^-M-4)"i««(--i>)*'?r(--3)*-'- 

sinfl 

=zX esin ^ (cos fl+\/-l sin fl) _ _ gBin ^ cos ^V-l sin 6 
X 

= e8in B cos d I xe'^"^ ^^'^^ ^ - — e-\/-l sin^ fl"| 

« esin ^ cos « [ e V-1. e^~^ ^^''^^ ^ - HV-l. g-'V^-l slna 5 ] 
= ^in fl cos d [ g-Z-lCfl+sina fl) __ ^v'_i(fl+sin« ^ ] 
=e8ia«cosfl. 2V-1 sin(^ + sin2^) 
.-. iSf=€sinflcos^.sin(^ + sin2d). 

Summation by Logarithmic Series. 

fly fly ^y^ 

24. £^=fl?cos^— 77 cos 20+— cos 3^—— cos 4^+ . . . to qo . 

J o 4 

Let 2 cos^=y + — , 

=log(l + a«^) + log(l + |-) 
=log(l + xy)(l+-|) 

=log(i+« {y+—\+3?\ 

=log(l + 2a;co8d+a;«). 
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25. S^x sin 0"% sin 2^+^ sin 3^-- sin 4^+ . . . to oo . 

J «J 4 

w-..-.(,-i)-|(^-,^)4(^-^)-... 



=log(l+xj/)-log(l+|-) 



y 
y 



" K)" " ■ 

V - 1 « sin ^ 



e2v'-is + i / i\ 2 + 2xcos^ 

2 + x r- * 



V-1 tan5f=- 



l+iC COB^ 



1 + 05 cos ^ 



26. S=cos0 — ^ COS 2^+4 COS 3^- . . . to oo . 
2 o 

Write x=l in (24), 
2/8f=log (2 + 2 cos ^) (Ixxxvil 6.) 

=log(4cos2— j 
=log^^2cos-2-j 
- 2 log (2 cos |-) 
.-. ^=log(2cos-|). 
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27. *S'=sin — sm 20 —z — hsin 3^ — . . tooo . 

1 2 u 

Write a;= sin ^ in (25), 

5=tan-i: 



= cot- 1 



1 + sin ^ cos 6 

sin* (9 + cos* ^ + sin ^ cos B 



sin*^ 
= cot-i(l + cot2^ + cot^). 

Summation by G. P. 

28. 5= 1 +« cos ^+a;« cos 20 +a? cos 3^+ ... to 00 . 

Let 2co8^=« + -i-, 
z 



.-. 5 



= l + a» + A*+ . . . 


.uf4. 


= 1+1 

l-ass' j__£ 




,-.(.4) 




—(■4)+" 




2 - 2a; cos 6 




~l-2acos^ + x* 




1-a; cofl^ 
**l-2a;cosd+a** 





I90 SUMMATION OF TRIGONOMETRICAL SERIES, [XXVH. 

29. Prop. iS=sina+a; 8iii(a+y9)+a5* sm(a+2y9)+ ... to 
n terms. 

If y=cosa+ V-1 sina, »=cos3+ V" 1 si^/3. 

=y(l+«.+a>V+...)-i-(l + |-+J+---) 

a* 

0^-1 1 ^"^ , ... ^, 

=« — (xcvm. 8.) 

^ xz-Y y ji__i 

z 
g;n+l(yzn-l-y-lg-(n-l))-a^(yi^-y-li8-~)-a;(yg-l-y-l g) + y-y-l 



^« = 



aC*'^^siii(a+(rt-l)/3)-a;*sin(a + n/3)-a;ain(a-/3) + sma 



If OS be less than unity, and n be indefinitely increased, 

^ _ 8in g - X sin (g - ^) 
^" l-2a;cos/3 + jc2 ' 

Similarly we should find 

cos g + 05 cos (g +/3) + a:^ cos (g + 2^) + . . . to n terms (cvii 5.) 

x*"^^ cos (g + (n-l)ff)-g** cos {a + nP)-x cos (g - /3) + cos g 
l-2xcos^ + x2 

, o _ coaa-xcos(a-fi ) 
-"■ l-2«cos/3 + x2 ' 



XXVn.] SUMMATION OF TRIGONOMETRICAL SERIES. 191 

Summation by Binomial Theorem. 
30. Prop. 0=cosa + x cos(a + i3) + ?(^^cos(a + 2i3)+ ... to 00, 

^=sina + a; sin (a + /3) + ?^^^W (a + 2/3) + ... to 00. 

^e-v'-i (l + e^V-i)* 

=e«V-i.e 2 (^2cos-|-j 

=2«cos«|-e(-^?V-^ 

=2* cos»|- 1 cos(a + ^^+ V-1 sin(a + ^j | 
Equate possible and impossible parts, 
.-. 0=2* cos* -|- cos(a + ^y 

;Sf=2*cos*|-sin(a + ^). 

31. S=l + 2a 008^+3^2 cos2^+4a3cos3^+. . . to 00 . 

2i8=2 + 2a^a; + -i-W3a2('x2 + -^) + 4a3 0)3 + ^3^+. . . 

= l + 2ax + 3a2a;2+ , . . 

, 2a 3a2 
+ ^■^-^■^-?■^••• 

= (l_ax)-2+(l-|)"' 
2-2a(.-hi-)-fa2(^2^j.) 

2-4« cos^ + 2a2cos2^ 
(l+a^-2acos^)* 
o 1 - 2a cos ^ + ^2 cos 2^ 
•'"^^ (l + a^-2acos^)^ * 



(cxx. 4.) 
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29. Prop. iS=8ma+x sin (o+)8)+aj* sin (a+2)8)+ ... to 
n terms. 

If y=C08a+ V-l sina, 2=cos3+ V" 1 sin/S. 
W-lS=(y-l)+x(y.-l)+a=»(,^-^)+... 

-v(i+«+«v+...)-l(i+f4+...) 



af*"-l 1 ar 



-1 



"^ xz-1 y — -1 



(xcviiL 8.) 



"^ xz-1 x8-*-l 

x n-fl(yz»*-l-y-lz-(n-l))-a^(y^-y7'lg-»)-ag(yg-l-y-lg)+y-y-i 

X*-X (2 + »"l) + l 

flC*"^^ sin (g + (n - l)g) - a^ sin (q + nff)-a; sin (a-/3) + sing 
l-2xcos/3 + x^ 



.^. 



If a* be le&s tban unity ^ and ^ be indefinitely increased, 
„ _ ain a - z Bin (a - ^) 

Similarly we sbould find 

cosa-j-^ cos (a + 3)+ ^ cc>3 Ca + 2^)^ 



and S.=* 



CO' 
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to 00, 

to 00. 



Summation by Binomial Theorem. 
30. Prop. 0=cosa + x cos(a + i3)+5(^^)cos(a + 2i3) + 

^=sina + a; sin (a + /3) + ?^^^W (a + 2/3) + . 

\±- 
=e»v^-i(l+a:eflv^-i + ^^^Wv^-i+ . . .) 

= 6^-1(1+6^x^-1)* "~ 

=e*V-i|e ^ \e ^ +e ^ )] 
=:e«V-i.e 2 (^2cos-|-j 

=2«cos4e(-+fV-^ 

=2*cos«|-|cos(a+^^+ V-1 sin(a + ^)| 
Equate possible and impossible parts, 
.-. 0=2* cos* -|- cos(a + ^y 

;Sf=2* cos* |- Bm(a + ^^ • 

^31. 5=^1 + 2a cos0+3a^ COS 2^+4^3 cos^^+. . . to og 



^ 



— + 



; 



f I 



■4.) 






{cX-iL. 4.) 
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XXVIII. 

Application of Trifironometry to the Solution of 
Equations. 



1. Prop. Solve aa;^— 6a:+c=0. 
6±V62-4ac 6 



2a 



4{'V'-^} 



(L) When a is possible, 6* > 4ac ; let -^=8in* d, 

.'. a;=5-{l± cosd}=— cos*— or — sin^ — • 
za a 2 a 2 

(iL) If 6* < 4ac, the roots are impossible ; let -^=«aeo* ^, 
Thena;=^{l±Vl-sec«(9}=^<l±V-ltan^}. 



2. Prop. Solve oa?— iaj+c=0, 
6± V62+4ac 6 



a;=- 



2a 



l{i±v/i.^} 



Let^=tan«^ 



.'. a;=5-(l ± sec^ = — cos* -h- sec ^ or sin* — sec 0. 

za a, t a 2 

When a, 6, c are large numerical quantities, it would be laborious to 
calculate the value of x by the ordinary method. Here B and x are 
in forms adapted to logarithmic computation, and may in aU cases be 
determined readily. 
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3. Prop. Solve a?— gic— r=0; since any cubic equation 

may be transformed into another in which the second term 

is wanting. 

Let a;=y cos^, 

y3 cos^ ^ - gy cos ^ - r = (cviiL 1.) 

cos^ ^ - -^ cos^ - —v^% 

and cos 3^= 4 cos^ ^ - 3 cos ^ 

or cos' ^ _ A cos ^ -- 4- cos 3^=0. 

4 4 

Comparing the equations, 

r cos 3^ . 0/1 4r r /27 

ivhich gives 3d, and thus ^ is known. 
And 05=^ cosd, 

= Vf COS., Vl COB?^. ^yr «H.?^- 

Since cos 3d < 1, ^sj% < \ 

.*. -r-%. cannot be positive, which corresponds with the vrredwAhlt 

case of Ga/rdarC$ Solution of a cubic equation, all the roots being reaL 
This solution is therefore available whenever Cardan's Solution fails. 

Ex. 1. x'--3x-l=0. 

y=2, cos3d=i-, 3d=60" or d=20% 

.-. the solutions are 2 cos 20"*, - 2 cos 40% - 2 cos 80". 

N 
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Ex.2. a:3-6a'-4 = 0. 

y=2 V2, cos 3^=4i' 3^=45' or ^=15% 
/. the solutions are 2^2 cos IS'', - 2^2 cos 45', - 2 V2 cos 75**. 



4. Prop. Solve aj^—j»+r=0. 

Let 05=2^ sin^, 
y5 sin^ ^ - gy sin ^ + r=0, 



sinSd--^sin^+^=0) 
+ -^ sin 3^=0 j 



3 

But sin'^--7- sind 
4 

Comparing the equations, 

f sin 3^ . _^ 4r r /27 

which gives 3d, and thus d is known. 
Anda;=y sind, 

Since sin 3d < 1, .-. -^<|^, 
4 27' 

.*. the equation can be solved by this method, only when all the roots 
are real. 
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Ex. 2. a;3_eKC_4=o. 

y=2 V2, cos 3^=4i» 3^=45' or ^=15", 
.-. the solutions are 2^2 cos 15% - 2^2 cos 45", - 2 ^2 cos 75** 



4. Prop. Solve a;^— 2a?+r=0. 

Leta;=ysin^, 
y' sin^ ^ - 5fy sin ^ + r=0, 

sinS ^ - -^ sin ^ + -^=0 
y' y^ 

But sin'^--^ sin ^ + 4- sin 3^=0 ' 
4 4 > 

Comparing the equations, 

ya-4. y-2Y g, 

f sin 3^ . 0/1 4r r /27 

which gives 3^, and thus ^ is known. 
An(ia;=y sin^, 

=2V|-sm^, 2V-|-sm— 3-, -2V|sm-^^ 

Since sin Z6 < 1, .*. -j < £, 

.*. the equation can be solved by this method, only when all the roots 
are real. 



EXAMINATION PAPERS 
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Ex.2. a;3-6a;-4=0. 

y=2V2, cos3^=4i' 3^=45' or ^=15% 
.-. the solutions are 2^2 cos 15% - 2^2 cos 46', - 2 V2 cos 75**. 



4. Prop. Solve oj^— j»+r=0. 

Let a;=y sin ^, 
y' sin^ ^ - ^^y sin ^ + r=0, 

sinS^--^sin^+-^=0' 

But sin'^- 4- sin ^ + 4- sin 3^=0 
4 4 > 

Comparing the equations, 

f sin 3^ • Oil 4r r /27 
— i= — -, — , sin3^ = — ^=-^\/-^, 
y' 4 ' y3 2 > 53» 

which gives 3^, and thus 6 is known. 
An(ia;=y sin^, 

o /T • di o /¥^ . 27r + 3d „ /~q~ . 2ir-30 

Since sin 3^ < 1, .*. -j < ^, 

.*. the equation can be solved by this method, only when all the roots 
are real. 
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iSS SUMMATIOS OF TRIGONOMETRICAL SERIES. [XXVIL 



f 1. Tan-^ +tan-^ , , ^ , ^g + . . ton terms. 



1 + 1 + 1* 



1+2+2* 



-1 1 — 5=tan-i — - tan-i i 

-1 L__=tan-i — -tan-i 4- 

l-r2 + 2« "*" 2 3 

eic.=etc. 

^ n+1 

» * 1 1 
=»— -tan-i 7 • 

4 n+1 



Smmnadon hj Exponential Theorem. 
22. Peop. Let C=xco8(a+)8)+,— C08(a+2)3) 

+;^cos(a+3/9)+. . . to 00. 

5=x sin (a+/9)+— sin(a+2)3) 

I — 

+ ysin(a+3/9)+. . . to qo. 

2 3 






-^-l sm(a+iam/3)J 



2. 
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23. S=sintf+?^sin2^+5^sm3tf+ . . . to « . 
1 1.2 

w-.«.(.4).».(^-i).--g?(^-i)*... 

„(,,.^,,^»!«....).i(.,»|«,^....) 

sing 
a; 

= X ^in (cos fl+V-l sin ^ _ _ gsin cos »--v/-l sin a 
X 

= esin cos jxe^^-l sin> _ JL ^^_i ginS 0"| 

=. esin cos [ ^0^-1. e^-l 8in« _ g-0v'-i^ ^ V-1 sin* ] 
= ^in cos [ e^-lCH 8in« 0) _ ^^_l(e+gin« jf) -] 
=e8in0co80 2V-1 sin(^ + sm*^) 
.-. ^=e8in0cos0.sin(d + sin2^). 

Summation by Logarithmic Series. 

•C^ y? nc^ 

24. S—x 0,0^6— — cos 2^+-^ cos 3^ — - cos 4^+ . . . to oo . 
2 3 4 

Let 2 cos^=y + — , 

=log(l + a^) + log(l + |-) 

=log(l+a!3/)(l + |-) 

=log(l+x(y+^)+x«) 
=log (1 + 2x cos fl + x^). 
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2 Ai3 /yi4 

25. >S'=a:sin 0~ sin 2^+^ sin ZO— sin 45+ . . . to oo . 
^ o 4 

w-i.-.(,-i)-f(,.-i)4(^-^)-... 

-log(l + xy)-log(l + |-) 

y 

... e2V-is=l±^ 

y 

e2V-i5+i ^, / l\ 2 + 2xcos^ 



2+05 



('*7) 



, , . a V - 1 X sin ^ 
1 + as cos o 

<Si=tan ^ z — -^» 
1 + a cos ^ 



26. /y=cos 5-4 COS 25+4 cos 35- . . . to oo . 

Write a=l in (24), 
2/8f=log (2 + 2 cos 6) (Ixxxvii. 6.) 

=log(4cos2— j 
=log(2cos-2J 
= 2 log (2 cos |-) 
.-. /S=log^2cos-|-V 
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27. AS'=sin5 — r sin2^ —^ — hsinS^ — • • to®. 

Write ai = sin ^ in (25), 

5= tan ^ - . ^ ^ 

1 + sin ^ cos ^ 

. _, sin' d + cos* ^ + sin ^ cos ^ 
=cot * r-o-^ 

=cot-i(l + cot2d + cotd). 

Summation by G. P. 

28. Sz=\+x cos 0+x^ cos 25+rc8 cos 3^+ . . . to qo . 

Let-2co8^=a + — , 
z 

1 1 

- + - 



l-a» 1 _ Jl 

% 

1-x (« +— Wo* 

_ 2 - 2g cos ^ 

~ 1 - 2x cos ^ + a;* 

1-g cos^ 
'l-2a;cos^ + ac*' 



S. 
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29. Prop. iS=sina+x sin(a+/9)+a;*sin(a+2)8)+ ... to 
n terms. 

If y=C08a+ V-1 sina, »=cos3+ V" 1 sin/S. 
2V-lS={,-l)-..(j^-l)+x»(,^-^)+... 

ae^-1 1 sr , ... „^ 

-y-xi-i-l — (xcviu.8.) 

■"^ xz-1 a»-i-l 

a;n+l(yig»t-l-y-l i8-(n-l)) -a^(y^~y-l g-n) -g (yg-l -y-1 g)+y-y-l 

x2_a. (jj + jg-ij + 1 

^, flC*"^^ 8in(a + (n-l)g)-ac*sin(a + nff)-a; sin (a - g) + sin a 
• *"" l-2xcosi3 + x* 

If X be less than unity, and n be indefinitely increased, 

„ __ 8ina--a; sin(a- /3) 
^-" l-2acosi3 + a;2 * 

Similarly we should find 

cosa + acos(a + /3) + a!2cos(a + 23)+ ... to w terms (evil. 5.) 

a c*"^^ cos (a + (n-"l)j3)-a^ cos (a + nff)-a; cos (a - g) + cos a 
- l-2a;cos/3 + x2 

and /S _ CQS«-a^cos(g-i3 ) 
l-2xcosiS + x2 ' 
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Summation by Binomial Theorem. 
30. Prop. C=cosa + a; cos(a + j3) + ?^?^)cos(a + 2j3)+ ... to 00, 

iSf=8ina + a; ain (a + j3) + ?^^^W (a + 2/3) + ... to 00. 
\A. 

1^ 
=e*V-i(l+a:eflV-i + ^^^)e2sV-i+ . . .) 
=e^-i(l + e/sv'-i)* — 

=e«V-i.e 2 (2 cos -I- j 
=2-co84e(-^?V-^ 

= 2* cos*|-| cos(a + ^)+ V-1 sin(a + ^) | 
Equate possible and impossible parts, 
.-. 0=2* cos* -|- cos (« + ^) • 



3(=2*cos*y sin( 



.(•4). 

31. 5=l + 2acos0+3a2cos25+4a8cos5^+. . . to 00. 
2iS=2^-2a^a;^--i)^-3a2('a;2 + ^^ + 4a3 a;3 + i^+ . . 
= l + 2aa; + 3a*x2+ . . . 

2~4a 008^ + 20^008 2^ 
(l+a'^-2acos^)^ 
^ 1 - 2o cos ^ + g^ cos 2^ 
•*' (l + a'*-2acose)'* 



(cxx. 4.) 
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VIIL 

1. Name the trigonometrical ratios, and define them. 
Prove that sec* A + cosec* A = sec' A cosec' A, 

% Showthat^ 

tan(^^^) = ,^/"^^^^ ; and that 
^ ' 1 + tan J. tan B 

jL cos 2 A — cos 44 cos -4 - cos 3 J. sin A 



sin 4A - sin 2J. sin 3 J. - sin ^ cos 2 A cos 3^ 

3. Find the value of sin 15°, and prove that — 

sin 3 (-4 - 15") =4 cos (A - 45") cos {A + 15") sin (A - 15"). 

4. Show ^at the sines of the angles of a triangle are proportional to 
the opposite sides. 

* If a, /3, 7 are the perpendiculars from the angular points of a triangle 
upon the opposite sides, prove that — 

a sin -4 + 6 sin5 + c sin 0=2 (a cos JL + /3 cos-B + y cos C), 

* 5. The sides BC, CA, AB of a triangle are as 4 : 5 : 6. Find the 

angle B, 

L cos 27" 53' =9-9464040. 

L cos 27" 54' = 9-9463371. 

log 2 = -3010300. 

6. In a triangle of given perimeter, prove that the radii of the escribed 
circles are proportional to the tangents of the semi-angles opposite to the 
sides to which they are escribed. Show that the area of the triangle 
formed by joining the centres of the escribed circles of the original 

triangle =-r-^, where s is the semi-perimeter of the original triangle. 

* 7. The angular elevation of a steeple at a place due south of it is 
45", and at another place due west of the former station the elevation is 

15" ; show that the height of the steeple is -^ (3 - 3 ), a being the 

2 

distance between the places. 
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6. Given ^^^ \ inches, 5=37° 36', find A. 

log 7 = -846098. 
L sin 37° 36' = 9-7854332. 
L sin 60° 39' = 9-9403381. 
diff. l'=711. 

1. What is meant by the circular measure of an angle ] Prove the 

formula ^=—31 — . What would this formula become if the unit of cir- 
radius 

cular measure was 36° % 

* 2. Prove from a figure that cos (^ - B) =cos A cos -B + sin J. sin jB, 
when A lies between 315° and 360°, and Jl - 5 between 180° and 225°. 

3. Solve the following equations, giving the general expressions for 
the angles — 

(i.) cos 6=0. 
(ii.) sin 6 + cos 6=1. 
(iii.) tan B + tan 46 + tan 76=tan 6. tan 46 . tan 76. 

4. Prove that cosec 26 + cot 26= cot 6, and find the value of — 

cot ^ i- + cot ^ r +cot ^ . 

0.-0 h-c c-a 

5. Show that in any triangle — 

a sin-4 + 6 sin-B+c sin (7= *Ja^ + b^ + c^ Vsin2J. + sin^-B+sin*C 
If D, E, F are the feet of the perpendiculars from A, B, C on a, 6, c, 
and R^, R^, Rg the radii of the circles described about the triangles 
AFE, BDF, CED respectively, then R^ : Ej : Ec : : cos -4 : cos -B : cos C 

6. A person standing due south of a lighthouse observes that his 
shadow cast by the light at the top is 24 feet long ; on walking 100 yards 
due east he finds his shadow to be 30 feet. Supposing him to be 6 feet 
high, find the height of the light from the ground. 

7. In a triangle ABC, if BG and the angles ABC and ACB are given, 
show how to find the remaining sides: thus J90=1652, angle A3C 
=26° 30', and angle ^05=47° 15' ; find AB and^O. 

L sin 73° 45'=9-9822938 log 1652=3*2180100. 

L sin 26° 30'=9-6495274 log 7678 = 3-8852481, Z>=57. 

L sin 47° 15' =9-8658868. log 12636 = 4-1016096, Z>=344. 
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II. 

*1. A^ B, and C are the angles of a triangle ; the number of grades 
in A and is four times the number of those in B, and the number of 
degrees in B and C is double that in A. Find the angles in degrees, 
grades, and circular measure. 

2. Define the cosecant of an angle, and trace the changes in its sign 
and magnitude as the angle increases from — to-^ . 

Prove geometrically that c8sec*J.«=l + cotM. 

3. Write down all the values of whick satisfy the equations : — 

/• \ 9/1 2 sec ^ 

(i.)cosec2d=^^^^. 

(ii.)sin*d-cos*d=l. 
(iii.)sin2 2d-sin2d=-^. 

n 0^ 

*4. If 6 be less than -g, prove that sin 0<ffy and > ^ - -j, and explain 

the use of the foi-mulae ; — 

sinA + sin (72° + A)-am (72" -A)= sin (36° + A)- sin (36° - A). 

5. In any triangle prove that — 

a^ + b^ — ab cos C a 



»(i.) 



a sin^ + &sin jB+csinO 2sin^' 



^....v. B-C b-c ^ A 
♦(iL)ten-^=j^^cot-2-. 

If in a triangle -4 = 60°, 6=9, c = 6, find the other angles, having given 
log 2 = -30103, log 3 = -47712, L tan 19° 6'= 9*53943, L tan 19° 7'= 9-53984. 

6. Find the radii of the inscribed and escribed circles of a triangle. 
♦Prove that the area of the triangle formed by joining the points of 

ABC 

contact of the inscribed circle = 2r^ cos -^ cos -^ cos -^. 

^ Z ^ 

7. The shadow of a tower is observed to be half the known height of 
the tower, and some time after to be equal to the full height : how 
much will the sun have gone down in the interval 1 

log 2= -3010300, L tan 63° 26'= 10*3009994, diff. for 1'= -0003159. 



198 EXAMINATION PAPERS. [L* 

6. Given ^^^ \ inches, 5=37° 36', find A. 

log 7 = -845098. 
L sin 37° 36' = 9-7854332. 
L sin 60° 39' = 9-9403381. 
diff. l'=711. 

I.* 

1. What is meant by the circular measure of an angle ] Prove the 

formula ^=—3^ — . What would this formula become if the unit of cir- 
radius 

cular measure was 36"* ? 

* 2. Prove from a figure that cos {A -B)=coaA cos-B + sin J. sin-B, 
when A lies between 315° and 360% and ^ -5 between 180° and 225°. 

3. Solve the following equations, giving the general expressions for 
the angles — 

(i.) cos 6=0. 
(ii.) sin 6+ cos 6=1. 
(iii.) tan6 + tan46 + t«Ji76=tan6.tan46.tan76. 

4. Prove that cosec 26 + cot 26= cot 6, and find the value of — 

cot ^ =- + cot ^ t +cot ^ . 

a-o o—c c-a 

5. Show that in any triangle — 

a sin -4 + 6 sin 5 + c sin (7= Va^ + b^ + c^ Vsin^J. + sin^^ + sin^C 
If D, E, F are the feet of the perpendiculars from A,B, C on a, 6, c, 
and JR^, 12^, Rg the radii of the circles described about the triangles 
AFE, BVF, GED respectively, then R^ : Ej : JBc : : cos -4 : cos 5 : cos 0. 

6. A person standing due south of a lighthouse observes that his 
shadow cast by the light at the top is 24 feet long ; on walking 100 yards 
due east he finds his shadow to be 30 feet. Supposing him to be 6 feet 
high, find the height of the light from the ground. 

7. In a triangle ABC^ if BG and the angles ABC and -4 GB are given, 
show how to find the remaining sides: thus J5C=1652, angle ABC 
=26° 30', and angle ^05=47° 15' ; find AB and -40. 

L sin 73° 45'=9-9822938 log 1652=3-2180100. 

L sin 26° 30'=9-6495274 log 7678=3*8852481, Z>=57. 

L sin 47° 15'= 9-8658868. log 12636 = 4-1016096, D=344. 
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II. 

*1. Ay B, and C are the angles of a triangle ; the number of grades 
in A and C is four times the number of those in B, and the number of 
degrees in B and G is double that in A. Find the angles in degrees, 
grades, and circular measure. 



2. Define the cosecant of an angle, and trace the changes in its sign 
d magnitude as the angle increases from — to-^ . 

Prove geometrically that c8sec^j4.«=l + cotM. 

rite down all 1 

(i.) cosec2^= . 



3. Write down all the values of d whick satisfy the equations :— 
2 sec d 
'tan2^* 
(ii.)sin*^-cos*^=l. 

(iii.)sin2 2^-sin2^=^. 
4 

*4. If 6 be less than — , prove that sin ^ < ^^ and > ^- -j, and explain 
the use of the fonnulae : — 

sin ui + sin (72** + ^) - sin (72° - ^) = sin (36' + A)- sin (36' - A), 

5. In any triangle prove that — 

a^ + b^ — ab cos C a 



»(i.) 



a sin J. + ftsinjB+c8inC 2 sin J.* 



^.,..v. B-C b-c . A 
♦(ii.)taii^-=^^cot-2-. 

If in a triangle J. = 60°, 6=9, c = 6, find the other angles, having given 
log 2 = -30103, log 3 = -47712, L tan 19° 6'= 9*53943, L tan 19° 7'=9-53984. 

6. Find the radii of the inscribed and escribed circles of a triangle. 
*Prove that the area of the triangle formed by joining the points of 

ABC 

contact of the inscribed circle = 2?-2 cos -^ cos -^ cos -^. 

7. The shadow of a tower is observed to be half the known height of 
the tower, and some time after to be equal to the full height : how 
much will the sun have gone down in the interval 1 

log 2= -3010300, L tan 63° 26'= 10*3009994, diff. for 1' = *0003159. 
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XIIL 

1. The angle subtended at the centre of a circle by an arc which is 
equal in length to the radius is invariable. 

Express in degrees and circular measure the vertical angle of an isosceles 
triangle which is half of each of the angles at the base. 

* 2. Investigate an expression which shall include all angles that have 
a given cosine. 

3. Prove the following formulae — 

(i.) (sin A + cos A) (tan A + cot A) =sec A + cosec A, 
(ii.) sin 3-4 = 3 sin Jl - 4 sin^ A, 

(iil) tan-iy + tan-i — = ^. 

4. Find the values of sin 18** and sin 48^ 

5. Prove that sin ^=^51153, ^^^J&.. and, if 

G ^36 

a cos^ -5- + c cos^ "5"= IT' *^® ^v^'&& are in arithmetical progression. 
2t 2 2 

6. Two sides of a triangle are 1*5 and 13*5 respectively, and the in- 
cluded angle is 65°, find the remaining angles, having given 

log 2 =-3010300 
L cot 32° 30' = 10-1958127 . 
L tan 51° 28' = 10*0988763 
L tan 51° 29' = 10-0991355. 

* 7. Find the area of a regular polygon inscribed in a circle, and prove 
that the square of the side of an inscribed pentagon equals the sum of 
the squares of the sides of a hexagon and decagon inscribed in the same 
circle. 

* 8. Eliminate Q between the equations — 

m = cosec ^- sin ^, and ?i = sec^-cos^. 
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XIV. 



1. Show that the circumference of a circle always bears a constant 
ratio to the diameter, and explain what is meant by the circular measure 
of an angle. 

Express in circular measure an angle of 240°, and express in degrees 

the angle whose circular measureUf. 

♦ 2. Establish the formulae : — 

(i.) sin (Jl + -B) =sin -4 cos 5 + cos -4 sin B. 

(ii.) sinui + sinB=2sin^-±:?cos^^-=^. 
2 2 

3. Show that— 

(L) tan (45° + J) tan (45° - ^) = 1. 

l-tan2^ ' 



(ii.) cos 2 Jl = 



l + tan^^ 



C"^ ' 9 4^g cotJL + tan^ 
^^ *' sec^ J. + cosec^ J. 

4. If ui + jB+ 0=180°,showthattanJ. + tan-B + tanC=tan^ tan^ tanC, 

A *!,«+ sin JL+ sin 5 + sin , u4 . ,B ^ . C 
and that ^ 7j-=cot 77- + cot -r- + cot ^ • 

. . A . r> . L 25 ji 25 

^sm-gsm g-sm-g- 

* 5. Find an expression for all the angles which have a given tangent 
Solve the equation cosec ^= 1 + cot B. 

6. One of the sides of a right-angled triangle is — of the hypothenuse ; 

find the other angles, having given 

log 2= -301030 L sin 14° 11' = 9*455921 
log 7=-845098 L sin 14° 12'=9-456031. 

7. Two sides of a triangle are 4 feet and 6 feet in length respectively, 
and the included angle is 30° ; find the area of the triangle. 

♦ 8. Show that the length of a side of an equilateral triangle inscribed 
in a circle is to that of a side of a square inscribed in the same circle as 
JS to V2. 
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XV. 

1. Desmbe the thr«e different systems of units bj means of which 
the magnitudes of angles are expressed. 

* Repress in each of the three systems the angle between two adjacent 
sides of a regular hexagon. 

2. Trace the changes in sign and magnitude of cot J as ^ changes 
from 90'' to 270°. 

3. Prove that— 

^ ^- 1-tan^ tanJ5' 

and that 

tan 15* ^ ^^P^Q'^ + tanaO^-a 
- tan eo**- tan 30' 

4. Prove that — 

(i.) 8ecM-sec2 5=tan2^-tan2^. 

(ii.) sin {A + B) sin {A - B) =cos2 B - cos^ A, 

1 1 2 

(iii.) tan""*- + tan-i;i + tan~i -2=W7r. 

5. Solve the equation cot d - tan d = 2. 

6. Two sides of a triangle are as 5 : 9, and the included angle is a right 
angle. Find the other angles, having given 

log 2= -3010300 L tan 19** 26' -9-7446061 

log 3=-4771213 L tan 19' 27' « 9-7448497. 

7. Find an expression for the radius of the circle described about a 
given triangle. 

If the altitude of an isosceles triangle is equal to its base, the radius of 

e 

the circumscribing circle is — of the base. 

o 

8. Prove that the area of the square described about a circle is double 
that of the square inscribed in the same circle. 
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XVI. 

1. The angle subtended at the centre of a circle by an arc, which is 
equal in length to the radius, is invariable. 

Express seven-sixteenths of a right angle in circular measure and in 
grades. 

2. Trace the variations in sign and magnitude of cos -4 -sin ^, as J. 
varies from 0° to 180°. 

3. Express the sine and cosine of the difference of two angles in terms 
of the sines and cosines of the angles. 

Find sin 75°. 

4. Prove the following formulae — 

(i.) vers {A + B) vers {^A-B) = (cos A - cos B^K 
(ii)sec(| + d)sec(|-d)=' 



sec 2^ 



* (iii) tan""^a;-tan"^ v=tan~^ , — —' 

* 5. Find the general value of A^ when cos 2-4 = sin ^, 

* 6. Solve the triangle in which a=18, 6=12, c=10, having given — 

tan 54° 44' = 1 -4140943 tan 15° 47' = -2826573 
tan 54° 45'= 1-4149673 tan 15° 48'= -2829715. 

* 7. Find the radii of the inscribed and escribed circles of a triangle, 
and if they be called r, rj, rg, rg, prove that — 

r ri rj r^ 

'^ 8. An equilateral triangle and a regular hexagon have the same 
perimeter ; show that the areas of their inscribed circles are as 4 : 9. 
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XVII. 

1. Wliat are the units of angular measure commonly employed ? 

Find the circular measure of 60°, 9r% and the number of degrees in the 
angle whose circular measure is '7854. 

* 2. Define the trigonometrical functions of an angle, and find those 
of the angle 60°. 

3. Prove the formulae — 

(i.) cos {A + B) cos {A - B) =cos2 A - sin^ B, 
... . cos 2A - cot 2-4 ^ , . 

«nd find x and y from the equations : — 

^ cos 2 + ft sin 2 -cos ^ , ^ + 52 -A. 

4. Explain the ambiguous case in the solution of triangles. 
Having given ^ = 30°, a= V2, c=2, solve the triangle. 

5. If B be the circular measure of an angle less than a right angle, 

m 
then sind < ^, and > 6--r' 
4 

6. Find the radius of a circle inscribed in a given triangle. 

If the radius of the inscribed circle is equal to half that of the circum- 
scribed circle, the triangle is equilateral. 

* 7. Define tan'^a;, and prove that — 



tan"ix-tan"^ y=tan''i 
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XVIII. 

1. If we take for the unit angle the angle between two consecutive 
sides of a regular hexagon, how many units of this kind are there in (1.) 
a right angle ; (2.) the unit of circular measure ? 

2. Find the sine and cosine of any angle in terms of its cotangent 
If 2sec^=tana + cota; find tan ^ and cosec ^. 

3. Prove that— 

sin (90" + ^) = - cos (180° + A), and cos (90° + ^) = sin (180° + A), 

4. Find the sine and cosine of 30°, 45°, and 15°. 

* 5. Prove geometrically that — 

sin 2ii = 2 sin -4 cos il, and cos 2A =cos^ A - sin* A. 

If the first of these equations be solved for sin Jl so as to express it in 
terms of sin 2Ay there are four values : show from other considerations 
that this ought to be the case, and find the four values. 

6. Prove that (L) tan^ 4-^-^^4^ • 

^ ' 2 sec ^ + 1 

* (ii.) (2cos^ + l) (2cos^-l) (2cos 2^-1) =2 cos 44 + 1. 

7. Express the tangent of the half angle of a triangle in terms of the 
sides. The sides being 20, 21, and 29, find the angle subtended by 29. 
Find also the area of this triangle. 

8. Two sides of a triangle are 9 and 7 feet respectively, and the angle 
between them is 60° ; find the other angles, having given 

log 2 = -3010300 L tan 12° 12' =9*3348711 

L cot 30° =10-2385606 . L tan 12° 13' =9-3354823. 
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XIX. 

1. Define the tangent of an angle ; find the value of tan 60°, and 
prove that tan (180*-^)= -tan J, and tan (90* + ^)= -cot ^. Also 
trace the changes in its sign and magnitude, as A varies from 0" to 180°. 

2. If A and B be each less than a right angle, and A > B, prove that 
cos (-4 - jB)=scos J. cos £+ sin J. sin B, 

Draw the figure for a case (L) where A \s > a right angle ; (ii.) where 
Aia < B. 

* 3. If the sine of an angle is given, show how to find the sine of half 
the angle, and explain why the general expression obtained ought to 
include four values. 

Given sin 300°= —^-, find sin 150°. 



4. Prove (i.) sec J.=— — -p 

l-tan^ 

(ii.) cosec J.=-g- (tan — + cot -^ J, 
and solve the equation sin x cos x + a sin* x=b. / 

5. The angles in one regular polygon are twice as many as in another 
regular polygon ; and an angle of the former is to an angle of the latter 
as 3 : 2. Find the number of sides. 

6. In an oblique-angled triangle, given a=145, 6=178, 5=41° 10', 
find A 

log 178=2-2511513 L sin 41° 10'=9-8183919 
log 145=21613680 L sin 32° 21' 54" = 97286086 

and show whether there is any ambiguity in the result 

* 7. In any triangle, given a, 6, and i., find an equation for determin- 
ing c, and discuss its values, according as a is equal to, less than, or 
greater than b sin A. 
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XX. 

1. Trace the changes of sign of sin 6, as d increases through four right 
angles. 

2. Find the values of sin 30° and sin 18°, and prove that a value of B 
which satisfies the equation 2 tan 6=coa6 lies between 18" and 30°. 

o Tr A COSa + COS/S ., . 6 . a. fi 

3. If cos ^= ,— ^, then tan — -=tan -Trtan -^ • 

l + cosocosj3' 2 2 2 

Prove also that if ^ + 5 + 0= 180°, 

cos J. + cos 5 + cos 0-1 ^ A^ B^ C 
— ; — A , ' T> , n =tan— tan-^ tan -75-, 
sin^ + sin-B + sinC 2 2 2' 

and that tan-^a; + tan-^y + tan-^ ,^""^"^""^ =^» 
^ l+a + y-jcy 4 

4. In a plane triangle the two sides are V3 + 1 and mJS - 1, and the 
included angle is 60° ; find the remaining angles. 

* 5. If a, h, c be the sides of a triangle, and a, j3, y the perpendiculars 
drawn upon them from the centre of the circumscribing circle, prove that 

6. Find the area of a triangle in terms of its perimeter and the radius 
of the inscribed circle. 

The area of an equilateral triangle described about a circle is four times 
the area of an equilateral triangle inscribed in the same circle. 

7. A person wanting to calculate the perpendicular height of a cliff, 
takes its angular altitude 12° 30', and then measures 950 yards in a 
direct line towards the base, when he is stopped by a river ; he then 
takes a second altitude, and finds it 69° 30'. Find the height of the cliff. 

Given log 5 = '6989700 L sin 12° 30' = 9*3353368 

log 19= 1-2787536 L cos33° = 9*9235914 

log 2296 = 3*3610566 Lcos20° 30' = 9*9715876. 
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XXI. 

1. Show that there are in general two different angles between 0' and 360' 
which have a given sine, or a given cosine ; but that there is only one angle 
between 0° and 360°, which has both a given sine, and a given cosine. 

Given the tangent of an angle, express in terms of it the other trigono- 
metrical ratios of the angle. 

2. Establish the formulae — 

(i.) cos -4 -cos JO = 2 sm — — sm — ^ — 

(ii.) cos 3-4 = 4 cos^ ^ - 3 cos -4 ; 
and employ (ii.) to obtain the values of cos 18* and sin 18°. 

3. Prove the equalities — 

.. > sin %A cos 4. _ A 

^'^ 1 + C0S2-4 * l + cos2^^ 2 * 
*(iiO sin(iJ-0) + sin(0-^) + sin(^-5) + 4sin^^^sin^^ sin^^ =0, 

and solve the equation — 

sin {A + 30°) + cos (A + 30°) =sin {A - 30°) + cos (u4 - 30°). 

4. Prove that in any triangle — 

(i.) -: — 1 — - — Ti= - — 7i= diameter of circumscribing circle. 
^ ' sm-4 sm-B sm(/ ^ 

* (ii.) (6 + c) sm Y=* cos — Q— • 

5. Given the three sides of a triangle ; find the logarithmic sines of its 
half angles. 

The sides of a triangle are 525 feet, 650 feet, and 777 feet respectively ; 
determine its three angles. 

6. Ay B, C are three points in a straight line on a level piece of 
ground. A vertical pole is erected at C; the angle of elevation of its 
top, as observed from -4, is 5° 30' ; and, as observed from B, is 10° 45' ; 
the distance from ^ to -B being 100 yards. Find the distance BC, and 
the height of the pole. 

7. Prove that the area of a circle is equal to the product of its semi- 
circumference by its radius. 

Three circles, each of radius 1 foot, touch one another externally ; 
find the area of the curvilinear figure included between them. 
[Logarithm Tables required.] 
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XXII. 

1. Define the sine, cosine, and tangent of an angle ; and trace the 
variation of the tangent, in sign and magnitude, through the four 
quadrants. 

Given cos -4=-—; find sin -4 and cot^; A being supposed less 
. than 180'. 

2. Prove that cos (-4 - 5) = cos A cos 5 + sin -4 sin B, and employ this 
formula to find the value of cos 15". 

3. Prove the following equalities — 
(i.) sin (60° + ^) - sin (60° - ^) = sin A. 

(ii.) (cos J. + sin -4 sin 2 AY - (sin -4 + cos -4 sin 2-4 )2= (cos 2-4)^. 
(iii.) tan(5- 0) + tan (0-^) + tan (^ -5)= tan (5- 0) tan(0-^) tan(^ - 

4. Show that in any triangle — 
(1.) cos-4 = - 



26c 

(ii) area = V« (s - a) (« - h) (s - c), 
where s is half the sum of the sides ; and find an expression for the 
radius of the circle which touches one side of the triangle and the other 
two produced. 

5. Show how to solve a triangle when two sides and the included 
angle are given. 

Given in a triangle ABC, -45=4517 yards, ^0=150 yards, -4=31° 30', 
find the remaining parts. 

6. A, B are two points, 200 yards apart, on the bank of a river, and 
is a point on the opposite bank. The angles ABC, BA C are respectively 
54° 30' and 65° 30' ; find the breadth of the river. 

* 7. Find an expression for the area of a regular polygon of n sides 
inscribed in a circle ; and show that the square of the side of the 
inscribed pentagon is equal to the sum of the squares of the sides of the 
inscribed hexagon and decagon. 

[Logarithm Tables required.] 
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XXIII. 

1. Explain how the foreign or French method of measoring angles 
differs from the English method. 

If an angle is given in one measure, investigate a rule for finding its 
value adapted to the other measure. Express in foreign measure each 
angle of the isosceles triangle described in Euclid's 10th Proposition, 
Book IV. 

* 2. Show how to express the cosine, tangent, and secant of an angle 

3 
in terms of the sine. The sine of an angle less than 90'' is —> find the 

cosine, tangent, and secant. 

3. Investigate the formula for sin(-4-J5) in terms of the sines and 
cosines of A and B ; express the formula also in terms of the cosines of 
A and B only. 

Prove cos 15* x cos 75* =— • 
4 

4. Prove tan 3 J. = — - _^ — 2~4~ • If -4 be the angle of an equi- 
lateral triangle, find tan A from the above formula. 

5. If A, By C be the angles of a plane triangle subtended by the sides 
a, &, c respectively, prove -:^ — t^= — , and thence deduce the formula 

tan — Q— = ^ — cot -^ : show how this is applicable to the solution of a 
triangle of which the data are two sides and the included angle. 

6. The base of an isosceles triangle is 100 feet, and the vertical angle 
is 125' ; solve the triangle. 

7. In a triangle ABC, given ^0=166-5 feet, £(7=162*5 feet, the 
angle -4=52° 19', solve either of the triangles to which the data belong. 

[Logarithm Tables required.] 
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XXIV. 

1. Define circulAr measure^ and show how to convert degrees into 
circular measure. 

In the pentagon ABODE all the angles are equals and AF and BF 
are drawn perpendicular to EA and BC, meeting in the point F. Find 
the circular measure of the angle AFB. 

* 2. Express each of the trigonometrical functions in terms of the 



If cosec A = —7^, find sec -4, supposing that A lies between 90° and 180". 

3. Find tan {A + B) in terms of the tangents of A and B. 
Prove that tan 16° + tan 76'*=*4. 

4. Find sin 2A and cos 3 A, 

♦Prove that «^-?2i3^=2. 
sm A cos A 

5. In any triangle ABC, whose sides are a, b, and c, prove that 

a^^h^+<^-2bccoaA. 

6. Assuming the result of the last question, find^ a formula for 

cos -^ in terms of the sides adapted to logarithmic computation. 
2 

7. In any triangle, if ^=47", a=180, 6=215, find B, 

Given that L sin 47°=9-864127 log 180= 2-255273 

L sin 60° 52'=9-941258 log 215 = 2-332438. 

Lsm 60° 53' =9-941328 

* 8. If ^=55°, 5=65°, and 0=270, find a. 

Given that L sin 56° = 9-9133645 

log 3 = -4771213 log 2-5553 = -4070508 

log 2= -3010300 log 2-5554= '4072209. 

* 9. The sides a, h, and c of the triagle ABC are to each other as 
4:5:6. Fmd B. 

Given that L cos 27° 53' = 9*9464040 

L cos 27" 54'= 9-9463371 

log 2 = -3010300. 



EXAMINATION PAPERS. [XXV. 



XXV. 

1. Is any unit of angular measurement referred to in the First Book of 
Euclid ? What units of augular measurement are commonly used in 
English treatises on Plane Trigonometry ? Examine the relation of these 
units to each other. 

Find the circular measure of an angle of an equilateral and equi- 
angular pentagon. 

2. Define the tangent and cotangent of an angle. Express the yalues 
of cot90^ tan 180°, tan270^ Show that the tangent of any angle will 
have the same sign as its cotangent. 

3. Prove by means of a geometrical construction — 

cos(^ + J5)=cos-4 cosJ5-sin-4 sin5, 
and explain the result if £=-4. Find cos 15°. 

4. Find tan ZA in terms of tan -4, and from the formula obtained 
determine the numerical value of tan -4, if 3-4 =90°. 

^^-4 + 5 

5. Prove sm-^ + sin.B^ 2_ ^jg^ if a and 6 are the sides of 

sin^-sinjB^-4-B 
tan-g- 

a triangle subtending the angles A and B respectively, prove either of 

the above expressions equal to ^ — - . 

a- 

6. In any triangle prove (L) a sin jB - & sin -4 = 0. 

(ii.) a cos jB + 6 cos -4 = c. 
* Hence find cos A in terms of the sides a, 6, c. 

7. The side of an equilateral triangle is 20 feet, find the numerical 
value of the radius of the circle circumscribing the triangle. 

8. Find the least angle of the triangle whose three sides are 200, 250, 
300 feet respectively. 

9. Two straight railroads are inclined at an angle of 20° 16'. At the 
same instant, from their point of intersection, an engine starts along each 
line ; one travels at the rate of 20 miles an hour ; at what rate must the 
other travel,, so that after three hours the engines shall be at a distance 
from each other of 30 miles ? Show that there are two solutions. 

[Logarithm Tables required.] 
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XXVI. 

1. Define the circular measure of an angle. 

* If the number of degrees in an angle be equal to the number of grades 
in the complement of the same angle, proVe that the circular measure of 

the angle is -^ . 
^ 19 

* 2. Define the principal trigonometrical ratios, and express each of 
them in terms of the tangent. 

Find sin 60° and cot 30^ 

3. Find sin {A + B) in terms of the sines and cosines of A and B^ 
stating the limitations in the values of A and B assumed in the proof. 
Apply to find sin 75°. 

4. Find tan 2 A and sin 3^. 

A a 

* 5. Given tan-— =^r-» find sin -4 and sin 2 A, 

2 6' 

6. In any triangle, of which the semi-perimeter is s, prove the formula 

. A /(s-h)(s-c) 
^^'^T^V be ' 

7. From B and A the acute angles of the right-angled triangle ABC, 
the lines BD and AB are drawn to the opposite sides of the triangle, 
such that the angles DBCaxidEAC are each equal to a; prove that 
I)E=AB tan a, 

* 8. Given A = 40°, a = 140-5, b = 1 70*6. Find B and C. 
Given that L sin 40°=9-8080675 log 1405 = 3-1476763 

L sin51° 18'=98923342 log 1706 = 3-2319790. 

L sin 51° 19' = 9-8924354 

9. Two sides of a triangle are 85 and 75 yards respectively, and the 
included angle is 70° ; find the remaining angles. 

Given that log 160= 2*20412 L tan 5° 6'=8-9505967 

L cot 35° = 10-1547732 L tan 5° 7' =8*9520211. 



224 EXAMINATION PAPERS. [XXTO. 



XXVII. 

1. Define the cosine and versed sine of an angle, and trace the changes 
in magnitude and sign of the latter, as the angle increases from 0'' to 
360". 

2. Prove that sin (-^ + J.)=cos-4, and that cos(-^ + ^W -sin-4; 
and find an expression for all the angles which have a given tangent. 

* 3. Investigate a formula for expressing the cosine of half an ai^le 
in terms of the sine of the whole angle ; and if the angle lies between 
270° and 360°, show which signs of the roots must be taken. 

4. Explain clearly the ambiguous case in the solution of triangles. 

If ^5=204, ^0=145, and the angle 5=35°, find jBO, and the angles 
A and 0. 

Given log 204 = 2*30963 L sin 35° = 976859 

log 145 = 2-16136 L cos 36° 12'=9-90686 

L cos 1° 12' = 9-99990 L sin 18° 48' = 9*50821 

log 252-744 = 2-40267 log 81-4687 = 1-91098. 

5. Compare the areas of the circles inscribed in, and described about, 
a given triangle. 

* 6. Find all the values of 6 which satisfy the equation — 

cos ^ + sin ^= V2. 

7. Prove that — 

C08-1 ^— ^' - C03-1 ^ -^'-tfln-^ 2(m-n) (1 +mn) 

And that — 

vers A __ a(a -t- c - 6) 
vers B ~~ b{b-{-c-a) 
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XXVIII. 

1. Define the grade and the degree, and express the interior angle of 
a regular pentagon both in grades and degrees. 

2. Define the circular measure of an angle, and find two angles such 
that their difference is one degree, and their sum is the unit of circular 
measure. 

* 3. Define the principal trigonometrical ratios, and find the sine of 
30^ and secant of 45°. 

* 4. Prove that sin (-4 - B) = sin J. cos ^ - cos ^ sin B, stating what 
limitations your proof supposes in the values of A and B respectively. 

5. Find sin ^A and cos ^A. 

6. If sin -4 = -5-— rs, find tan — • 

7. Prove that the area of any triangle, whose sides are a, h, and c, 
is jjs (« - a) (« - b) (« - c), 8 being the semi-perimeter. 

* 8. In the triangle J -BC, ^=60° 15', 5=54° 30', and ^5=100 yards ; 
find ACj haviog given — 

L sin 64° 30' = 9-9106860 log '89646 =1-9525317. 

LsiD 65° 15' =9-9581543 

9. The sides and the included angle of a triangle are 327 feet, 256 
feet, and 56° 28' respectively, find the remaining angles. 

Given log '71 =1-8512583 L tan 61° 46'= 10*2700705 

log -683 = 1-7656686 L tan 12° 46'= 93552267 

Ltanl2°47'= 9-3558126. 

10. ABC is a triangle, and D the middle point of the base BC, prove 
that the sine of BAD is— 

b aiaA 

\/6* + 26ccos-4 + c* 
P 
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XXIX. 

1. Define a degree, a grade, and the unit of circular measure. 

The number that denotes an angle when expressed in circular measure 
is less by 1*5 than that denoting the number of degrees in the same 
ang^e ; find the angle. 

2. Express all the trigonometrical ratios in terms of the sine. 
If the cosecant be twice the sine, find the angle. 

3. Prove that — 

cos(^ + £)=co8-4 cos5-sin^ sinJ5, 
stating the limitations assumed in the proof as to the values of 
AkeAB, 

4. Find cos %A and sin 3JL. 

5. If any arc of a circle be divided into two equal and also into two 
unequal parts, prove that the rectangle of the chords of the two unequal 
parts, together with the square of the chord of the arc between the 
points of section, is equal to the square on the chord of half the arc. 

6. Prove that in any triangle— 

2 

^^"^^hc V«(«-«)(«-&)(«-c). 

7. In the faiangle ABQ, ^=26** 26', 6=127, and a=85 ; find B, 
Given log l-27 = -1038037 L sin 26' 26'=9-6485124 

log 8-5 =9294189 L sin 4^ 41' =9*8228302 
Lsin 4^42' = 9-8229721. 

8. If one angle of a triangle be 65**, and one of the sides containing 
this angle be four times the other, find the remaining angles. 

Given log 2= -3010300 L cot 32** 30'= 10-1958127 

log 3 = -4771213 L tan 43° 17'= 9-9739602 

Ltan43"18'= 9*9742133. 

* 9. The angle of elevation of a tower at a distance of 20 yards from 

its foot is three times as great as the angle of elevation 100 yards from 

300 
the same point. Show that the height of the tower is — ^ feet. 
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Royal Military Academy, Woolwich. 

{Obligatory,) 
XXX. 

1. Express in circular measure and in degrees to three places of 
decimals an angle which is subtended at the centre of a circle 3 square 

inches in area by an arc of 1 inch. 1 7r= y I 

2. Define the trigonometrical ratios of A involved in the equation- 

cot A + tan ^ = sec -4 oosec A^ 
and establish its truth by a geometrical construction. 

3. Show how the formula for tan {A+B) in terms of tan^^, taujB, 
may be deduced from the formula for sin {A + B). 

Evaluate tan (-^ + -l) x tan Z' j + ^ V 

4. Prove that sin 18" --=^^5zl1. 

4 

Hence find an expression for sin 3°. 

5. Prove that — 

(I) tana 50° - 2 tan^ 45'*=cot2 30** - 2 sin^ 30^ - -| cosec^ 45'. 

(il) sec 2^ - — tan ^A sm 2A = -—o-. — i — 0-7 • 
2 cot^JL -tan^-i 

(iii.) tan-i y + cot-i j + sin-i ^=0. 
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6. Find all the values of A which satisfy the equation — 

cos' ^ - cos ^ sin -4 - sin' ^ = 1. 

7. If X be the least positive angle of which the sine is equal to sin A^ 
find a general formula for A in terms of x. 

Find also aU possible values of sin -^ in terms of the trigonometrical 

ratios of -^ • 
t) 

8. Prove that in any triangle ABQ^ with the usual notation — 

sin ^ sin B _ sin G 
a " b ^ c 

If AD be drawn perpendicular to the plane of ABC, and DB, DC be 
joined, show that — 

sin DCB . sin DBA = sin DCA . sin DBC 

9. If the sides of a triangle be 7*152 inches, 8*263 inches, 9*375 inches, 
find its area. 

log 1*2395 = -0932465 
log 5*243 =-7195799 
log 4132 = -6161603 
log 3-02 =-4800069 
log 2-8477 = -4544942, diff. = 152. 

10. Find the radii of the three circles escribed to a triangle in terms 
of the sides. 

Show that the sum of the products of these radii two and two is equal 
to the square on the semi-perimeter of the triangle. 

11. A straight flagstaff, leaning due east, is found to subtend an angle 
a at a point, in the plane upon which it stands, a yards west of the 
place. At a point h yards east of the base the flagstaff subtends an 
angle fi. Find at what angle it leans. 
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XXX* 

1. Assuming 3*1416 as the value of tt, express in circular measure 
3° 12^, and find to seconds the angle whose circular measure is *8. 

Find approximately the distance of a tower whose height is 51 feet, 
and which subtends at the eye an angle of 5^^'. 

2. Prove that cos (136** + A) + sin (136* - >1) = 0. 
If cos J[ = tan B^ and sin ^= cot ^, find A and B, 

3. Find the smallest possible value of 6 which satisfies the equation 
cos^=sinf (4w + 3) ?^ + «)' 

Trace the changes in the sign and value of cos (tt sin ^) as ^ increases 
from 0** to 180^ 

l-6tan2^ + tan*^ 

4. Prove that cos 2^= j|^ , and that the value of 

sin {n +\)B9>m(n-\)B + cos {n + \)B cos {n—\)B\a independent of w. 

tan (^ + 15 ) 3 ' 

5. From the extremities of a diameter of a circle AB, chords AD, BE 
are drawn intersecting in at an angle of 120°; if the area of A BD is 
double that of A ED, find the angles at A and B. 

6. If sin J. = a, prove that — 

2cosy=± s/T+a±^lTa, 

and find in what quadrant A is when the two negative signs have to be 
taken. 

If cos -4 =tan A, prove that sin -4 =2 sin 18^ 
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7. Find log^^ 'OOOl and logg^^ {297 VH}*. 

Find also log^ and ^/l•323, 

having given log 3= '4771213 
log 7 = -845098 
log 3-6593 » '563399. 

8. Prove that in any plane triangle — 

(assuming cos -4. = — ^ )• 

,.. V . -, . , a^ sin 5- sin C 

(11.) Areaoftnangle=2 ' sinClfiT^' 

9. The angles A, 5, of a triangle ABC are 40**, 60°, 80** respectively, 
and CD is drawn from to the base bisecting the angle AGB; find CD, 
having given — 

^5 = 100 inches L sin 40" = 9*8080675 
log 2 = -30103 L sin 50° = 9*884254 

log 5-73979 = -7588951 L sin 60° = 9-9375306. 

10. Two lines of straight railway, ABC^ BBC, meet at O, telegraph 
posts being situated at A, B, D, E; the angles DAE, DBE are each 
equal to a ; and the angles EAB, EBC are /3 and y respectively ; show 
that— 

BC^AB . rlT (°tffl--,. 
sm (y -/3) sin (a + /3 + y) 

11. Find the radius of a circle inscribed in a right-angled triangle in 
terms of the sides. 

Two equal right-angled triangles ABC, A'BC have a common right 
angle 0, and their hypothenuses meet in D, CA, CA' being equal ; compare 
the radii of the circles inscribed in ABC and A'BD, 
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XXXI. 

1. Define the "unit of circular measure," and find how many degrees, 
minutes, and seconds it contains, neglecting fractions of a second, and 
assuming the ratio of the circumference to the diameter of a circle to be 
22 : 7. Also find the circular measure of 49° 41' 15". 

2. Prove that cos ^ = - cos (180° -A), 

If the sum of four angles is 180°, show that the sum of the products of 
their sines, taken two together, is equal to the sum of the products of 
their cosines, taken two together. 

3. Find an expression for all angles that have a given tangent. 
Find all the values of 6 which satisfy cosec ^= cot B + ^3. 

4. Prove that— (i.) cot^ (45° + A) = sec* (46° - ^) - 1. 

2 tan J 



(ii.) sin 2^ = 



l + tan*^ 



(iii.) tan ^ — + tan ^ -ir = -^ cos ^ — • 
^ 4 9 2 5 

5. Find the acute angles of a right-angled triangle whose hypothenuse 
is four times as long as the perpendicular let fall upon it from the 
opposite angle. 

6. Find the values of sin 18° and cos 36°. 

Prove that cos 12° + cos 60° + cos 84° = cos 24° + cos 48°. 

7. Show how the characteristic of any logarithm to the base 10 may 
be found by inspection. 

Given log 5 = '69897, find log 200, log '025, log ^62*5, and also 
L sin 30° and L cos 45°. 

8. Show that in any plane triangle — 

(i.) 26ccos^=&2 + c2-a2 

. *(ii.) (a + 6 + c) (tan^+ tan^)=2c cot — 

9. Given a=26, 0=120°, log 3 = '4771213, L tan 10° 53' =9 '283907, 
diflf. for l'=6808 ; find A^ B, and the ratio c\a. 

10. At each end of a base of length 2a, it is found that the angular 
altitude of a certain peak is ^, and at the middle point of the base the 

altitude is 0. Prove that the vertical height of the peak above the 

, . a sin ^ sin <b 

plane is . . ^ 



\/sin(^ + 0) sin(0-^) 
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11. Express the radius of the inscribed circle of a triangle in terms of 
one side, and the two angles adjacent to it. 

is the centre of the inscribed circle of the triangle ABG, If JRi, 'R.iy 
B^ be the radii of the circles circumscribing the triangles OBC, OCA, 
OAB respectively, and r, R the radii of the inscribed and circumscribed 
circles of the triangle ABC; show that R^R^B^^ArB?. 

XXXII. 

1. Assuming that a circle may be treated as a regular polygon with an 
infinite number of sides, show that the ratio of the circumference of a 
circle to its diameter is constant. What is the circular measure of the 

least angle whose sine is — , and what is the measure in degrees, etc., of 
2 

the angle whose circular measure is l^ ? 

2. Show that the sine and the cosecant of any angle are respectively 
the same as the sine and cosecant of the supplement of the angle. Is 
this true of the cosine and secant of the angle ? 

Find the least positive value of A that satisfies the equation 
2^3 cos^-4=sin-4, and * write down the general value of -4 if 
sec*-4=-^- 

♦ 3. Prove by a geometrical construction cos2^=cos^-4 — sin'^l, 
without assuming or proving the ordinary formuk for cos {A + jB). 
l-tanM 



Prove cos 24 = 

4. Prove — ^ A 

2 tan -^ 



1+tanM 

tan -4=- 



T?' 



-H) 



From this formula find tan -^ if tan ^ = ^3) and explain the double 
answer. Prove tan 76* + cot 75° = 4. 
6. Prove — 

Mi) 2 cos I— VlTriO - Vl -sin-i j «27^>^*rSr 

(ii.)sin->^ + «in-.ll6=90°. 
* (iii) oot^+cot-f +cot-^=cot4 cot4 cot ^, if 4 +/<+(?= 180'. 
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6. What is meant by a system of logarithms ? 

Show that in all systems log 1=0, and that the logarithms of all proper 
fractions are negative. 

Given logio 2 ='3010300, find logiol25, and express with its proper 
characteristic logio '0005 ; find the tabulated logarithm of sin 30°, given 
L sin 60'*=9-9375306, find logw 3. 

7. If Ay Bf C be the angles of a triangle, and a, 6, c the sides opposite 
to them respectively, prove 

(i.)tan^=?^^cot-g. 
^ ^ 2 a+b 2 

2 sfbc A. 
(ii) 6-c=a cos^; where tan^=-v sin — . 

8. Find the radius of the circle circumscribing a triangle, in terms of 
its sides a, b, c. 

If c^=>a^ + bl^, show that the expression obtained for the radius will 
become -5- • 

9. For what data will the solution of a triangle become ambiguous ? 
Explain this. 

Given 5=30°, c=150, 6 = 50V3, show that of the two triangles that 
satisfy the data one will be isosceles and the other right-angled. Find 
the third side in the greatest of these triangles. 

Would the solution be ambiguous if the data had been jB=30°, c = 150, 
6=75? 

10. A flagstaff 100 feet high stands in the centre of an equilateral 
triangle which is horizontal ; from the top of the flagstaff each side of 
the triangle subtends an angle of 60° ; find a side of the triangle. 

11. ABisa, horizontal line whose length is 400 yards ; from a point 
in the line between A and B a balloon ascends vertically, and after a 
certain time its altitude is taken simultaneously from A and B; at -4 it 
is observed to be 64° 15' ; at 5 48° 20' ; find the height of the balloon 
when the observations are taken. 

Given L sin 64° 15' = 9-9545793 L sin 48° 20'=9-8733352 

L sin 67° 25' = 9-9653532 logi 2-29149= '4646213 

logio2 = '30103. 
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XXXIII. 

1. Show how to express in dcijgrees, minates, and seconds an angle 
whose circular measure is known. 

Find, correct to three places of decimals, the radius of a circle in 
which an arc 15 inches long subtends at the centre an angle containing 
71° 36' 3-6". (7r=:3-1416.) 

2. Define the sine of an angle, and prove that — 

sin^=sin(180°-^)=sin{-(180° + ^)}^ 

* Write down formube, including aU angles which satisfy — 

(i.) 2 sin ^ = 1. (ii.) 2 sin^ ^ = 1. 

3. Prove that cos (^ + 5)= cos A cos f- sin ^ sin 5, and deduce 
expressions for cos 2 J., cos 3^, in terms of cos ^. 

A 

4. Given cos ^ = *28, determine the value of tan — , and explain fuUy 

2 

the reason of the ambiguity which presents itself in your result. 

5. Prove that — 

(L) tan^ + cot^= Vsec^ ^ + cosec^ ^. 

(ii.) sec^-tan^-tan/'— -|-V 
* (ill) cos 20** + cos lOO* + cos 140** = 0. 
♦(iv.) cos-» 5? + 2tan-i i = sin-i -|. 

OO DO 

6. State and prove the rules by means of which you can determine by 
inspection the integral part of the logarithm of any given number. 

* Given log 496= •6964817, log 4*9601 = '6954904, find the logarithms 
of 496010, -000496, and 49600-25. 

7. Show that in any plane triangle a=6 cos 0+ c cos5. 

If c=V2, ^ = 117^ 5=45% find all the other parts of the triangle. 

8. Find the greatest angle of the triangle whose sides are 50, 60, 70 
respectively, having given — 

log 6 = -7781513, L cos 39° 14' = 9-8890644, diff. 1' = 1032. 
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9. Express the area of a triangle in terms of one side and the two 
angles adjacent to it. 

Two angles of a triangular field are 22^" and 45° respectively, and the 
length of the side opposite to the latter is a furlong. Show that the field 
contains exactly two acres and a half. 

10. Find an expression for the diameter of the circle which touches 
one side of a triangle and the other sides produced. 

If di, (^2) ^3 ^® ^^ diameters of the three escribed circles of a triangle, 
show that d^d^ + d^ + d^^ = (a + 6 + c)2. 

11. A man standing at a certain station on a straight sea-wall observes 
that the straight lines drawn from that station to two boats lying at 
anchor are each inclined at 45° to the direction of the wall, and when he 
walks 400 yards along the wall to another station he finds that the former 
angles of inclination are changed to 15° and 75° respectively. Find the 
distance between the boats, and the perpendicular distance of each from 
the sea-wall. 

XXXIV. 

1. Prove that the angle subtended at the centre of a circle by an. arc 
equal in length to its radius is an invariable angle. 

One angle of a triangle is 45°, and the circular measure of another is 
1^ ; find the third, both in degrees and in circular measure. 

2. Define the secant of an angle, and show how your definition applies 
to angles between 180° and 270°. 

If sec J. = - 2, what two values between 0° and 360° may A have 1 

3. Obtain a formula embracing all the angles which have a given 
tangent. 

Determine all the values of 6 which satisfy the equation — 

V3tan2^+l = (l + V3) tan^. 

4. Find an expression for tan ZA in terms of tan A, 

* Show also that tan 3^ tan 2^ tan ^ = tan ZA - tan 2^1 - tan A, 
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5. Prove that sin 18' =^^^^^ ; and that sin2 30'*=sm 18'' sin 64^ 

4 

Show that in any circle the chord of an arc of 108° is equal to the sum 
of the chords of arcs of 36° and 60°. 

6. Demonstrate the identities — 

,. V (cosec A + sec A)^ , . « ^ 
(^) c-osec-2Z+^^=l + «"^2A 
(ii.) sin 3^ = 4 sin ^ sin (60° + A) sin (60° - A\ 
(iii.) 4 (cot"i 3 + cosec"* s/5)=7r. 
* 7. What are the advantages gained by the use of logarithms calcu- 
lated to the base 10 ? 
If logio 2 = -30103, find the logarithms of 6, -1-, 4^005, to baae 10. 

1^0 

8. Prove that in any triangle (i.) 26c cos J. = 6^ + c^ - a*. 

^ ... . l + cos(J[-^) co80 _ a2 + 6g 
^^' l + cos(^-C) cos^"* a2+c2' 

9. If r^ be the radius of a circle touching the side a of a triangle and 
the other two sides produced, show that — 

A B C 

rj cos — =a cos — cos -^ • 

^ If a be the side of a regular polygon of n sides, and R, r, the radii 
respectively of its circumscribed and inscribed circles, prove that 

-/2 + r=-^ cot^r-- 
2 2n 

10. Two sides of a triangle, which are respectively 250 and 200 yards 
long, contain an angle of 54° 36' 24" ; find the two other angles, having given 

L cot 27° 18'= 10-2872338 L tan 12° 8' 50" =9-3329292 

diff. for 1' = 3100 log 3 = -4771213. 

11. The eye of a soldier in a straight trench of uniform depth is 2 feet 
above a level plain on which he sees two men standing in the same 
straight line as the trench ; the parts of their bodies above the level of 
his eye subtending at it the angles tan"* -0041 6 and tan~* '004. On 
walking 100 feet towards them in the trench he notices that the height 
of one exactly hides that of the other ; and, on approaching 596 feet 
8 inches closer still he finds that the portion of the height of the nearer 
above the level of his eye subtends at it 46°. Find the heights of the 
men. 
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XXXV. 

1. Define the *' circular measure " of an angle, and show that, if with 
centre any circle be described, cutting the bounding lines of an angle 
BOG in the points P, Q, the circular measure of the angle will be equal 

^ OF 

* Find the number of seconds in the angle subtended at the centre of 
a circle, whose radius is 1 mile, by an arc 5} inches long. 

2. Give accurate definitions of the sine and cosine of an angle, and 
prove that cos ^4 =sin (90** + ^) = - cos (ISC'* + A). 

Show that the sine will be algebraically less than the cosine for any 
angle between (8n - 3) 46° and (8n + 1) 45°, where n is zero or any 
positive integer. 

3. Find, geometrically, expressions for the sine and cosine of the sum 
of two angles, in terms of the sines and cosines of the angles themselves. 

3 12 

* The cosines of two angles of a triangle are — and — respectively. 

5 13 

Find all the trigonometrical ratios of the third angle. 

4. Express sin A and cos ^ in terms of tan -^ ' 

* Prove that — 

tan ^46° - ^W tan ^46° + 4) ^^ ^®^ ^• 

6. Find the sine of 18°, and deduce the sine of 36°. 

Two parallel chords of a circle, lying on the same side of the centre, 
subtend respectively 72° and 144° at the centre. Show that the distance 
between the chords is half the radius of the circle. 
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6. Find all the angles which satisfy the equation 2 sin 2^ =3 tan B. 

7. Prove that— 

(i.) sec«^-tan8^=H-3tan2^.sec2^. 

(u.) vers (270' + A) . vers (270° - ^) = cos^ A. 

sin ^ + 2 sin 3-4 + sin hA 4 sin ^ - 3 cosec A 



(iii.) 



cos -4 -2 cos 3-4 + cos 5^ 4 cos -4 - 3 sec -4 



8. Given log 2= '30103, log 3 = '4771213, find L sin 45% L sec 30°. 
Also if L sin 15° = 9*4129962, what will be the value of L cos 15° ? 

9. Prove that in any triangle 

sin -4 _ sin J9 _ sinC 
a, " h c 

If the angles adjacent to the base of a triangle are 22^° and 112^°, show 
that the perpendicular altitude will be half the base. 

10. Find an expression for the radius of the circle which touches one 
side of a triangle and the other two produced. 

Show that the sum of the radii of the two escribed circles of a triangle, 

G 
which touch the side c produced, is equal to to c cot -5- • 

11. Show how to solve a triangle by means of logarithms when the 
three sides are given. 

Find the least angle of the triangle whose sides are 24, 22, 14, having 
given L tan 17° 33'=9-500042, diff. for 1' = '000439. 

^ 12. A man walking along a straight road, which runs in a direction 
30° east of north, notes when he is due south of a certain house. When 
he has walked a mile further, he observes that the house lies due west, 
and that a windmill on the opposite side of the road is N.E. of him. 
Three miles further on, he finds that he is due north of the windmill. 
Find the distance between the house and windmill, and show that the 
line joining them makes with the road an angle 
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XXXVI. 

1. Assuming that the ratio of the circumference of a circle to the 
diameter is 3*1416, find to four places of decimals the value in degrees of 
the ordinary unit of circular measure. 

If the radius of a circle is 4000 miles, determine the number of miles 
in an arc which subtends an angle at its centre whose circular measure 

TT 

2. -Give a definition of the sine of an angle which will apply to angles 
of any magnitude. Carefully prove that, whatever be the magnitude of 
A, sin (90° + ^) = cos A^ and cos (90° + ^) = - sin ^. 

3. If A and B be each less than 90'', but their sum greater, draw the 
appropriate figure, and give a geometrical proof that — 

cos {A + 5) =cos A cos5 - sin -4 sin B, 
Deduce the expressions for sin {A + B), and show that — 

cos* -4 = 8 cos* A-% cos* -4 + 1. 

4. Prove that — 

,. V . sin -4 + sin 2-4 

^'•^**''^ = l+cos^ + cos2^' 

,..v COS (-4 + 45°) c A J. c, A 

("•) — hi — TioT=sec2-4-tan2-4. 
^ ^ ' cos (-4 -45) 

(iii.) cot-i g=cot-i3 + cot-i-|. 

5. Find sin 150°, sin 225°, sin 15°, sin 37° 30' without reducing the 
quadratic surds. 

6. Obtain an expression for all the angles whose cosine is equal to a 
given value. 

If 3 cos2 ^ + 2 V3 cos ^=5 J, find the general value of 6, 
* Explain why it is that exactly the same series of angles are given by 
the two equations — 

^ + :^=n,r+(-l)«^; andd-^ = 2n7r±y. 

7. Find expressions for the radii of the inscribed and escribed circles 
of a triangle, each expression involving one side and functions of the 
halves of the angles of the triangle. 

If r, rj, rg, rg be the radii, and a, 6, c the sides, prove that — 
Ti—T T2 — T _ c 
a h r^ 
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8. Show that in any triangle cos (7= — ^-t 

* Obtain an expression for the area in terms of the sides, and if the 
lengths of the sides be 242, 1212, and 1450 yards, show that the area is 
A acres. 

* 9. Assuming the formula — 

log sin (^ + A) - log sin d=/ife cot ^ - ^ cosec^ d, 

where h is the circular measure of a small angle, and /x the modulus of 
the logarithms, and powers of h, above the second are neglected, explain 
when the principle of proportional parts will fail in its application to 
tables of logarithms of sines. 

If L sin 15' 30' be 9-426899, and the difference for 1' be -000455, find 
accurately L sin 15*" 30' 36^" ; and the angle whose tabular logarithmic 
cosine is equal to 9*427263. 

Given logio 2 = -301030 and logio 3 = '477121, find logio 3^. 

* 10. If in any triangle 6, c, and A be given, prove that 

hence obtain the formula — 

tani- (5-a)=tana|- cot^, 
and explain the advantage of such a formula. 

^ If 6 be to c as 11 to 10, and ^ »35° 25', apply the above formula to 
find B and C, having given 

log 11 = '041393 
L tan 12** 18' 36"=9-338891 L cos 24** 37' 12^=9*958607 

L tan 8' 28' 56-5" =9-1 73582 L cot 17** 42' 30"= 10*495800. 

11. From a house on one side of a street observations are made of the 
angle subtended by the height of the opposite house : first from the level 
of the street, in which case the angle is tan~^ (3) ; and afterwards from 
two windows one above the other, from each of which the angle is found 
to be tan~^ ( - 3). The height of the opposite house being 60 feet, find 
the height of each of the two windows above the street. 
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XXXVII. 

1. State briefly the advantages or disadvantages of the English or 
French methods, respectively, of measuring angles. If an angle be 
expressed in French minutes, show that it wiU be transferred to English 
minutes when multiplied by '54. Verify this by first expressing an 
angle of an equilateral triangle in French measure. Divide the EngHsh 
angle IT into two parts, so that the number of English seconds in one 
part may equal the number of French seconds in the other part. 

2. Define the sine and cosine of an angle. Prove that the sine of any 
angle is the cosine of its complement. If ^ be greater than two, and 
less than three right angles, represent geometrically the complement of 
A - 180^ 

If n be a positive whole number, show that the angles (2w. 180* + -4) 
and (2n+l) 180° -J. have the same sine as A. Given the sine of an 
angle, find the tangent. Prove tan 60°= V^* 

* 3. Without assuming the formula for sin {A +B), prove geometrically 
sin 2^ = 2 sin ^ cos A, A being less than 46°. Obtain the equation — 

tan 2 A = -— 7 — j-j, and hence prove tan -^ = ^2 - 1. 

* 4. Express sin A in terms of sin 2-4. In the general expression, 
how many values of sin A are thus obtained ? Show in any particular 
case how the correct value is to be selected. Assuming the equation 
cos 3^ = 4 (cos AY — Z cos A, find sin 18°, and hence exhibit the true 
value of sin 9° without reducing the surds. 

5. Prove — 

(L) (cos AY - (sin -4)* = cos 2A. 
(il) sin ^ + sin (72° + ^) + sin (36° - ^) = sin (72° -A) + sin (36° + 4). 

(iii) cos-i-i- + 2sin-i-i- = 120°. 
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6. Given the three sides of a triangle, find the cosine of one of the 

angles, and hence express the sine of half that angle in terms of the sides 

and in a form adapted to logarithmic computation. If a^h^c be the 

sides subtending the angles A^ B, C respectively of the triangle ABC, 

prove— . ,. 

(a-6)cos — 

sm-g- 

7. Find the radius of the escribed circle of the triangle ABC, when 
the circle touches the side BC and the sides AB and ^(/produced. 

8. In a triangle ABC, given BC=2AC, A = 3B, find the angles of the 
triangle, and the ratio of AB to BG and AC, 

9. State the property which furnishes the principle for constructing 
the proportional parts in the ordinary tables of logarithms. 

Given logw 6-0389= 7809578, logw 6*0390= 7809660, calculate the 
corresponding proportional parts, and find the number of which 7809601 
is the logarithm. 

Given logio 2 » '3010300, find logio250, and the tabulated logarithms 
of sin 30' and cosec 30^ 

10. Explain when the solution of a triangle is said to be ambiguous. 
Supposing the data for the solution of a triangle to be as in the two 

following cases (a), (jS), point out in each case whether the solution will 
be ambiguous or unambiguous. 

Find the angle C in the case not ambiguous, and the third side of the 
obtuse-angled triangle in the ambiguous case. 

(o.) ^=30' ^5=250 feet 50=125 feet 

(/3.) 4=30° 4jB=260feet 5(7=200 feet 

L sin38'* 4r=97958800 L sin 8' 41'=9-1789001. 

[Note, — The logarithms of Question 9 to be used, when required.] 

11. A church tower BCD, with a spire above it, stands on a horizontal 
plane, B being a point in its base, and C being 9 feet vertically above B. 
The height of the tower is 289 feet, and of the spire 35 feet ; from the 
extremity J. of a horizontal line BA, it is found that the angle subtended 
by the spire is equal to the angle subtended by BC, Prove that 
jB4 = 180 feet nearly. 
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XXXVIII. 

1. In plane trigonometry state how a right angle is usually divided 
by English and French mathematicians respectively. If the circumfer- 
ences of the quadrants of two circles be divided similarly to the right 
angles they subtend, what would be the radius of a circle divided 
according to the French scale, in which the length of the arc of one grade 
would be equal to the length of the arc of one degree on a circle whose 
radius was 18 feet? Express in the French scale (1) the sum of the 
angles of a quindecagon ; (2) one of the angles when the quindecagon is 
equiangular. 

2. According to the ratio definition, point out which of the elementary 
trigonometrical functions are never less than unity, and which may be 
either less or greater than unity. 

Prove (sin -4)2+ (cos ^4)2=1, and express the numerical values of 
sin 135° and tan 150° with their proper signs. 

3. If ( J. + jB) is an angle in the first quadrant, obtain by means of a 
geometrical figure the formula cos (^ + jB) =cos ^ cos ^ - sin ^ sin £, 
and deduce from it the expression for cos {A —B), 

Find sec (A + B)'m terms of sec A and sec B, and prove — 
secl05°=->s/2(l+>s/3). 

4. Prove — 

(L) sin3J[ = 3sin^-4(sin^)3. 



♦(ii.) sin54°=-^^^^^ 

sin(^-O ) ^ sin(^^^) ^ sin(C-^) ^^ 
cos ^ COS G cos ^ cos JL cos C coaB 

5. Prove that in every circle the angle subtended by an arc equal to 
the radius is an invariable angle. Express that angle in degrees and 
decimals of degrees, and find the circular measure of one minute. On a 
circle 10 feet in radius it was found that an angle of 22° 30' was sub- 
tended by an arc 3 feet 11 J inches in length ; hence calculate, to four 
decimal places, the numerical ratio of the circumference of a circle to its 
diameter. 
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6. If a, 6, c be the sides subtending respectively the angles A, B, C 
of a plane triangle : 

Prove — 

,. . sin^ _ a 
^^'^ am(A+B)'7' 

(ii.) a=(6-c) seed, if tan^=?:^ sin^- 
(iii.) tan-i m + ^a^"^ — ;— =46^* when is a right angle. 

7. If (r) be the radius of the circle inscribed in the triangle ABC, 

T, ,. V 2 area 

Prove (i.) r=-.-j— — • 

, . ^ . C 

Jsin-g-sin^ 

(ii.) r= ^ 

cos — 
2 

8. In a right-angled triangle ABC, C being the right angle, find AB, 
if 5= 30** and -B(7=100 feet. 

A'BC is also a right-angled triangle, C the right angle and jB'=30'*, 
find A!(y when the area of the triangle A'BC is three times the area 
of ABC. 

9. When two sides and an included angle of a triangle are given, 
investigate a formula for determining the other two angles. Show that 
for this determination it is not necessary to know the absolute lengths 
of the two sides, provided their ratio is given. 

Ex, The included angle is 70° 30', the ratio of the containing sides 
is 5 : 3, find the other angles. 

Given logio 2 = '3010300 

Loot 35° 15' =10-1507464 

L tan 19° 28' 50"= 10-6486864. 

10. A tower stood at the foot of an inclined plane whose inclination 
to the horizon was 9°; a line was measured straight up the incline from 
the foot of the tower of 100 feet in length, and at the upper extremity 
of this line the tower subtended an angle of 54°; find the height of the 
tower. 

[Note. — For sin 54°, see Question 4.] 
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11. Show that the logarithms of proper fractions are negative. 

Express the true value of the logarithm of ^ - to the base 10. How 

would it be expressed with a negative characteristic ? Since sin 30°s=— , 

explain why the logarithm of sin 30* is tabulated 9-6989700. Given 
that L tan 38" 16' is tabulated 9*8969714, determine L cot 38° 16'. 

* Given L tan 38' 16' 10" =9-8970147, L tan 38'' 16' 20" =9 -8970680, 
find the angle whose logarithmic tangent is 9*8970365, log 2 ='3010300. 



XXXIX. 

1. Examine the rule for transferring an angle expressed in French 
measure to the English scale. Express the angle of an equilateral and 
equiangular pentagon in the French scale, and thence determine its 
measure in the EngHsh scale. 

2. Define as ratios the sine and tangent of an angle, and show that 
any proper fraction, positive or negative, may be the sine of an angle, 
and any number, positive or negative, may be the tangent of an angle. 

Prove cos (90° - J[)=sin -4 = - sin ( - A), 

3. If -4 + 5 be less than a right angle, prove — 

sin (J. + 5) =sin J. cos 5 + cos J. sin B, 
Deduce directly from this formula cos 2^= cos* A - sin* A, 

* Express -5- [cos (3-4 + 2jB) + cos (5-4 - 4jB)] as the product of two 
2 

cosines. 

4. Find the sine and cosine of 30°; and prove sin45°=cos45°=-.-> 
and sin 105° + cos 105° = cos 45°. 

5. Prove — -^ A 

2tan^ 

(L) tan -4= j. 

(ii.) 1 + tan 2-4 tan -4=sec 2^. 
(ui.) cos 36° = ^^^^. 
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6. If TT (=31416) be the ratio of the circumference of a circle to its 

diameter, of what angle is -^ the circular measure ? Express in degrees 

the angular unit of circular measure ; and show that this angle is sub- 
tended by an arc equal in length to the radius of the circle. Express in 
circular measure the least angle of an isosceles triangle in which the 
vertical angle is half of each of the angles at the base. 

* 7. An observer on the top of a cliff 200 feet above the sea level, 
observes the angles of depression of two ships at anchor in the same 
vertical plane with the observer to be 45** and 30° respectively ; find the 
distance of the ships from each other. 

8. When is the solution of an oblique-angled triangle said to be 
ambiguous? Given ^=30^ ^0=100, ^5=100 ^3, solve both the 
triangles to which the data belong. 

9. Given the three sides of a plane triangle, find an expression for the 
area of the triangle. 

^ Apply it to determine the area of the triangle whose three sides are 
1'9, 1*2, 1*5 respectively. 

10. In any triangle whose sides a, 6, c, subtend the angles A^ By C 

, a+b+c 

when «= — s — 9 prove— 
z 

MO tan -2 ^Tjrjcot^; 

(ii.) « (« - a) = (« - 6) (« — c), if J. is a right angle. 

* 11. Given L sin 73° 20' 10"=9-981367l 

L sin 73° 20^ 20^=9-9813734 
find L sin 73° 20' 15-7". 

12. Find an expression for the radius (B) of the circle circumscribing 
a triangle. If r be the radius of the inscribed circle, show that — 
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XL. 

1. Explain the English and French methods of measuring angles. 
Express according to the French method an angle containing 4^ English 
minutes. 

2. Define the sine of an angle, and find the greatest and least values 
which a sine can have. 

Prove that sin ^ = - sin (180° + A), 

3. Show that cos {A-B)=^ cos A cos jB + sin -4 sin B. 

^ Express 2 sin bA sin 9 A as the difference of two cosines. 

4. Find the tangents of 45% 60°, and 15°. 

Write down a general formula for all angles whose tangent = - 1. 

5. Prove that — 

f.^.c^A 2 tan -4 
(l) sm 2^ = r-— - — 5-r • 
^ ' 1 + tanM 

(iL) cot A + cosec ^4 =»cot -5- • 
(iii.) sin 18° + sin 30° =sin 54°. 

6. Show that the circular measure of an angle less than a right angle 
is always intermediate in value between its sine and its tangent. 

Calculate roughly the distance at which a globe 5^ inches in diameter 

(22 \ 
w= -=-* ) 

7. One side of a triangle is double of another, and the included angle 
is a right angle. 

Find the other angles, having given 

log 2=-30103, L cot 26° 34' = 10-3009994, diff. for l'=-0003159. 

8. Prove that the sides of any triangle are proportional to the sines of 
the opposite angles. 

The altitude of a certain rock is observed to be 47°, and, after walking 
towards it 1000 feet up a slope inclined at 32° to the horizon, the 
observer finds that the altitude is 77°. Find the vertical height of the 
rock above the first point of observation, having given sin 47° ='73135. 
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9. find expressions for r, B,^ the radii of the inscribed and circum- 
scribed circles of a triangle, and show that 

- ,^ , A\ B , C 

* r =4ic sin -^ sm -^ sin -5-. 

^ 2S 2s 

10. Show that in any triangle — 

/••\* 3^_ sin 3^- sin 30 
(iL) tan 2 -cos3Cf_co8 3^* 

11. The hypothenuse and shortest side of a right-angled triangle are 

5 feet and 3 feet respectively. Find the length of the perpendicular 

from the right angle upon the hypothenuse, and show that it is inclined 

7 
at an angle sin"^ ^ to the straight line drawn from the right angle to 

the middle point of the hypothenuse. 



XLI. 
1. Show how to transform the circular measure of an angle into 



Find the unit, when the circular measure of 120** is represented 

2. Show that sin (90° + ^) = cos JL = sin (90" -A)\ and find the value 
of the trigonometrical functions for an angle of 2670"*. 

3. Prove that— 

cos (i4+jB) = cos A cos 5- sin J[ sin 5 when JL is a positive angle 
between -j- and -g-, and B a negative angle between - tt and - ~ • 

A A 

Find the values of sin — and cos -^ in terms of cos -4. 

4. Obtain the values of sin 18*" and cos 75°. 



^^ ^^ l + cot60° (l + cos30'*\*. 
Show that i_eot60°= \ 1 -cos 30°/ 
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5. Prove the following identities — 

(i.) cos 3^ = 4 cos^ -4 - 3 cos A, 

*(ii.)tan-iY+<»n-i|-=-j=sin-i-ig + cot-i3. 

6. In any triangle ABC — 

.... . A-B a-h ^ C 
(ii.)ten^-=^^jCot^. 

7. ABCD is a quadrilateral whose opposite sides, AB and OZ), meet 
at right angles. Show that — 

cot DAB cot ABC=cot CAB cot ABD. 

8. If r, r^ rj, re are the radii of the circle inscribed in, and of the circles 

escribed to the triangle ABC, then 

^ A B ^ C ^ A , B ^ C 

Ta cot — = r6 cot Y =^ cot "2 .=r cot — cot -^ cot — • 

9. Explain geometrically the meaning of the ambiguous case in the 
solution of triangles. 

^ If a, 6 are the two given sides, a<b,A the given angle, and C, O the 

two values of the ambiguous angle, then 

. ^ . C+O' . C-O 
cos A CQS ^=sm — 5 — sm — ^ — 

* 10. Show that in general the increment of the tabular logarithmic 
cosine of an angle is approximately proportional to the increment of the 
angle ; and being given 

LcosSS** ir = 9-7565999 

Lcos65M2'=9-7564182 
find the tabular logarithm of the cosine of 55° 11' 12". 

^11. The angular elevation of a tower at a place due south of it is 45", 
and at another place due west of the former the elevation is 15"*. Show 
that the height of the tower is 

where a is the distance between the two places. 
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XLII. 

1. Show how to express (1) in grades, (2) in circular measure, an angle 
whose magnitude is given in degrees. 

The angles of a triangle are in the ratio 1:2:3. Express their magni- 
tudes in each of the three systems of angular measurement. 

2. Show that sin (180°-^)=sin^, and that cos(180°-u4)= -cos J.. 
If cot 2^ = 1 + V2, find cos -4. 

3. Establish the formula — 

sin (u4 + B) =sin A cos 5 + cos A sin 5, 
and show that 

sm ul + sm ^=2 sm — - — cos — 

2t 2 

4. Show that— 

(i.) cosecu4=cot-4 + tan-^« 
(ii.) l = cosec2^-cot2J.. 
(iii.) tan -4 = (1 + sec A) tan -jr - 

♦ 6. Show that tan"! aj+tan"! w=tan-i ^±1?- . 

1 _i_ 2 

and that 2 cot"^ aj=cosec~* . 

, 2a5 

* 6. Solve the equation cosec B + cot ^= V3. 

7. If -4, J?, be the angles of a triangle, and a, 6, c the sides opposite 
to them respectively, show that 

sin ul _ sin B _ sin C 
a ~ b c~' 

a^deach = ^^^ ^26 V + 2cW + 2^262 - «* - 6* - c* 

8. If in the triangle ^5(7, C is a right angle, show that— 
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9. Find an expression for the radius of the circle inscribed in a 
triangle. 

The points where the circle inscribed in a triangle ABC touches the 
sides are joined. Show that the sides of the triangle thus formed are 

ABC 

proportional to cos — , cos -5-, cos — respectively. 
^ ^ 2 

19. In the triangle ABC, 6=5, c=4, A = m\ Find B and 0, 

having given 

log 3= -477121 

L tan 10** 53' =9-283907 

L tan 10'' 54' = 9-284525. 

11. Two circles, radii a and 6, touch one another externally. Show 
that the angle between their common tangents is 



"--t(VtV^)- 



Xlilll. 

1. Show that the angle subtended at the centre of a circle by an arc 
equal to the radius is invariable. 

Taking 22 : 7 as the ratio of the circumference of a circle to its diameter, 
and assuming the diameter of the Earth to be 8000 miles, find approxi- 
mately the difference in latitude of two places, one of which is 100 miles 
north of the other. 

* 2. Find an expression for sin — in terms (1) of sin Ay (2) of cos Ay 

At 

and explain why more than one value appears. 
Find sin 15° and cos 165°. 

3. Show that— 

(i.) cot-4-tan^ = 2cot2A 

(ii) tan (^ + 5) tan {A-B)J^^^f^^^^ 

cestui -sm^B 
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* 4. Find an expression for all the angles which have a given tangent. 
Show that tan" 1 (cot -4) - tan" Vtan ^) = WTT + -|^ - 2 -4. 

5. Solve the equation tan2^=3 cosec^^-l. 

6. In a triangle ABC^ J. is a right angle and £=60*. Show that 

7. Show that in every triangle — 

(i.) cos -4 = 



(ii.) 



2&C 

g cos £ - 6 cos ^ sin^ A - sin^ B 
c ~ sin^ C 



8. Find an expression for the area of a triangle. 

In an isosceles right-angled triangle a straight line is drawn from the 
middle point of one of the equal sides to the opposite angle. Show that 
it divides the angle into parts whose cotangents are 2 and 3. 

9. Find an expression for the radius of the circle inscribed in a given 
triangle. 

Two sides of a triangle are a and 2a, and they include a right angle. 
If r^, T^ be the radii of the escribed circles touching these sides, show that 

10. Two sides and the angle opposite to one of them being given, 
explain by means of a figure why more than one triangle may in some 
cases be found having the given parts. 

In a triangle a =5, 6=4, ^4=46°. Find the other angles, having 

given 

log 2 = -3010300 L sin 33" 29' = 9*7520507 

Lsin33'30'=9-7530993. 

11. If ^ be the acute angle between two adjacent sides of a rhombus, 
show that — 

^=cos-i Vr^ 
where o^ i/ are the lengths of the diagonals. 
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XLIV. 

1. Find the circular measure of an angle of A degrees. 

Find the radius of a globe such that the distance measured upon its 
surface between two places on the same meridian whose latitudes differ 
by V 10' may be one inch, assuming the unit of circular measure to be 

7 

ry of a right angle. 

2. Trace the changes in sign and magnitude of cos A through the four 
quadrants ; and deduce a general expression for all angles having the 
same cosine. 

If cos2>^ + cos 2^=0, prove that the different values of 6 form two 

arithmetical progressions in which the common differences are and 

respectively. 

3. Prove that sin (J. + 5) = sin -4 cos 5 + cos J. sin B, pointing out any 
restrictions in the value of A and B assumed in your proof. 

If a; cos/3 + y cosa=», a;sin)3-y sina = 0, 

prove that -; — =--r^-' . . . ^>, - 
sma smp sm(a + p) 

jt / 1 ^ cos A. 

4. Prove that sin -^= ± / ^ , and determine the limits to the 

value of Af in order that the lower sign may be taken. 

Prove that 2 coa^A coB^B + 2laia^A sin25=l + cos2^ cos2J?, and 
tan 2^ = (1 + sec 2A) tan A. 

5. Find sin 3^, and apply the result to determine sin 18°. 

6. Explain the notation tan~^ m. 

If tan~*a + tan~^ 6 + tan~i c=7r, prove that a + b + c=abc. 

7. In any triangle ABC whose sides are a, by c, prove that 

sin ^ : sin £ : sin : : a : 5 :c. 

If in such a triangle tan ^ - tan ^ ^c-^6 ^^^ ^^^ ^ =60". 
^ tan^+tanB c ' ^ 

8. Given two sides and the difference of the angles opposite to them ; 

solve the triangle. If the sides be 4 and 5, and the cosine of the differ- 

31 
ence of the opposite angles be --, prove that the third side will be 6. 

cj2 
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9. Find the radias of the circle circumscribing a given triangle. 

If B, and r be the radii of the circumscribing and inscribed circles, 
and a, 6, and c the sides of the triangle, prove that 

ah he ea 2Rr 

10. K a=3, h= 1, (7=53° 7' 48", find c, without determining AajidB 
with the aid of the following logarithms : — 

log 2= -3010300 L cos 26** 33' 54"= 9*9515452 

log 25298 = 4-4030862 L tan 26° 33' 54" = 9-6989700. 

log 25299 = 4-4031034 

11. Find the area of a regular polygon of n sides inscribed in a circle 
of radius JtC, 

Find, by the aid of logarithmic tables, the area of a regular polygon 
of eleven sides, inscribed in a circle of radius one foot, to three places of 
decimals. 

XLV. 

1. Define the circular measure of an angle. 

Find the number of degrees subtended at the centre of a circle by an 
arc =-357 radius, taking w to be 3*1416. 

2. Define the principal trigonometrical ratios, and express each of 
them in terms of the tangent. 

If 1 + sin2^=3 sin 6 cos^, find tan^. 

3. Write down a formula for all angles having the same sine. 

T - sin* 6 cos* 6 _ 
11 . g - + •» — y— = 1 ; 
sm^a cos^a 

prove that the general value of ^ is W7r±a where n is any integer. 

4. Prove geometrically that — 

sin (A-B)=BmA cos B-coaA sin By 
where Am> B and A and B are each less than 90°. 
If asin-4 + 6sin5+csin(7=0, 
and a cos -4 + 6 cos B + c cos (7=0, 
prove that Bin(i^-0)^sm(C^)^BinM-B) 
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6. Find sin -5- in tenns of sin -4. Apply the formula to find sin 15**. 

6. Find sin 3-4 and cos 3^, and prove that — 

cos ZA - sin 3^ = (cos -4 + sin ^) (1 - 2 sin 2A), 
Prove also that — 
cos (46'* - ^) cos (45** -B)- cos (45** + A) cos (45** + B) =sin (^ + B), 

7. Explain the notation tan"^m. 

* Given 2 tan~^ cos ^=tan"*2 cosec ^, find 6. 

8. Prove that in any triangle ABC, 

^ A-B a-b ^C 

tan — 5 — = i cot -jr • 

2 a + h 2 

If a=l-56234, 6 = '43766, 0=58" 42' 6", find u4 and 5 by the aid of 

the following logarithms — 

log 56234= 4i log cot 29° 21' = -250016 

log cot 29' 22' =-249715. 

9. Find an expression for the radius of a circle inscribed in a given 
triangle. 

Prove that if this radius be r, and if p^, p^^ p^y be the perpendiculars 
drawn from the angles upon the opposite sides respectively, then — 

1=1+1+1. 

^ Pi P2 Ps 

10. A person standing at a point A, due south of a tower built on a 
horizontal plane, observes the altitude of the tower to be 60°. He then 
walks to a point B, due west from A, and observes the altitude to be 
45°, and again at the point C in AB produced he observes the altitude 
to be 30°. Prove that B is midway between A and C. 

11. If D be the middle point of the side BC of the triangle ABC, and 

AC^- AB^ 
if /Sf be the area of the triangle, prove that cot ADB= j^ • 

12. Find the area of a regular polygon of n sides, the length of each 
side being a. 

If the length of each side of a regular heptagon be 1 foot, prove, by 
means of logarithmic tables, that the area of a heptagon in square feet 
(to 3 places of decimals) will be 3*634, and find the difference between 
the area of the heptagon and that of the circumscribing circle, taking n 
to be 3-1416. 



256 EXAMINA TION PAPERS. [XLVI. 



XLVL 

1. Define the secant, cosecant, tangent, and cotangent of an angle, and 
prove the relations sec* -4 = 1+ tan* A, cosec' J. = 1 + cot* -4. 

Find the values of sec 45° and of tan 45°. 

2. Trace the changes in the sign and valae of the cosine of an angle 
as the angle changes from (f to 360°. 

Find an expression for all the angles which have the same cosine as a 
given angle. 
What is the general value of 6 when 

(i.) cos^=±^, (ii.) cos4^=±^? 

3. Having given -: — ^ ~ a / T ^^^ t — 5~ 73' ^^ *^® value of sin^l 

and sin B ; and if A and B be two angles of a triangle ABC, find the 
three angles. 

4. Taking the case in which A is greater than B and less than a right 
angle, prove that cos (-4 - B) = cos ^ cos £ + sin ^ sin B. 

Having given cos-4 = -^ and cos jB = — , find the value of cos -3- (-4 - J?), 

prove that if x and y be each less than unity, 

sin'^oj - sin"* y=cos~^ Vl - a^— y* + sc*y* +«y. 

5. Prove the formula — 

.. . sin J. + sin 2.4 _ SA 
^^'^ cos^ + cos2^-^ 2 • 
(ii) sin 3-4 = 3 sin -4- 4 sin^ -4. 
(iii.) sin {A + 46°) + sin (^ + 135°) = V2 cos A. 

* 6. If ^ + J? + C= 180°, prove that— 

(i.) sin 2w4 + sin 2B + sin 20=4 sin -4 sin B sin 0. 
(ii) tan A + tan B + tan C=tan A tan B tan C7. 
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7. Show that, in any triangle, the sides are proportional to the sines 
of the opposite angles. Having given that 

a=3795 yards, 5=73° 15' 15", C=42' 18' 30", 
find, by help of logarithmic tables, the other sides of the triangle ABC, 

* 8. If i? be the radius of the circle circumscribing the triangle ABC, 
and if l>i)i>2)i'39 be the distances from the sides of the centre of the circle, 

show that 2U = -; — ^ , and that — + — + — = 



sin^' 2>i i>2 i>8 4pi2>2l>8 

9. A statue on the top of a pillar, situated on level ground, is found 
to subtend the greatest angle a at the eye of an observer, when his distance 
from the pillar is c feet ; prove that the length of the statue is 2c tan a 
feet ; and, having given the height above the ground of the observer's 
eye, find the height of the pillar. 

10. Having given the radius r of a circle inscribed in a regular polygon 
of n sides, find the area of the polygon, and hence prove that the area of 
a circle of radius r is tn^. 

XLVII. 

1. Define the degree and the unit of circular measure, and show how 
to pass from one of these units to the other. 

If the radius of a circle be 25 feet, find to four decimal places the 
length of the arc subtending an angle of 3°, taking tt to be 3*1416. 

2. Define the principal trigonometrical ratios, and trace the changes in 
sign and magnitude of — ^ as 6 varies from to -^ • 

3. Prove that sin(u4 + B)=sin-4 coslf + cos-4 sin B where ^ and £ 
are positive angles each less than 90**. 

* Assuming that the formula holds for all values of the angles, deduce 
that for cos (^-5). 

4. Find cos ZA and tan ZA in terms of cos A and tan A respectively. 

5. Prove that for all values of A — 

* (i.) 2 cosec 4-4 + 2 cot 4-4 = cot -4 - tan A. 
cos -4 + cos 3-4 1 



(il) 



cos 3-4 + cos 5-4 2 cos 2-4 - sec 2-4 
R 
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6. Prove that— 

1-mn 



tan"^m + tan~*n=coB~^- 



V(l+m«)(l+n») 

7. Find sin 18'. 

If cos ul = tan B and cos ^== tan ^ ; 
Prove that cos ^ = 2 sin 18'. 

8. Prove the formula— 

a«=62 + g2__26ccos-4, 
and apply it to prove that if the straight line which bisects the vertical 
angle of a triangle also bisects the base, then the triangle must be 



9. Find the area of a triangle in terms of the sides. 

10. Find the radius of the circle which touches one side of a triangle 
and the two other sides produced. 

If ABC and DEF be two triangles with the same perimeter, prove 
that the radius of the escribed circle touching the side BQ of the first is 
to the radius of the escribed circle touching the side EF of the second 

as tan-g- is to tan-g-* 

11. Given two sides h and e, and the included angle ^ of a triangle, 
find a formula for determining the side a, without the previous deter- 
mination of the angles B and C, adapted to logarithmic computation. 

Apply to the case of 6=354 yards, c=426 yards, A =49** 16'. 

12. A building on a square base ABCD has two of its sides AB and 
CD parallel to the bank of a river. 

An observer standing on the river's bank in the same straight line 
with DA finds that the side AB subtends, at his eye, an angle of 45**. 
Having walked (a) yards along the bank he finds that the side DA 

subtends an angle whose sine is — • 

Prove that the length of each side of the building is -7^ yards. 
[Logarithm tables required.] 
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XLVIII. 

1. Define the anit of circular measure. 

Show how to transform from degrees to circular measure. What 
would be the unit of circular measure if an angle of 120° expressed in it 
became | ? 

2. Define the principal trigonometrical ratios, and express each of them 

in terms of the tangent. 

2 
If the cosecant of an angle between 90° and 180° be -j^y find the 

secant, and if the cosine of an angle between 540° and 630° be - i, find 
the cosecant. 

3. Prove that— 

sin(^ + 5)=sin-4 co^B + ao&A sin£; 
and deduce the value of tan {A + B)m terms of the tangents of A and B, 

4. Find sin 3 A^ and apply to determine the values of sin 18° and 
cos 36°. 

6. Prove that for all values oi A — 

(sin 2 AY=2 cos2 ^ (1 - cos 2 ^) ; 
and if u4, 5, and C be the angles of a triangle prove that— 

siuA sin 5 + 0082/"^+^^= cos2-^. 

* 6. Eliminate 6 between the equations — 

x= 2a cos ^ cos 2^ - a cos ^, 
^=2a cos 6 sin 2^- a sin 6. 

7. What is the meaning of sin"^ m ? 
Prove that — 

si^" ^2 . ^2 + sin"i ^2 . ^2 ='o for all values of m and n, 

171' + 71* 171* + W-* Z 

8. In any triangle prove that the sides are proportional to the sines of 
the opposite angles. 

* If a, ^, y be the perpendiculars from the angles of the triangle ABC 
upon the opposite sides a, 6, and c, prove that — 

a 8in^ + 6 sin5 + c sinO=2 (acosil +/3 cos5 + y cosC). 
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9. Prove that in any triangle ABC whose sides are a, 6, and c — 
cos ^ = — ^j- — > and hence show that in such a triangle — 

A B 

cos — cos -- 

2 2 



^/fl^(« - a) ^h{s -h) V c(« - c) 

10. Show how to solve a triangle when two sides and the included 
angle are given. 

If two of the sides be a sin a and a sin (120° - a) and the included 
angle be 60°, solve the triangle. 

11. The angles of elevation of a balloon are observed from two stations a 
mile apart and from a point half way between them to be 60**, 30°, and 45* 
respectively. Prove that the height of the balloon in yards is 440 fj6. 

12. The adjacent sides AC and CB of the base of a rectangular 
building are 40 and 30 yards respectively, and the angles A DC and 
BOC subtended by them at a point on the horizontal plane are each 

24 
equal to tan ^ J. Prove that the angle ACOia equal to tt - tan ~ ^ ^g- 

Hence by the aid of a table of logarithms find the distance OC. 
[Logarithm tables required.] 

XLIX. 

1. What in plane geometry is the limit of the magnitude of an angle ? 
In what sense in analytical trigonometry is the magnitude of an angle con- 
sidered unlimited, and either positive or negative ? Which of the ordinary 
trigonometrical functions are limited in magnitude, and which unlimited ? 

If sin^=a, express by a general formula all the angles which have a 
for their sine ; if cos u4 = 6, prove a^ + 62= 1. 

2. Find sin A and cob A in terms respectively of the sines and 
cosines of their supplements. Through what portions of the first four 
quadrants is the sine greater than the cosine in magnitude, and the 
tangent greater than the cotangent : when are they respectively equal 
and of the same sign ? 

Find sin 120°, tan 60°, cos 135°. 

tan^ 
Prove Bm^=^Y^^^. 
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3. Prove cos {A + B)= cos -4 cos 5 - sin -4 sin 5, and deduce from the 
formula the corresponding expressions for sin (^+5), sin (-4 -5), and 
cos 2 A, 

. T» /. X sin-4+sin5 ^ A+B ,.. . y-^o V^-l 

4. Prove— (l) -r-^ j,= tan —^r— ; (11.) cos 72°= ^^-r — ; 

cos^ + cosii 2 ' "^ ^ 4 

* (iii.) sin A sin (A + 20) + sin B sin (5 + 2^) + sin sin (0 + 25) =0, if 
^+5+0=180°. 

5. Explain the notation sin"*^«, tan"^t. 
Prove — 



-i-?- + sin-i4 = 90"'. 



(i.) sin ^ 

(ii.)tan- / (^-^)(^-^) ^tan-i /(E^Sp + tan- /^^ME3 ^go% 

yu.j v», ^ 8{8-a) V 8{8-b) \/ 8 {s - C) 

. a+b+c 

where «= — ^ — • 

6. Show that -^- naay be properly taken for the measure of an 

angle ; of what angle is 1*5708 the circular measure ] 

If (6) be the circular measure of an angle less than a right angle, 

1 TT 

Prove sin 6 less than 0--j ^, and verify this when ^= -g • 

7. In a plane triangle of which A, By C are the angles, and (a), (6), (c) 
the sides subtending them. 

Prove — 

(i.) c=a cos^f 6 cos -4. 
,.. .a sin -4 

J2 ^ g2 _ q2 

* Deduce from these expressions the value cos A = — ^r • 

' Prove a^ + 6^ + c^=2ab cos C-^2ac cos 5 + 26c cos ^. 

8. Find the area of a triangle in terms of any two sides and their 
included angle, and also in terms of the three sides. Find the area of 
the greatest triangle that has for two of its sides 50 and 60 feet. 

9. Given the difference between the angles at the base of a triangle 
17° 48', and the sides subtending those angles 105*25 feet and 76*75 
feet : find the angle included by the given sides. 
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10. An observer in a balloon when it is one mile higb observes the 
angle of depression of a conspicaous object on the horizontal ground to 
be 35° 2(/, then after ascending vertically and uniformly for 20 minutes, 
he observes the angle of depression of the same object to be 55° 40' : 
find the rate of ascent of the balloon in miles per hour. 

11. A tower which stands on a horizontal plane is 200 feet high, and 
there is a small loophole in the tower at a certain height above the 
groimd ; an observer is at a horizontal distance firom the tower of 300 
feet, but stands on a mound so that his eye is 12 feet above the ground 
on which the tower stands, and in that position, the angles subtended at 
his eye by the portions of the tower above and below the loophole are 
equal : find the height of the loophole from the ground. 

12. In a circle which has a radius of 10 feet two chords, AB^ CD, are 
drawn at right angles to each other, and intersecting in 0, ^0, and CO 
are 3 and 4 feet respectively : find the sides and angles of the quadri- 
lateral ACBD formed by joining the extremities of the chords. 

[Logarithm tables required.] 

L. 

1. In modem books on Trigonometry, what ratios are expressed by 
the sine, tangent, and secant of an angle respectively ? Formerly the 
trigonometrical functions were defined as represented by straight lines : 
define the sine, tangent, and secant, according to this method, and show 
how the two systems are made consistent with each other. Define the 
complement and supplement of an angle, and prove cos ^4= sin (90° --4) 
= -cos (180°-^). 

What is the formula corresponding to sin ^A + cos ^u4 = 1 if the linear 
definitions of the sine and cosine be adopted ? 

2. Trace the change in sign and magnitude of the secant of an angle 
from 0° to 360° ; find cos 30°, tan 45°, and sec 60°. What are the three 

least positive angles that have ^ for their sine ? 

Given tan A = '5, find sec A. 

Given cos 36°= ^^^ + 1 find gin l8^ 
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3. If J. + £ be an angle less than a right angle, prove by a geometrical 
construction cos {A +3) = cos A cos 5 - sin -4 sin B. 

* Exhibit also the construction when A and B are each less than a 
right angle, and A+B greater than a right angle. 

Obtain the formula for sin {A - B) from the above value of cos {A + B). 

4. Prove — 

/• N * c, A 2 tan ^ 
(1.) tan 2-4 = r — - — j-; • 
^ ' 1-tanM 

^ A + B 
. . . „ tan — 5; — 
,.. . 8in-4 + smB 2 

(u.) 



sin J. — sin 5 , A-B 
tan^- 

(iii.)tan75° = 2+ ^3. 

(iv.) tan-i ^ + tan-i |-=45'. 



♦ 5. Prove generally — 



^+sin -H-=± vl+sin J., 



cos 2 

cos -g- -sin — = ± ^/l - sin Ay 

A A 

and express with proper signs the values of cos -5- and sin -5- when A 

lies between 270° and 360'. 

From the above find sin 9"* without reducing the surds. 

6. In any plane triangle, if o^ 6, c are the sides subtending the angles 
A^ By respectively, prove 

..... r, h sin C 
(11.) tan J? =- 



a — h cos C 



Verify formula (L) if ^ be the greatest angle of a triangle whose 
aides are 30, 40, 50 feet. 
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7. Show that ,. may be properly taken as the measure of an angle ; 

find the angle which is the unit of measure when this mode of represent- 
ing angles is referred to, and show also that the sine of a small angle is 
approximately equal to the circular measure of the angle itsel£ 

If B be the circular measure of an angle, show that the number of 

seconds it contains S& equal to -. — 17/ nearly. 

sin 1 

8. The sine of an angle defined as a ratio being less than unity, 
explain why the tabular logarithms of the sines of angles are expressed 
with whole numbers as characteristics. If the logarithm of the tangent 
of 18* be registered in the tables as 9*6117760, show what the tabular 
logarithm of cot 18* must be. 

Find by the aid of the tables the value of ^1 if cos ^= cot a tan/3 
where a =75* 30', /3 = 28* 10'. 

9. In a triangle ABG, given ^ = 35* SO', BO=596 feet, ^(7=684 feet, 
show that the solution will be ambiguous, and determine the third side 
for the greater of the two triangles to which the data belong. 

10. From the top of a cliff on the sea-shore, 326 feet high, the angle 
of depression .of a boat at sea was found to be 34* 30' : find the distance 
of the boat from the foot of the cliff. 

11. An observer in a ship at sea sailing north observes two rocks A 
and jB, to bear 25* east of his course ; he then sails in a direction north- 
west for four miles, and observes A to bear due east and B north-east of 
his new position. Find the distance from A\xiB. 

12. If TT be the ratio of the circumference of a circle to its diameter, 
point out any method by which the approximate value of tt may be 
determined numerically, and if r be the radius of a given circle show 
that the area of the circle is equal to ttt^. 

13. Find the radius of the circle circumscribing a given triangle in 
terms of its sides. 

If ABCD be a quadrilateral that may be inscribed in a circle, ACh 
diagonal, show from the expression obtained above that the radius of the 
circle that would circumscribe the triangle ABC is equal to the radius 
of the circle that would circumscribe the triangle ACD, A and C being 
opposite angles of the quadrilateral. 
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INDIA FOREST SERVICE. 

{flhligatxmj,) 
LI. 

1. What is meant by the circular measure of an angle ? 

If the moon be at a distance from the earth equal to sixty times the 
earth's radius, express — (1) in circular measure ; (2) in minutes, the 
approximate value of the angle subtended at the moon by the radius of 
the earth. 

2. Find the continued product of the following expressions : — 
sin {A - 90") + cos {A - 180") ; cot (A - 90°) - tan (^ - 183") ; 
sec (A - 93") - cosec {A - 1 80"). 

3. Find the value of a cos 20 + b sin 2$ : when tan 6= — 

a 

♦4. Obtain the values of sec 225"; cot 435"; cosec 660"; sec 555". 

5. Prove the following identities : — 

(i.) sin2 ^ - sin2 JB = sin (A + B) sin (A - B), 
1 + sin^ 1 / , AV 



.... 1 + sin^ 1 / ^ Ay 

(u.) = — ( 1 4- tan ^ ) 

l + cos-4 2\ 2/ 

(iii.)cot^(^4)=^ 



' IT , A\ 2 cosec 2^- sec ^ 
'2 cosec 2-4 + sec ^ 

♦ 6. Express cos bA in terms of powers of cos A. 

7. In any plane triangle prove — 

(i.) sin ^ : sin £ : sin C : :a:b:c, 
sin A cos A cos C+coaB 



(ii.) 



sin B cos -B cos + cos A 



(iii.) the area = -5- sin JB sin C cosec {B + G). 



8. Prove that — 
sin" 



1 / * X -1 /a; 1 _,a-a 
/ = tan \/ — =-^ cos * 

V <* + * V a 2 a + jc 
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9. Show how to solye a triangle, haying given two angles and a side. 

In the triangle ABC find the side c, having given 

6 = 100 yards; 0=62° 5'; ^=45° 41'; 

L sin 62° 6' = 9*94627 ; log 9*2788 = -96749 ; 

Lsin 72° 14' =9-97878. 

10. Find the radii of the circumscribed and inscribed circles of a 
triangle in terms of its sides ; and prove that the product of the radii, 
multiplied by the sum of the sines of the angles of the triangle, is equal 
to its area. 

11. If from a point at which the elevation of the observatory on Ben 
Nevis is 60° a man walks 800 feet on a level plane towards the mountain, 
and then 800 feet further up a slope of 30° to a point at which he finds 
that the elevation of the observatory is 75°, show that the height of Ben 
Nevis is approximately 4478 feet, the man's path being always supposed 
to lie in a vertical plane passing through the observatory. 



LII. 

1. Find the relation between the arc of a given circle and the angle 
which it subtends at the centre. What is the angular unit when we say 

angle = — ^, and when tt = 180° ? On what understanding is the equation 

an^fe= arc true? 



2. Define the secant of an angle, and trace its change in sign and 
magnitude through four right angles. 

Prove that sin (tt — -4) = sin A and tan (tt + -4) = tan A, 

* 3. If the sine of an angle is given, show how to find the sine of half 

the angle, and explain why the general expression obtained ought to 

- a/3 
include four values. Given sin 300° = — ^—^ find sin 160*. 

2 
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4 Prove the following fonnuke — 

] 
(i.) sec-4 = - 



l+tan^^ 



.tan«4 



(ii) cosec -4 = g- (tan -a'^^^'a)' 



/". X cos 2.B-C0S 2^ _ sin 2^ -sin 2.B _x^ ja _ pv 
^ '^ sin5iii + sin2^"~cos2^ + co8 2B"" ^ "* ''' 
6. Solve the equation — 

sin 6^ - sin ^=sin 2J^, 
* and eliminate B between the equations 

x=a COS B + h cos 2^, 
y=asin^ + 6 sin 2^. 

6. Two sides and the angle between them being given, find the third 
side in a form adapted to logarithmic calculation. 

7. Find the radii of the inscribed and circumscribed circles of a 
triangle. 

Prove that the radius of the circle passing through the middle points 
of the sides of a triangle and the feet of the perpendiculars from the 
angular points is half that of the circumscribed circle. 

8. From the top of a vertical tower, whose height is 100 feet, the angle 
of depression of an object is observed to be 60° 1' and from the base to 
be 30° 1'; show that the vertical height of the base of the tower above 
the object is 50 feet approximately. 

9. Find an expression for the area of a triangle in terms of the sides. 
If the triangle be right-angled, show that the expression reduces to half 
the product of the sides which contain the right angle. 

10. One angle of a triangle is 32° 15': the sides including another are 
468 and 320 yards : find the latter angle. 

Given log 2= -3010300 log 3 = '4771213. 

log 13=1-1139434 L cosec 32° 15'= 10*2727724. 

L sin 21° 23'=9-5621316 L sin 51° 18' =9-8923236. 

* 11. If ^ be the circular measure of an angle less than a right angle, 

B^ 
prove that sin ^ is greater than B- — , 

What are meant by formulae of verification t 
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LIII. 

* 1. Explain what is meant by the circular measure of an angle. How 
many degrees are there in the angle whose circular measure is ^ ? 

♦ 2. Prove from a figure that cos(^--B)=cos-4 cos 5 + sin -4 sin 5 
when A lies between SIS'* and 360', and A-B between 180"* and 225°. 

^ 3. Trace the changes in sign and magnitude of sin ^ - ,JZ cos ^, as ^ 

J. w . 37r 
mcreases from -^ to -^ • 

^ 4. Find a formula expressing all the angles that have the same 
tangent as a given angle. 

Find the value of sin 18°, and show from the value of cos 22 J*, that — 

2 cos 5° 37' 30''=/y/2 + '^2 + ^2+ ^27 

5. Prove the identities — 

(i.) sec 2^ = 1 + tan 2^ 
(ii.) sin 3^ = 3 sin -4 - 4 sin M. 
(iii.) cos A + cos (120° - ^) + cos (120' + ^) =0. 

6. Solve the equations — 

(i.) 2 sin ^ sin 3^ -sin 22^=0. 

* (ii) sin -^ = cosec B - cot B. 
(iii.) cos(a; + y) + cos (x-y)=2 



. X 
sm-TT 



«(x-y)=2 j 
+ 8in|=o|- 



* 7. Eliminate ^ from the equations — 

j?=sec<^-cos<^ ) 

g = cosec ^- sin <^ ) 

8. A^ B, C are the angles of a triangle, a, 6, c its sides, 2« the perimeter, 

and A its area ; show that 

(i.) aamB=b sin -4. 

♦ (il) sin 2 A + sin 2B + sin 2C=4 sin A sin B sin C. 

(iii.) A= >j8{8-a) (s-b) («-c) 

2ahc ABC 

cos -77 cos-TT coStt* 



a + b-¥c """ 2 2 2 
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9. If iS and r are the radii of the circles circumscribed about and 
inscribed in the triangle ABC ; then — 

* (l) r=4B sin -5- sin — sin -g- * 
(ii) A [sin A + sin jB + sin 0]="^ «*• 

10. A man ascends the slope of a hill inclined at an angle a> to the 
horizon ; and twice during the ascent, at vertical heights a and b above 
the level of the plain, he turns round, and observes the angle of depres- 
sion of the top of a tower standing in the plain directly in front of him. 
If a and p are these angles, find the height of the tower and its distance 
from the foot of the hill. [The side of the hill may be regarded as an 
inclined plane.] 

11. The sides of a triangle, BC, CA^ ABy are as 8 : 7 : 5. Find the 
angle A having given that 

L tan 40" 64' = 9-9376318 log 2 = -3010300 

L tan 40'' 63'=9-9373765 log 3 = -4771213. 

12. The limit of —5- when is indefinitely diminished in unity. 



LIV. 

1. What are the characteristics of the logarithms of the numbers 
(4261)3 and (-0002)*? Given the logarithm of 25 = 1-3979400, find, 
without the tables, the logarithms of *08 and 1*25. 

(|5Q\00 
151/ ' 

* 3. Define the sine and cosine of an angle ; between what limits as 
to the magnitude of the angle will the sine and cosine both be negative ? 
Without assuming the formula for cos {A + B), prove— 

cos 2 A = (cos Ay - (sin A)^, 
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4. Prove the following fonDulse ; — 
(i.) (cos ^ + Bin ^)* = 1 + sin 2^. 

♦(ii.) sin 18'*=^^^^. 

JL/...XX / ^ T> ^ tan ^ + tan 5 + tan 0- tan -4 tan jB tan C 

♦ (ui.) tan (-4 + jB + C) = ^ — r ti. — 5 — : — s": — 7^ — i ri — n' 

^ ^ ^ ' 1-tan^ tanJB-tanJB tanC-tan^ tanO 

If A^ Bj C be the angles of a triangle, express from the aboye the 

relation between tan ^4, tan JB, tan G, 

5. What is meant by the circular measure of an angle 1 What is the 

unit of angle referred to in the measure, angle = —r- ? Find the circular 
measure of each angle of a regular pentagon. 

6. Find the radius of the circle inscribed in a given triangle in terms 
of the sides of the triangle. 

7. If a, b, c be the sides subtending the angles A, B, C of & plane 

triangle, find the value of tan -^ in terms of the sides, and in a form 

adapted to logarithmic computation. Apply the expression to find the 
angle A of the triangle in which 6 = 37*5, c=50, a =62*5. 

8. For the solution of a triangle ABC^ if ^=62" 19', ^C= 166-5, 
BC= 162*5, show that there are two triangles to which the data belong ; 
find also the third side of the greater of these two triangles. 

9. An observer is 384 yards due south of a point in the horizontal 
plane from which a balloon ascended vertically, he measures from his 
position a base of 112 yards in a direction due east, and at the other 
extremity of this base finds the angle of elevation of the balloon to be 
60** 15' : find the actual height of the balloon in yards at the instant of 
observation. 

10. Two railroads intersect each other at an angle of 25** 30' ; from the 
point of intersection a station on one line is distant 12 miles, and on the 
other line a station is distant 16 miles : find the distance of the stations 
from each other. 

11. Find the side of a regular pentagon inscribed in the circle whose 
radius is ten feet. 
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LV. 

1. Prove the formula for the sine of the difference of two angles, each 
of which is less than 90°. Show whether the formula will be altered by 
writing {A - 90'') and (5-90") in place of A and B, 

* 2. Explain how angles are measured in Trigonometry. Find the 
number of grades, etc., in an angle of 67° 36' 42^ 

3. Prove the following formulae — 

(i.) cos 2A + cos 25=2 cos (A + B) cos (A - B). 

(^•) "^^"^^T^^A 

-sin A 
•am A 



<,u.>«.(«-.4).y[^ 



4 Are any triangles solved by Trigonometry for which solutions may 
not be found by Euclid? State the cases in which the solution of a 
triangle from three given parts is (1) impossible, (2) ambiguous. 

5. In a triangle, if t — o^~=~r»> prove that the triangle is either 
isosceles or right-angled. 

6. Two sides of a triangle are 76 and 67 yards respectiyely, and the 
angle opposite the former is 63° 7' 49^ ; solve the triangle by the 
logarithms given below. 

7. Prove the formula for the cosine of half an angle of a triangle in 
terms of the sides. The sides of a triangle being 400, 500, and 600 yards, 
calculate the angle opposite the side of 600 yards by the logarithms 
given below. 

8. Two sides of a triangle being 180 and 140 yards, and the included 
angle 64° 12^, show how to find the other angles, and determine the 
number of degrees, minutes, and seconds in each of them. 

9. A man in a balloon observes that two churches which he knows to 
be one mile apart subtend an angle of 11° 25' 20" when he is exactly over 
the middle point between them : find the height of the balloon. 
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10. Find an expression for R the radius of the circle described about 
a given triangle ; and show that — 

a cos -4 + 6 cos £ + c cos 0= 4iJ sin A sin £ sin 0. 

B(yfM of the follovjing logarithms will he required. 
Log 5-7 = -76587 L sin 63" 7' = 9-90301 

Log 7-6= -88081 diff. for 1' = 10 

Log 9-5 =-97772 L sin36'* 52' = 9-77812 

diff. fori' =17 
Lsin38" 18'=9-79224 Lcos4r 45'=9-87277 
Lsin27" 32' = 9-66489 diff. for l'=24 

Log 2 = -30103 L cos 10° = 9-99336 

Log3 = -47712 L cos 27" 53'=9-94640 

Log 6 = -69897 diflf. for 1' = 6 

Ltanir 16'=9-29932 
L cot 20° = 10-43893 diflf. for 1' = 66 

L cot32° 6'= 10-20253 L tan 19° 43'=9-66434 

diflf. for l'=40 
L cos 18° 26' = 9-97713 diflf. for l'=6 
Ltan 5° 42' = 8-99919 diflf. for r=127. 

LVI. 

1. Define the tangent of an angle. Prove that tan (180° + A) cot A = 1. 
Show whether there are any angles for which the tangent is equal to the 
cosine or secant or cosecant, respectively. 

2. Prove that sin (-4 + B)=sinui cos£ + cos^ sinJB. Deduce from 
this the corresponding expression for cos (^ + JB) ; and find a value for 
cos 75°. 

3. Prove the following formulsB : — 

,. V . „. 2 tan -4 

(l.) Sm2^ = r— -7- jro- 

^ ' l + (tan^)2 

(cos— g— ) -(cos^— ] 
(n.) tan^ tan^= V /', ^ ^2 / . 
^cos-2-j-(sm-^j 

Show that this is true when ^ = 120°, jB=60°. 
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4. Find an expression for sin A in terms of sin ^A, Show by a 
diagram (or otherwise) which are the four angles to which the four values 
of this expression severally belong when 2-4=46". 

5. Find the circular measure of 30"" ; and the minutes and seconds in 
the angle which a distance of 50 miles on the earth's surface subtends at 
the centre, taking the earth's radius at 4000 miles. 

6. In any plane triangle prove — 

.. . sin^ _ a 
^^ BinB" h' 

(ii) = 6 cos 0-c cos -B. 

7. Given the base of an isosceles triangle, and the perpendicular from 
the vertex on the base ; show how to solve the triangle. 

Ex. The base of an isosceles triangle and the perpendicular upon it 
from the vertex are each 352*72 yards, find the sides and angles. 

8. Find an expression for the area of a triangle in terms of the sides. 
Deduce the area of a regular hexagon with a perimeter of 30 feet. 

9. The logarithms of trigonometrical ratios as given in the ordinary 
tables are not precisely the logarithms of the numerical values of those 
ratios : how do they di£fer from them, and what is the reason for so 
tabulating them ? For which of the ratios is the difference for successive 
angles subtractive f 

Given log a and log 5, and tan ^=a + 5, to find L tan 6 ; show that the 
process may be shortened by the use of a subsidiary angle, 
log 2 =-3010300 

log 3-5273 = -6474424 
log 3-9436 =-5958929, diff. 110 
L tan 26" 33' 50^= 9*6989480, diff. for 10^ 526 
L tan 63" 26' =10-3009994 „ „ 

L cos 26" 34' =9-9515389 „ 105 

Lcos63"26'10''= 96504974 „ 421. 

S 
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LVII. 

1 . Trace the changes in sign and magnitude of the secant of an angle 
as the angle varies from 0° to 360". If you had to find sec 127° by the 
ordinary tables which give the secants of angles from 0° to 90** only, 
how would you do it ? 

2. Prove the formulae — 

,.. , . . 3tan^-tan5^ 
(iOtan3^= l-3tenM ' 

A—B 

(ii.) (cos^+cos-B)^ + (sin^ + sin5)2=4cos2— — . 

(iil) In any triangle tan -5- tan — + tan -5- tan -^ + tan -^ tan-^- = 1. 

♦ 3. Prove the formula 2sin^=± Vl+sin2J[± Vl- sin 2-4. Ex- 
plain the four values, and show how in any given case to choose the 
right one. 

4. Define the circular measure of an angle. If B is the circular measure 
of an angle, which is one-third of a right angle, compute the value of 

^. (Takel = -3183.) 

5. Two angles of a triangle are 15° and 45°, and the included side 20 

100 
feet ; show that the area of the triangle is 100 jk • 

6. Two sides of a triangle are 23031 and 7677 yards respectively, and 
the included angle 30° 10' 5" ; find the other angles. 

log 1-5364= -1862216 L tan 16° 6'= 9*4305727 

log3-0708=-4872616 diff. for 10", 838 

L cot 61° 40' 20"= 9-7316452 
diff. for 10", 604. 

7. When a triangle ABQ is solved from the given parts ^jB=100, 
£0=66, the angle £^O=30°, find the- difference of the two values 
obtained for the angle B : having given — 

log 1-12=-049218 L cos 26° 45' = 9-950838 

L cos 26° 46' = 9-960778. 
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8. Express the radius of the circle inscribed in a given triangle in 
terms of the sides of the triangle. If the sides of the triangle are 51, 68, 
and 85 feet, show that the shortest side is divided by the point of con- 
tact of the inscribed circle into two segments, one of which is double of 
the other. 

9. Find the area of a regular hexagon. Also if its alternate angles be 
joined so as to form another regular hexagon, and again the alternate 
angles of the latter hexagon be joined, and so on, show that the sum of 

the areas of all the figures so formed =-5-, where A is the area of the 
original hexagon. 

* 10. Show that in a table of cosines we may expect to find the 
" differences" least at the beginning, and increasing as the table proceeds. 
Also prove that the change of the tabular logarithmic sine of an angle is 
approximately proportional to the change of the angle. 

* 11. Write down the exponential values of sin 6 and cos ^, and apply 

them to show that cot-^=- 



2 1-cos^ 



LVIII. 

1. Define the sine of an angle, and state the convention by which its 
algebraic sign is determined. Find all the values of B less than two 
right angles which make sin 36 + cos 3$ = 0. 

2. In the ordinary tables the sines and cosines of angles are recorded 
up to 45° only : explain how those of angles up to 180° may thence be 
found. Show why an angle which is nearly a right angle cannot be 
found so accurately when its sine is given as when its cosine is given. 

3. Find by logarithms ^^^^ • Also find L sin 60\ 

4. Prove the following formulae — 

/ \ J. / A , ■D\ tan^+tanJB 
(a) tan(^ + £) = ^_^^^^ . 

^^'^^^-l+[tan(45''-^)P 

(y) siii3^=4sin4 cos(30' + A) cos (30°-^). 
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5. Define the circular measure of an angle. Apply it to find the 
distance at which a building 50 feet wide will subtend an angle of 3'. 

6. Prove that ^= ±30" satisfies the equation — 

tan (45" - ^) + cot (45° - ^) = 4. 

7. In a triangle, of which a, A^ and c are giyen, show that — 

acosO=± \/a2 - c^ (sin A)^ ; 

and that if tan ^=3 . 

^ c cos -4 

^^ ^ j±. \/sin(<^-^)sin(^ + ^) , 
sin ^ cos ^ * 

also that ^ will always be nearer to a right angle than A, 

8. A man observes the elevation of a mountain top to be 15", and after 
walking 3 miles directly towards it on level ground the elevation is 18"; 
find his distance from the mountain. 

9. Investigate the area of a triangle of which the sides are given. 
Find the area of a triangle of which the sides are 5, 7, and 8 chains 
respectively. 

10. In a right-angled triangle prove cot -5-= , if be the right 

angle. If the logarithms of a, 6, and c be given, show how that of 
cot-^ may be found by help of the tables without first finding h and c. 

Ex. log a= -7525750, log6=-30103, log c= 7781513. 



log 1-4109 =-1494962, diff. 308 Lsin3" = 8-7188002 

log 1-7109 =-2332246, diff. 254 L sin 15"= 9-4129962 

log 1-7320 =-2385479, diff. 251 L cos 15"= 9*9849438 

log 2 =-3010300 L sin 18"= 9*4899824 

log 3 =-4771213 L cos 18"= 9*9782063 

log 3-14159 = -4971495 L tan60"= 10-2385606 

log 5-7295 = -7581167 diff. 76 L cos 60"= 9-6989700 
log 6-2208 =-7938465 

Loot 35" 15' 50^=10-1505231 ; diff. for 10", 447. 
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ROYAL INDIAN ENGINEERING COLLEGE, 
COOPER'S HILL. 

ifihligaUmj,) 
LIX 

1. Explain the English and French methods of measuring angles, and 
show how, when the measure of an angle according to either method is 
known, its measure according to the other may be found. 

What would be the French measure of an angle containing 100 degrees ? 

2. Define the Umg&nX of an angle, and trace its changes in sign and 
magnitude as the angle increases from to 360°. 

Show that tan ^ = tan (180° + ^). 

3. Investigate a formula including all angles which have the same 
cosine. 

Find all the values of B which satisfy the equation — 
tan ^-2 sin ^=0. 

4. Prove that— 

sin (-4 +5)=sin^ cos^ + sinJ? cos^. 
cos (-4 + jB) = cos -4 cos jB - sin-4 sin B, 
Ux=c tan 0, show that — 

(x2 + c2)2 sin 4^ = 4<ja; (c2 - a^). 

6. Establish the formulae — 
(L) cotii-tan^ = 2cot2X 

(ii.) tan^ + 8ec^=cot f45-~j • 

(iiL) (tan ^ - tan B)^=aec^ A + sec* J? - 2 sec -4 sec J? cos (-4 - B), 

* 6. Show how to find cos A when cos 2A is known. 

Explain the ambiguity in the result, and show that it is just such as 
might have been expected to present itself. 
Find the cosine of 112° 30'. 
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^7. f ^ be the circular measure of an angle less than a right angle, 
show that sin 6 is less than ^, but greater than ^ - -j • 

Hence show how the sine of 10" may be calculated approximately. 

8. Prove that the sides of any plane triangle are proportional to the 
sines of the opposite angles. 

The side BG of the triangle ABC is bisected in D and produced to i?, 
show that the cotangents of the angles CAB^ BAG, AGE are in arith- 
metical progression. 

9. Show that in any plane triangle — 

(i.) ^,.0^ (« + & + cK« + 6-c) . 

(ii.)tanA(^-B)=|^Jcotf. 

The lengths of two sides of a triangle, including an angle of 60"*, are 
3 V3 + 2, and 3 V3 - 2 respectively ; find the other angles and the third 
side, having given — 

log 2 =-301030, log 3 = -47712 

L tan 33'' 41' = 9-82380 

L tan 33' 42' = 9-82407. 

10. Find the area of regular polygon of n sides, and show that the 
sum of the radii of its inscribed and circumscribed circles is -^ cot^r-, 
where a is the length of one of its sides. 

* 11. A man standing due south of a spire finds the angular elevation 

of its summit to be a. He then walks to a point a yards due west of 

Ms former position and finds the elevation to be B, Show that the 

1 . , . - ,, . . J . a sin a sin Q 

height of the spire m yards is , • 

^ f / Vsin(a-j3)sin(a + /3) 

12. If the triangle ABC be right-angled at 0, show that 

2 tan~^ J-— =cos~^ — 
o + c c 



Questions set in the higher vnathemcUical pcipers. 

1. If JB, r, Tij Tg, rj, are the radii of the circumscribed, inscribed, and 
escribed circles of a triangle, prove that ri + r2 + r8-r=4iJ. 
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2. Sum the series — 

♦(i.) sin ^ + sin 2d + sin 3d + . . . 
(ii.) sin B sec 3d + sin 3d sec 9d + sin 9d sec 27d + ... 
each to n terms : * and prove that — z „\ 

1. _...!_.. 1. •'•^(^-t) 



tand + -5- tan^dH-— tan5d+ . . . =^ log- 
3 ,5 2 ® 



A'*\) 



* 3. If n be a positive integer, expand (cos d)^"*"^ is a series of cosines 
of multiples of d. 
Express cos^ d sin'^ d in terms of cosines of multiples of d. 

LX. 

1. Define the circular measure of an angle, and show how to find the 
circular measure of an angle of n degrees. 

Find the number of degrees in the unit of circular measure to three 
places of decimals, assuming that the circumference of a circle bears to 
its diameter the ratio 22 : 7. 

2. Show that tan (90 + J) = -cot -4, and that tan (180V -4)= tan ^. 
Find tan 60°. * Deduce the values of cot 240° and tan 300°. 

3. Trace the changes of cos ^ + sec ^ as ^ changes from 45** to 135°. 

4. Find the value of tan {A + jB) in terms of tan A and tan £, and 
deduce the value of tan 3^ in terms of tan A, 

Show that tan 75° - tan 60° = 2 tan 45°. 

5. Establish the formulae — 

(i.) sec^ A - cos^ A = sin* A + tan* A. 
/.. V sin ^ + sin 2^ __ A_ 
cos -4. - cos ^A " 2 

(^^)^^'^^== cot.*T-tonM ' 

6. liA + B + 0=90°, show that— 

sin ^A + sin 2B + sin 2(7=4 cos A cos B cos C, 
♦ and if ^ + 5 + C= 180°, show that— 

sin 2A + sin 2B + sin 2(7= 4 sin il sin B sin (7. 

7. If a sin d + 6 sin (d + a)=c, and a cos d + 6 cos (d + a) = d, find an 
expression for cos a in terms of a, 6, c, d. 
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* 8. Obtain formulsa for the solution of a triangle when two sides and 
the angle opposite to one of them are given. 

Explain why two solutions sometimes occur. 

9. If a, 6, c be the sides of a triangle, A, B, C, the angles opposite to 
them respectively, show that — 

t^A^ / is-b)(s-c) 

2 V 8{8-a) 

, a+b+c 
where «= — ^ 

If 2? be the altitude of the triangle, and a the base, show that — 
p _sin^ sinC 
a~ sin A 

10. Find expressions for the radii of the circles inscribed in and 
circumscribed about a triangle. 

* The sides of a triangle are as 2 : 3 : 4 ; show that the radii of the 
escribed circles are as ^ : } : 1. 

11. On the same base, and on the same side of it, a series of isosceles 
triangles are described, their vertical angles being A, 2Ay 4A, etc.; show 
that the distances between their vertices are proportional to cosec^, 
cosec 2A, cosec 4Ay etc. 

12. The distance between two boats, each moored in the middle of a 
river, in a straight reach of uniform breadth, subtends an angle of 60° at 
the eye of an observer standing on the bank of the river opposite to one 
of the boats. He walks 100 yards away from the river, and the distance 
between the boats then subtends an angle of 30"*. Find the breadth of 
the river. 



1. Assuming De Moivre's Theorem to be true for positive integers, 
prove it to be so for negative and fractional indices. 

Find expressions for the three values of {1 - V- 1} 

2. Prove that— 

/; V sin a; x x x 

(1.; — — = C0S-5- COS-^ COS-5-. . . 

X 2 4 8 

*(ii.) log-^ = |-cosC+^cos2C+^cos3C+ . . . 
in a plane triangle, a being supposed greater than b. 
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LXI. 

1. Proye that the circumferences of circles yary as their radii. Explain 
the advantages of measuring angles by the English, French, and circular 
methods respectively. 

The angles of a triangle are in geometrical progression, and the number 
of grades in one is to the circular measure of another as 50 : n- ; find the 
two solutions. 

2. Find the other five trigonometrical ratios of an angle in terms of 
its cotangent. 

Prove that if two angles have the same sine, and also any of the other 
five trigonometrical ratios (with one exception) the same, they will differ 
by a multiple of Sn*. 

* 3. Show how to express a sin ^ + 6 cos ^ in the form c sin where c 
is a constant, and hence trace the changes in — 

sin d + a/S cos B 
as B varies from to 27r. 

4. Prove the formula for cos (A - B) taking a figure in which 

^=260^ 5=120'. 
If sin (-4 - J?) = sin -4 + sin jB, prove that either A or B ot A -B must 
be an exact number of right angles. 

5. Eliminate B and from — 

sin'-' ^ cos 7= cos a, sin^^ cosy^cos/S, and tand tana=tan^ taniS. 

♦ 6. I{A+B + C=irj prove that- 
tan ^+ tan B+ tan C= tan ^ taujBtanC, 

and that — 

A ^B ,C ,A ,B ^C 
cot-g+cot-s' + cot-o'^ T 2" ^*'2"* 

Express sin 3^ and cos 3 A in terms of sin A and cos A, 
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* 7. Show how to solve a triangle having given two sides and the 
included angle. 

Change the formula a* =62 + 0^- 26c cos -4 into one adapted for log- 
arithmic computation. 

8. Write down the formula for the sine and cosine of any angle of a 
triangle in terms of the sides. Find the area of a triangle in terms of 
two sides and the included angle. Hence deduce an expression for the 
area in terms of the sides only. 

9. The sides of a quadrilateral taken in order are 4, 5, 8, 9, and one 
diagonal is 9 ; find its angles and area. 

* 10. Find the distance between two inaccessible objects on a hori- 
zontal plane. 

Find by the measurement of straight lines only, the position of an 
inaccessible object on a horizontal plane. 

11. Prove that the sum of the radii of the escribed circles of a triangle 
is equal to the radius of the inscribed circle together with twice the 
diameter of the circumscribed circle. 

Construct geometrically, or solve trigonometrically, a triangle in which 
the base, the radius of the inscribed circle, and the radius of the circle 
escribed on the base, are given. 



1. Establish the exponential expressions for sin ^ and cos^. 

If C+iS*=e«'e ^ where i=^-l, find the rational values of Cand iS. 



2. Prove that— 



(i,^*..(.-5)(,-,^)(,-^).. 



« 7^ '•sS^I-'"-- 
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LXII. 

1. Point out any advantages in Trigonometry that result (1; from 
considering the magnitude of' an angle unlimited, (2) from considering 
that angles and lines may have negative as well as positive values. 
Define those of the elementary trigonometrical functions that may 
become infinite in value, and trace the signs and magnitudes of one of 
these as the angle varies from 0° to 360°. 

Prove cos -4 = cos (--4). Sin^= -sin(-^). 

2. Find tan BO'*, and prove that (sin 30°)*, (sin 45**)2, (sin 60°)^ are as the 
numbers 1, 2, 3. * Express the values of sin 660^ tan 660°, vers 660°. 
Trace the changes in the sign and value of (cos ^ - sin ^) as {A) varies 
from 0° to 360°. 

* 3. Prove, by means of a geometrical figure, cos 1A — (cos-i)^ - (sin A )2, 
without assuming the formula for cos {A + £), and deduce from the above 
value of cos ^A that of sin 2^. 

4. Find sin 18°, and thence determine sin 81° without reducing the 
surds that may be involved in the expression. 

If cos 2-4 = ^^^—z — , prove one value of A to be 18°. 

5. Prove — j 

cos -4 + tan — sin -4 a 

(L) 1 cotf • 

sin -4 - tan -^ cos A 

/••NX ^A 3 tan J[. (sec Af - 4 (tan A)^ 

(11.) tan 3^ = ^ ^ / — jr^ -* 

^ ^ 4-3 (sec Ay 

If cos -4 - sin A =—719 find tan A, and thence two values of A, 

V5 

6. If ^, jB, Care the angles of a plane triangle, a, 6, c the sides sub- 
tending them, and s half the perimeter. 

Prove — 

(ii.) c3= (a - 6)2 (cos y )' + (a + W (sin -J/ • 

* Show how to adapt (ii.) to logarithmic computation by introducing 
a subsidiary angle. 
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7. Find an equation that expresses the relation between the circular 
measure of an angle and the measure of the same angle in degrees. 

Find the circular measure of an angle of a regular quindecagon. If 
B is expressed in circular measure prove 

B 6 e e 9me 

cos^.cos^.cosgs-. . . cos 2^ = -^ 
when (n) is indefinitely increased. 

8. If {A) be the area of a triangle whose three sides are a, 6, c, prove 

that the radius of the circle circumscribed about the triangle is j-|- • 

In the ambiguous case for the solution of a triangle show that the 
radii of the circles circumscribing each of the triangles to which the data 
apply are equal to each other. 

9. The three sides of a triangle are 320, 440, 660 feet respectively ; 
find its greatest angle or its area. 

10. From the intersection of two straight paths which are inclined at 
an angle of 37"*, two pedestrians, A and jB, start at the same instant to 
walk along the paths, A at the rate of 5 miles an hour, and J? at a 
uniform rate also ; after 3 hours they are found to be 9\ miles apart ; 
show that there are two rates at which B may walk to fulfil the condi- 
tion, and find either of those rates. 

11. AB and DE are two chords of a circle at right angles to each 
other intersecting in C, ^0=40 feet, i>C=30 feet, and the radius of the 
circle is 100 feet. Find the sides of the quadrilateral ADBE^ and 
determine two of its opposite angles. 



^ 1. Prove De Molvre's Theorem for a positive integer, and hence 
prove that — 

cos — B + J-l sm — 6 
n ^ n 

is one of the values of (cos ^ + V - 1 sin ^; n . 
What are the other values ? 
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2. Prove that— 

cos d+ V- 1 sin ^=eV-i. 
Hence prove that — 

sm(^ + <^V-l)=sind. — 5—+ V-1 cos^. J ' 

* 3. Prove that— 

. . ^ tan'd. tailed ^ 
d=tan^ 5— + — etc. 

o O 

Prove that — 

(3»-3-*)-l(3'-3-Vi(3*-3-Vetc.=|. 



LXIII. 

1. Give the ratio definitions of the elementary trigonometrical func- 
tions, sine, cosine, tangent, secant. These functions have also been 
defined as straight lines ; give these definitions, and show from them 
that tan 90°, sec 90°, would each be infinite. Show that the two sys- 
tems are consistent. How would the tabulated logarithms, such as 
sin 25° =9* 6250483 be interpreted, in each system respectively ? 

2. Prove sin (90° + J[)=cos Jl, cos (90 + -!)= -sin -4. If one angle 
of a right-angled triangle is 30°, show that the side opposite to it is half 
the hypothenuse, hence find sin 60° ; write down, with their proper signs, 
the values of sin 570°, tan 630°. What are the three least angles to 

satisfy the equation cos d= - -5- ? 

3. Prove sin (Jl - 5)=sin ^ cos jB - cos -1 sin £, drawing the figure 
for A less than 90° and B less than A, Verify the equation when 
^ = 60° and 5=30°. If in the above expression for sin {A -B\A- 90° 
be substituted for A and 90° - J? be substituted for £, what does the 
equation become ? 

4. Prove (1) tan (45° + ^) + tan (45°-^) = 2 sec 2^. 

* (2) sm-Tr+sm-Tr- + 8m -^ = l+4sm — - — sm — - — sm — ~ 
2 2 2 4 4 4 

if ^ + B+ 0=180°. 
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6. Given sin 54°= -^--; — find sin 27° in a surd form. 
4 

Proye|-=4tan-ii-tan->2i^. 

What particular use has been made of this value of -j ? 

6. Show that the angle subtended by an arc equal in length to the 
radius is invariable for every circle. Calculate the value of this angle 

in degrees. Express 22° 30' in circular measure. Show that —^ = 1, 

as ^ is indefinitely diminished and expressed in circular measure. Is 
this true if the angle be expressed in degrees ? 

7. In any plane triangle of which a, 6, c are the sides subtending the 
angles A^ B, Q respectively, 

Prove — 

cosec A h 



(1) 



cosec B a 



(2) tan -^=j^ cot-; 

A^B (a + 6)sin^ a-h 
(3)cos-^ 2V^ >^«>«^ T* 



8. Given the three sides of a tijangle, find the radius of the escribed 
circle which touches one of those sides and the other two sides produced. 

If the area of a triangle be 96 square feet, and the radii of the three 
escribed circles be respectively 8, 12, 24 feet, find the sides of the 
triangle. 

9. In any triangle, when the perpendicular upon the base from the 
opposite angle falls within the base, prove that the difference of the 
segments of the base is to the difference of the other two sides of the 
triangle as the sum of those sides is to the base. 

By means of this property find the least angle of the triangle whose 
sides are 50, 60, 88 feet. 
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10. If the solution of a triangle were required from the following data 
respectively — 

(1) ^=43° 15', J[jB=36-5 feet, 50=20 feet, 

(2) ^ = 43" 15', ^lf=36-5 feet, 50=30 feet, 

(3) -4=43** 15', ^5 = 36-5 feet, 50=45 feet, 

point out which solution would be impossible, and which would be 
ambiguous ; find the third side for the triangle, the solution of which is 
neither impossible nor ambiguous. 

11. Two observers at stations on the sea-shore are half a mile apart. 
A perpendicular from a rock at sea falls on the base line between the 
stations, and the horizontal angles which the rock makes with the base 
at its extremities are observed to be 65° 20', 70° 30' respectively ; find 
the least distance of the rock from the base. 

12. A chord OB is drawn through a point in the circumference of 
a circle whose radius is 10 feet, making an angle of 36° with the tangent 
to the circle at the point 0; show that OB is the side of a regular 
pentagon inscribed in the circle, and find its length and the area of the 
pentagon. 



1. Prove— 

(cosai± V- 1 sina^) (cosogi V - 1 sinag) (cosa3± V- 1 sinag), etc. 
to n factors 

= cos (oj + a2 + <*3 + 6*c.) ± V-1 sin (oj + dg + <*3 + ©tc), 
and hence deduce De Moivre's Theorem when the index is a whole 
number. 

2. Assuming the expansion of (cos Jl + V - 1 sin Af^ obtain from the 
result the known trigonometrical formulsa for cos ZA and sin ZA in terms 
of cos A and sin A respectively. 

3. Obtain the following series — 

and write down the corresponding series for sin a. In what measure is 
the angle a here expressed ? Show that the series for cos a is convergent. 
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LXIV. 

1. Define the principal trigonometrical ratios, and find a formula for 
all the angles having the same sine. Find all the positive solutions less 
than Sn- of the equation sin 3d = cos 2d. 

2. Prove by independent geometrical construction in each case — 

(L) cos(-4+jK)=cos-4 coSjB-sin-4 sin J?, 

*(ii.) cos^ + cosJ?=2cos^^4^ cos^^V^; 
and find sec 15° and cos 36°. 

3. Given that two sides and the included angle of a triangle are 7, 3, 

and 70° respectively, find the logarithm of the third side, having given 

that— 

L cot 35°= 10154773 L tan 29° 44' 15''=9-756833 

L sin 35°= 9*758591 L cos 29° 44' 15^=9-938673 

log 2= -3010300. 

* 4. The sides of a triangle are as 4 : 5 : 6 ; find the angle opposite to 
the side 5. Given that 

L cos 27° 53'=9-9464040 L cos 27° 54'=9-9463371 log 2 = -3010300. 
6. In the triangle ABO^ given Jl =41°, a=141, 5=172*5. Find B 

and C Given 

L sin 41°=9'816943 L sin 53° 22'=9-904429 

log 172-5 = 2-236789 L sin 53° 23'=9-904523 

log 141 =2-149219. 

6. Find the radius of the circle touching one side of a triangle and the 
two other sides produced. Find also the length of the chord joining 
the points of contact. 

7. Prove De Moivre^s Theorem for all forms of the index, and prove 
that the expression Va + 6^-1+ "^^ — htJ-\ has n real values. 

Example: Vl+V--3+ Vl-V-3. 

* 8. Find exponential values for cos B and sin B ; and prove that the 

coefficient of &^ in e^ cos d is t — cos — • 

|2n 2 

* 9. Express sin" d in terms of sines of multiples of d, where n is of 
the form 4w - !• 
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LXV. 

1. Define the sine, tangent, and versed sine of an angle. For what 
values of A will sin A be less than versin A ? 

Prove that for all values of A^ cot A + tan A = cosec A seoA. 

2. Prove the following formulffl : — 

(L) sin(J[ + 5)=sin-4 cos£ + coe^ sin J?. 
* (ii) 2 cosec 4-4 + 2 cot 4J. = cot J. - tan A. 

(iiL) cos IS'* cos64'=-!^. 
The value of sin 18** in (iii.) not being assumed. 

3. If a, b, and c be the sides of the triangle ABC^ prove that 

a^=:b^ + c^-2hccoBA, 

Given 6^=2, c=:3, and ^=cob~^ -^ ; find a, cob^i and cos (7. 

o 

4. In the triangle ^5C, given ^=42% 6=1706, a=140J ; find B 
and a 

Given L sin 42' = 9-8265109 L sin 54° 34'=9-9110460 

log 1706=3-2319790 L sin 64'* 35' =9-91 11369. 

log 1401=3-1464381 

5. Given that the quadrilateral, whose sides are a, h, e, and d, can be 
inscribed in a circle, find its area. 

Prove that the radius of the circumscribing circle is equal to 



y 



(ab + cd) (ac + bd) (ad + bc) 
4 area 



* 6. Prove De Moivre's Theorem for all forms of the index. 

7. Write down the expansions of sin ^ and cos ^ in powers of d, and 
deduce the exponential expressions of sin and cos B, 

* Find X and y from the equation — 

x + y^-l=^log(A+B^-l) 

* 8. Express o^- 1 in quadratic factors, n being an even integer. 

T 
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LXVI. 

1. Define the tangent of an angle, and trace the yariations in its sign 
and magnitude as the angle increases from zero to four right angles. 
Trace the changes in sign of the expression tan ZB . tan 4d, as 6 changes 
from to TT. 

* 2. Prove by means of geometrical figures the formulsa — 

(i.) cos (-4 - jB) = cos A cos 5 + sin A sin B. 

(u.)tan(^+£)=-*5£At^. 
1 - tan A tan B 

* 3. Find an expression for all the angles which have a given tangent. 

Having given tan -4, find tan — , and explain, by means of a figure, 

why two values are obtained. 

Prove that tan 37° 3(y= V6 + V3 - V2 - 2. 

4. Find expressions, in terms of the sides of a triangle, for the radii, 
r and J2, of the inscribed and circumscribed circles. Prove that the area 
of the triangle is equal to JRr (sin -4 + sin 5 + sin 0). Prove also that the 
distance between the centres of the inscribed and circumscribed circles 
is >JK^-2Br. 

5. Having given two sides and the included angle of a triangle, show 
how to find the remaining parts by help of a table of logarithms. 

At the top of a tower, of height h, the angles of depression of two 
objects -4, B, on the horizontal plane on which the tower stands, are 

— - a and — + o respectively, and the angle subtended by the objects is 2a; 
4 4 

prove that AB=:2h tan 2a, and that the angles C-4J5, CBA are — - a and 
37r 

* 6. Sum the series, each to n terms — 

(i.) cos a + cos 2a + cos 3o + 

(ii.) tana + 2 tan2a + 22tan22a+ 

* 7. Enunciate and prove De Moivre's Theorem. 

Find all the roots of the equation sc^" - 2a?* cos »d + 1 =0. 

* 8. If n be an even integer, investigate an expression for sin" ^ in a 
series of cosines of multiples of B, 
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LXVII. 

1. Express in degrees the measure of an angle that is subtended by 
the arc of a circle equal in length to the radius. Show by what steps 

we obtain —-t- as the measure of an angle. What unit is referred to in 

this measurement % For what measure of an angle and under what con- 
dition may we assume sin d^d ? Find sin 1'; with what characteristic 
would its logarithm be registered in the tables ? 

2. Show that the numerical magnitude of the sine of an angle is 
limited and the tangent unlimited, whether positive or negative. Show 
that the tangent and cotangent of a given angle have always the same 
sign. 

* Given the equations — 

, A A I 

sin — + cos — = VI + sin J. 

. A A ,, ^-^ 

sm -5- - cos -^ = V 1 - sm ^ 

A A 

express the values of sin — and cos -^ with proper signs to the quanti- 
ties under the radicals, when A lies between 270° and 360°. 

3. Prove the following formulae :— 

sin ^ 4- sin ^ 2 

(^•^ sin^-sinjB""' T^* 
tan-g- 

(ii.) cos 3-4=4 (cos AY - 3 (cos A), 
From (ii.) deduce the value of sin 3 Jl in terms of sin A^ and thence the 
value of tan 3-4 in terms of tan -4. 

4. If .4, ^, be the angles of a plane triangle, and a, &, c the sides 
subtending them respectively, prove — 

ABC 

* (i.) sin -4 + sin 5 + sin G= 4 cos — cos -^ cos -^ . 

^ ^ 2 



V ^ ^«^2""V (a + ^ + c) (6 + c-a)' 



* (iii.) (a + &)cos 0+ (& + c) cos ^ + (c + a) cos J5= a + 6 + c. 
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5. Find the area of a regular polygon of n sides inscribed in a circle, 
and show, by increasing the number of sides of the polygon without limit, 
how the expression for the area of the circle may be obtained. 

6. In a triangle ABO^ given ^0=150 feet, 50=200 feet, -45=250 
feet ; find all the angles of the triangle. 

7. Two straight railroads are inclined to each other at an angle of 
22"* 15^ At the same instant two locomotives A and B start from a 
station at the point of their intersection, A travelling at the rate of 20 
miles an hour along one road, and B travelling uniformly on the other ; 
after three hours A and B are found to be 25 miles apart ; show that 
there are two rates at which B may travel to fulfil this condition, and 
find those rates. 



LXVIII. 

1. Define the circular measure of an angle, and point out what is the 
unit in this measure. Find the circular measure of 80°, and the degrees 
in the angle of which the circular measure is 4 

* 2. Define the sine, cosine, and tangent of an angle of any magnitude ; 
and prove that sin^=sin (2» 180° + ^)=sin {(2n+ 1) 180**-^ }, n 
being integral. Find all the positive values of A less than two right 
angles which satisfy the equation sin 5^ = sin 11^. 



3. Prove the following — 

(„) ^A^J"^^ 



■ cos liA 



03) oo8^cos5=cos«:^^-8m»^^. 
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4. Investigate the numerical values of sin 15° and sin 18**. Compare 
the area of the regular pentagon and the regular decagon inscribed .in the 
same circle. 

'^5. If a triangle is to be solved from given parts J., a, &, show that 
the solution is sometimes ambiguous ; and that in such a case the differ- 
ence of the two values of is 2 cos"" ^ -^^5 — 

a 

6. Express the radii of the four circles which touch the sides of a 
given triangle in terms of its sides. If the sides of the inscribed triangle 
are 51, 68, and 85 feet, show that the shortest side is divided by the 
point of contact of the inscribed circle into two segments one of which is 
double of the other. 

7. In a plane triangle, having given two sides and the included angle, 
obtain the formulae for solving the triangle. 

Example— a=205, 6=196, C=4', 

logio2 = -30103 Loot 2° =11-4569162 

L cot 54° 20' = 9-8549376 L cot 54° 21' = 9-8546708. 

Find the remaining angles ; and explain why in general, when a=& nearly, 

the usual solution is not trustworthy, and why it may be employed in the 

case proposed. 

^ 8. What is meant by the base of a system of logarithms ? If a, 6, c 
be any three numbers, then loga h . log« a = logo 6. 

* 9. Assuming the expansion of log (1 + £c) in a series of ascending 
powers of x, show how to express the logarithm of a number in terms of 
the logarithm of the next inferior number, and of a rapidly converging 
series. Explain fully the use of this formula. 

10. Investigate and explain the exponential values of the sine and 
cosine of an angle. Apply them to find the sum of n terms of the series, 

cos* a + cos* (a + i3) + cos* (a + 2i3) + etc. 
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ROYAL MILITARY ACADEMY, WOOLWICH, 
ENTRANCE EXAMINATION. 

(Qiw«tio7w indvded in the Higher Papers.) 

LXIX. 

* 1. Find all the values of which satisfy the equation — 
sin^ nd - sin (w- 1) 6=&m^ 6, 

2. Two similar and similarly situated triangles are such that the same 
circle can be described in the one and about the other ; compare their 
areas, and prove that, if A^=^A^ the triangles must be equilateral 

3. Assuming De Moivre^s Theorem, express sin a and cos a in ascend- 
ing powers of a. 

Sum the series cos a + -g- cos 2a + -^ cos 3a + etc. 

4. Find x from the equation — 

3 tan-i(x + 1)=2 tan"i(x- 1) + tan-i^ . 

5. If eV-i is a root of the equation 7^-pa^ + qx-r=0y prove that 
sin3^-^sin2^ + 2sin^=0. 



LXX. 

1. Prove that tan 3^ = tan ^y-^) tan^ tan^-|- + ^y 

2. The circumference of a semicircle is divided into two arcs such that 
the chord of one is double that of the other. Show that the sum of the 
areas of the two segments cut off by these chords : the area of the semi- 

(22 \ 
7r=y ) 
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m 

* 3. Prove that the expression (cos^+ V- 1 sin d)**, where m and n 
are positive integers, has n different valaes and no more. 
Express in the form avfiij-l each of the roots of the equation 

JB*+1=0. 

4. Find the sum of n terms of the series — 

TT . Stt . . 57r . 
sm^ — -rr-sins — -rr + sm^ — pr-etc. . . . 

and expand log (sec ^) in a series of powers of tan B, 

LXX* 

1. Solve the equation — 

l'00s2d=2 (cosa cosd-cos2a). 

2. Prove that— 

(l-^«|)(l-tan^|)(l-tan.$) • • • to»=^. 

3. Show that the perimeter of a triangle : perimeter of the inscribed 

circle : : area of the triangle : area of the circle 

.. .^ ^B ^C 
:: cot— cot-Q- cot-g- : tt. 

4. Investigate the expression for cos n^ in a series of descending 
powers of cos 6, when n is a positive integer. 

LXXI. 

* 1. If ^ be the circular measure of a positive angle less than a right 
angle, i>rove that sin^ is > ^--j ; and that cosd is < 1 """S' + TS' 

Given — ^^TqTIj prov© that the value of ^ ia 4* 24' nearly. 

* 2. Expand em^^B in terms of cosines of multiples of 6 ; and prove 

thatlog, j V2cos-2j=Y ^^^''^""T^^^^'^e" ^^^^""^^ * • * 
3. Expand 6 in terms of tan ^ ; and prove that — 

-;-=4 tan~^-=- - tan"^ =T + tan"^ rTT • 
4 6 70 99 
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LXXII. 

1. Find the limit of the fraction — =— , when 6 is indefinitely diminished. 

Also if sin (^ =2 sin (^ - (^), find the limiting value of ^^ when B and ^ 

smcp 

approach to ir. 

^ 2. Assuming the truth of De Moivre's Theorem, express the cosine 
of an angle in a series of powers of its circular measure. 
Show that the series is conyergent. 

3. The circumference of a semicircle of radius a is divided into n 
equal arcs. Show that the sum of the distances of the several points of 
section from either extremity of the diameter of the semicircle is equal to 

LXXIII. 

* 1. Prove De Moivre's Theorem for positive integers. Find by means 
ofit the values of (-l+V-3)6 + (-l- V-3)5 

2. Prove that —^ = cos -5- cos ^ cos -53 . . . to mfinity. 

*3. Show that ^=tan^--^ tan8^ + 4- tan*^- . . . 
3 5 



LXXIV. 
* 1. If «=cot"* (cos a) - tan"^ (cos a) , prove that — 



-(-f)* 



sinu 



a2 a* 
* 2. Prove that cos a = 1 - .-^ + r-r- - etc. 

Ifcos(a + /3V-l)=a + &V-l 

sin(a + /3V-l)=c + (2V-l» findaand/3. 



IXXV.] WOOLWICH, 297. 

* 3. If a, 6, c be the sides of a triangle, and G the circular measure of 
the angle opposite to c, prove that — 

IOgc=loga cosC-g-i COS2C-5-3 cos3C-etc. 

4. Sum to n terms — 

(I) sin ^ sin 3^ + sin 2^ sin 6^ + sin 4^ sin 12^ + etc. . . . 
(ii.) cos3a + cos'(a + ^) + cos'(a + 2/3)+etc . . . 



LXXV. 

1. K ^1, jBi, Ci be the angles of the triangle formed by the centres of 
the escribed circles of the triangle ABC, prove that 2Ai, 2jBi, 2(7i are the 
supplements respectively of A, B^ and (7. If the triangle -42^2^2 ^^ 
similarly formed from ^i^iCi, A^B^C^ from ^2^2^21 ^^^ ^^ ^^9 ^^ 
A^ B^ and C^ and prove that, as n increases indefinitely, the triangle 
A^B^C^ ultimately becomes equilateral. 

2. Through the angular point C of a triangle ABC a straight line CPQ 
is drawn, on which are let fall the perpendiculars AP, BQ; prove that 
PQ=AP cot B<y>BQ cot A. 

3. Prove that 2 tan" ^ [tan ^ tan ^l =cos-i f,???^!^?^] • 

L 2 2 J Ll + cosa cosarJ 

* 4. Prove De Moivre's Theorem for a positive integral index, and for 
a negative integral index. 

If sin(a + /3 V-l)=a; + y V~l) prove that a^cosec^a-y'* sec2a=l. 

5. Find the sum of the series — 
*(i.) sin a + sin 2a + sin 3a + . . . ton terms. 

(ii.) sina + n sin2a + ^\~ ^ sin3a + ^ lo sin4a + . . .to infinity. 

Ii. Iji 
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LXXVI. 

1. If the radios of the circumscribed circle of a triangle be equal to 
the diameter of the inscribed circle, show that the triangle is equilateraL 

2. A circle is described touching the side BG of a triangle ABQy and 
the other two sides AB and AG^ produced. Show that the same circle 
will be the inscribed circle of a triangle ABIC similar to ABG^ formed 
by producing the sides AB and AG^ and that the sides of the triangle 
iiJB'CT wiU be— 

J?L, A, -?^ respectively, where «=^^±|±^. 
«-a' «-6' «-c ^ ^^ 2 

3. In a triangle the least angle is 45°, and the tangents of the angles 
are in A. P. If the area be 3 square yards, find the lengths of the sides 
in feet, and express the other angles in the form tan'^x. 

* 4. Assuming De Moivre*s Theorem, prove that — 

a* a* a' 

•^^-'^-jT+jT-jT + • • • 

'^ 5. Find an expression for tan'^x in a series of ascending powers of 
X ; and hence show how to approximate to a value of v. 

LXXVII. 
1. Having given logio2=*301030, and logio 7 = -845098, find logiol4, 

logio 98, and logiooo/y/g|s • 

* 2. Prove that cos 30° + cos 60° + cos 120° + cos 270° = -i- ; and that— 

sin 3^ + 2 sin 56 + sin 7^ _ sin 5^ 
sin5^ + 2sin7^ + sin9^"'sin7^* 
3. If ^ +5 + 0=90°, prove that- 
tan J? tan 0+ tan tan ^+ tan ^ tanB=l. 
Hence show that — 

2[tan2^ + tan25 + tan2C]-2=[tanB-tanC]2 + [tanO-tan^]« 
+ [tan^-tan-BP, 
and that the expression tan^ A + tan^ B + tan^ G is never less than unity. 
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4. Explain the method of computing the value of 7r=3*1415926 . . . 
and calculate e=2-7l82818. . . . 

5. Prove the following trigonometrical formulae— 

(i.) cosna=cos**a- ^y ~ ' cos^'^a sin^a 

n(n-\)(n- 2) (n - 3) ^^„n-4 «;«4 

H i iAj Li < COS** * a Sin* a - • • • 

4 



. n + 1 . na 
sin —77- a sm -TT 



* (iL) sina + sin2a+ . . . +sinna=- 



LXXVIII. 



a 

sm^ 



1. Find the general formula for all angles possessing the same sine as 
a given angle. Solve the equation 2 sin a sin 3a=sin^ 2a. 

2. Establish the following — 

^ .. . 1 + cot 60° ^ ( 1 + cos 30° ) \ 
^^'^ 1- cot 60° (1- cos 30°) 

(u.)sm ^{--g^ I =2-cos »-^; 

A 

and that in any plane triangle loga = log (6 - c) + L cos — — L cos ^, where 

2 



^=tan-ij^Jtan^} 



3. If be the centre, and B the radius of the circle circumscribing a 
triangle ; J the centre, and r the radius of an escribed circle ; show that — 
012=122 + 2i2r. 

If D, ^ be the points in the base BC of the triangle ABC, where the 
inscribed and escribed circles respectively touch it, prove that — 

BE=CD=8-c, BD=-GE^s-h, where «=-|- (a + 6 + c). 

Hence prove that rTi—{8- h) (« - c), where r, r^ are the radii of the two 
circles. 
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"^ 4. Assuming De Moivre's Theorem for the case of a positive integral 
exponent, prove that it holds also for negative and fractional exponents. 
Show that — 

1 — »2 "•" "4 ~ • • • 

when 8^ denotes the sum of the products of tan a, tan fi, etc. r at a time. 

* 6. Resolve x** - 2a;* cos ^ + 1 into quadratic factors, and show that — 

sin.=.(l-5)(l-£).... 

LXXIX 

1. Prove that— 

(i.) sec»'^ + sec«'^=sec«^sec«^. 
\ / 4 4 4 4 

(ii.) sec A + sec (120° + ^) + sec (120° - ^) + 3 sec 3 ^ =0. 

2. If be the centre of the inscribed circle of a triangle ABC, prove 
that a . AO^-^b . BO* + e . CO'^dbe. 

* 3. Prove that cob$ + mJ-1 sinB— e V-i. Hence prove that — 

e« (cos^ + V-1 8ind)=e'^' (^'^•^^-''^^)- 

* 4. Find cos*^ B in cosines of descending multiples of 6. 
Prove that co8«^+sin«^=-|- (6 + 3 cos 4^). 

6. Find the sum of n terms of each of the series — 
*(i.) cos^ + cos3^ + cos5^+ . . . 
(ii.) cos ^ cos 2^ + cos 2$ cos 3^ + cos 3^ cos 4^ + . . . 

6. Find cos 3a in terms of cos a. Prove that 2 fj2 cos a is one of the 
roots of the equation x'- 6aj - 4 V2 cos 3a=0. 

1. Prove that the circumferences of circles vary as their radiL For 
what purpose does Trigonometiy avail itself of this property of circles ? 

'^2. If a, 6, c, the sides of a triangle, be in arithmetical progression, 

A C B 

prove that 2 sin— sin -2-=sin — , ^, 5, C being the angles subtended 

by a, 6, c respectively. 
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3. Given cos(a-^) cos a=a sin /3 cos /3, sin (a - /3) cosa=-^ cos*^, 

., ^ 2sin^ 

prove that a = ^ — . . ^^ • 
^ l+3sin23 

4. Solve the equation — 

S^ + S""** 126-008; given, if required, log2=-301030. 

* 6. Show that— 

cos — + V - 1 sin — is one of the values of (cos ^ + V - 1 sin ^)* where 

n= ^ • Hence find the values of ( - 1) • 

* 6. Find the sum of the series — 

8ina + sin2a + sin3a+ . . . to n terms. 



LXXXI. 

1. If tan ^ + tan 2^ + tan 3^=0, find ^. 

* 2. Show that sin 9"* lies between *156 and *167. 

3. Eliminate a and /3 from the equations — 

X = (a sin* a + 6 cos* a) cos* /3 + e sin* /3. 

y=a cos*a + 6 sin* a. 

a SB (6 - a) sin a cos a cos /3. 

4. The centres of the escribed circles of a given triangle are joined ; 
find the area of the triangle thus formed in terms of the sides of the 
given triangle. 

5. Prove that the area of a circle is given by the expression irr*, where 
r is the radius of the circle and n- is twice the circular measure of a right 
angle. 

* 6. Assuming that (cos^ + V~l sin^=cos|?^+ V-1 suii>^> when 
l> is a positive integer, prove that the same formula holds when ;p is 
negative, and also when p is fractional 

In the case where j?= — , show how to get the rest of the nth roots of 
cos^+ V~l sin^. 
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LXXXII. 

* 1. What are the logarithms to base 3 of 81, ^, and V729? How 
many positive integers are there whose logarithms to base 3 have 2 for a 
characteristic ? 

2. Three equal circles touch each other. Find the radius of the circle 
circumscribing the three circles. 

3. AD^ BE, CF are the perpendiculars from the angular points of a 
triangle ABC upon the opposite sides ; prove that the sides of the triangle 
DBF are respectively equal to a cos ^, 6 cos jB, c cos C 

4. A man stands on the top of a wall of height h, and observes the 
angular elevation a of the top of a telegraph post ; he then descends from 
the wall, and finds that the angular elevation is now fi ; prove that the 

height of the post exceeds the height of the man by h ^^ *;^ ° . 

sm (p — a) 

* 5. Solve the equation sin 5x cos 3a; = sin 9(r cos 7a; ; and reduce 

cos(^ + <^V-l) totheforma + ^V-1- 

* 6. Prove that ^ (cos' a + sin' a) = cos 8o + 28 cos 4a + 35, and find the 

values of 6 between and -^ which satisfy the equation — 

sin2^ + cos2 2^=4- 
4 

7. Two towers, whose heights respectively are 180 and 80 feet, stand 
on a horizontal plane ; from the foot of each column the angle of eleva- 
tion of the other is taken, and one angle is found to be double the other ; 
prove that the horizontal distance between the towers is 240 feet, and 

Q 

show that the sine of the greater angle of elevation is -^ . 

5 

8. If r be the radius of a circle and tn^ its area, what ratio does the 

TT 1 1 

constant tt express ? Prove -r = 4 tan " ^ -^ - tan " ^ ^^ ; point out, with- 

out performing the calculation, how the numerical value of n- ntay be 
thus determined. 

* 9. If 2 cos ^=x + — , prove 2 cos mS=x^ + -r: • 

a;' *^ a^ 

Prove also, if m be a whole number, 

2«"Vcos^)'*=cosm^ + m cos (m-2) ^ + ??L^??i:il) cos(m-4) ^ + etc 
Write down the last terms of this series when m is odd. 



and log] 



,1000- 
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LXXXIII. 

1. If sin a = tan /3, prove that — 

sin (a - P) cos /3 = sin 2/3 sin^ -^ . 

2. Having given logio 2 = '301030 and logio 7 ='845098, find logio98 
343 

8 

3. If the distance between two stations G and D on a horizontal plane 
subtend equal angles (a) at two other stations A and B on the plane, and 
if s be the sum of the angles ABDy BAG, prove that — 

Sin (s - a) 

4. Find the relation between the sides of a triangle ABC, when — 

(i.) sin5sinO=cos2_. 

(il) sm B sin 0= — 5— • 

5. If 8 be the sum of the sides of a triangle, a and A any side and the 

opposite angle, the area of the triangle is « (« - a) tan -g- • 

If a regular octagon be described about a circle, and a similar octagon 
be inscribed in the circle, the area of the described figure is to that of 
the inscribed figure as 2^2 (\/2 - 1) : 1. 

6. Show that tan-ia;=a;-y+-j--etc. 

The quantity sin" ^ a; + cos"' x is independent of x. 

7. Sum to 2n terms the series — 

cos a + cos (a + 2/3) + cos (a + 4j3) + . . . 

8. Two poles, a and 6 feet long respectively, are placed vertically on 
a horizontal plane so as to subtend the angle a at a point in the line 
joining their feet. If /3, /3', be the angles which they subtend at any 
point in the horizontal plane at which the line joining their feet subtends 
a right angle, then 

(a + 6)2 cot2a=a2 cot^/S + t^ cot^/S'. 
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LXXXIV. 

1 . Given logg 9 = a and log, 5 » 6, 

Find log 2 and log 3 to base 10 in terms of a and 6. 

« Ti.x A sinacosP . , . . B (l-sin/3) (1 -cosa) 

2. If tan^= . r, . ^, prove that tan -^ = ^^ ^. ' ^ 

sm/3 + cosa' ^ 2 sinacosp 

/IT a + /3 \ 



sin 



V4 2 / 



3. If 2«=a+6 + c, prove that (6-c) («-a)^=«*(6-c)-a(6*-c*); and 
prove that in any triangle ABQ whose sides are a, 6, c — 

(6-c) («-a)cos2Y + (c-a) («-6) cos'^ + («"&) («-c) cos«-^=0. 

4. If A be the area of a quadrilateral inscribed in a circle, show that 

2A 

the diagonals meet at the angle sin'^ — --r; where a, 6, c, d are the sides 

of the quadrilateral. 

If cirdes can be both inscribed in and described about the quadrilateral, 
show that the angle between the diagonals is cos"i — tt^' 

5. Prove from De Moivre's Theorem, or otherwise, that — 

, cosn^ ntan^^^tan^n^ n tan*^-tan*»^ . 
^ cos* B % 4 

*6. Show that tan (a + /3 + y+ . . .)=?LZi3 + Vi^vhere«r denotes 

the sum of the products of the tangents of the angles a, /3, y . . . taken 
r together. 

7. Sum the series — 

*(i.) sina-sin(a+/3) + 8in(a + 23)-etc. . . . 
(iL) sin a + sin 3 sin 2a + sin* /3 sin 3a + . . . 
each to n terms. 

* 8. Show how to resolve the expression a^-2«* oos^ + l into 
quadratic factors. 
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LXXXV. 

1. If 3 sin^ ii + 2 sin^ 5^ 1, and 3 sill 2^ - 2 sin 25=0, prove that— 

2. If i2 be the radius of the circumscribing circle, s the semi-perimeter, 
and 3 the area of the triangle whose sides are a, 6, c, prove that — 

1^ 1 ^ 1 1^4JZ 
s-a «-6 «-c « /S ' 



3. If a, 6, c, (2, be the sides of a quadrilateral inscribed in a circle, 
and if2«»*a + & + e4-(2, prove that the area of the quadrilateral is equal 
to V(« - <») (« - ^) (« - c) (« - d). 

4. Assuming De Moivre's Theorem for integral indices, prove it for 
fractional indices. 

By aid of this theorem find all the fifth roots of unity. 



"^ 5. If n be a positive integer, expand (coe ^ ^ "^ ^ in a series of cosines 
of multiples of d. 

* 6. Write down the exponential expression for cos 6. 

Prove 2co8 (ncos~ia;)=(a; + V-l Vl-a52)'» + (»- ^-1 Vl-x*)*. 

7. Find the sum of — 

(L) smO-?i^+?^3^- . . . tom&uty. 

u 
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LXXXVI. 

1. If a and ^ be two values of B satisfying the equation- 

cos & sin ^1 . V . 

irir + !:^=jL, prove that 
(hoc 

a cos -—^=6 sin— 2^= c cos— 5^- 

2. Equilateral triangles DBG and EBG are described upon opposite 
sides of BCy one of the sides of the triangle ABO, Prove that 

ajj^^-ai^^a:e^^-ac^^bc^, 

*Z, If in the triangle ABG the angle A be three times the angle B^ 
prove that sin J5= 1 /?^ . 

4 In any plane triangle of which ^, ^, C are the angles, and a, 6, c 
the sides subtending them, prove — 

(i.) c2=(a + 6)2 sin2 -^ + (a- 6)2 cos2 -2. 
2 2 

/::\ /r — . p . ^ 6^ sin (7+ c^ sin ^ 

Cu.; V6c sin 5 sin C= r- • 

o + c 

* 5. Prove that log (x + y V- 1)=4- ^^g (ic* + y^ + tan"* -2- V- L 

2 X 

6. If x+ — =2 cos^, andy + — =2 cos<^, prove— 

(i-) «'*+-==2cosm^. 
a?" 

(ii) a;"y* +-=-:= =2 cos (m^ + nd)). 

7. Investigate the expression — 

•^'=«(-5)('-A)('-i&)-. 

and hence prove — 

.=2 2i.^.6l.8i,^, 
1.3 3.5 5.7 7.9 

* 8. Find the sum of tiih&r of the two following series — 

(i.) sin5 + sin2^ + sin3^+ . . . +sinn^. 
(iL) cosd+cos2^ + cos3^+ . . . +cosn<9. 
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LXXXVII. 

1. Define a logarithm, and prove that loga & x log;, «= 1. Having given 
logio 2 = -30103 and logw 49 = 1-690196, find logw '0056 and logioo 1120. 

2. Through the centre 0, of the circumscribing circle of a triangle ABC^ 
A CD is drawn to meet BC in D ; prove that 

OD'.BD : CDiicosA : sin 2C : sin 2B. 

3. Enunciate and prove De Moivre's Theorem. Apply this theorem to 
find all the fifth roots of unity. 

* 4. Obtain the exponential values of sin ^ and cos 6, 
If tan 3=n tana, prove that 

1-n . « . l/l-n\2 



e = a-f-^ 8in2a + -^fl^) sin4a- 
l + n 2 \1 + n/ 



* 6. Prove that the infinite series 

cos^-^ cos2^ + -Y cos3^--j cos4^+ . . .=logr2cosYV 

Lxxxvni. 

1. Define a logarithm, and prove that loga N—-^ — 

Prove that if loga6=m and log6a=w, then \ J??^ I ^= — . 

( log^n ) n 

2. If tan^ 6 - sec' a= 1, prove that sec $ + tan^ 6 cosec ^ = (3 + tan'a)^ 

* 3. If the sides of a triangle be in A. P. the cotangents of its semi- 
angles will also be in A. P. 

4. A man walking towards a tower, on the edge of which a flagstaff is 
fixed, observes that when his distance from the tower is c feet, the flag- 
staff subtends the greatest angle at his eye, and he finds that this angle 
is a ; prove that the height of the flagstaff is 2c tan a. 

5. Find the expansion of log^ (1 + x) in ascending powers of x. 
Prove that the coefficient of a!" in the expansion of log {l+x + x^ is 

_ _=. or + — , according as n is or is not a multiple of 3. 
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6. Prove that cos a + V - 1 sin a = e»V-i ; hence prove that 
co8(^ + <JV- 1) =2^[(«*+H) - V- l(e»- r«)] 

* 7. If ^ be the ciicular measure of an angle, prove that 

^=tan^--5-tan3^ + -^ tan*^- .... and that 
3 

* 8. Find an expression for cos** B in terms of cosines of descending 
multiples or ^, when n is an even integer. 



LXXXIX. 

1. If a' can be expanded in an infinite series of the form 
l+ula; + £x^ . . . . ; find A, Dediwe the ex|»nsion of loge(l+^). 

♦Proyethatlog|=l-[j^3+2;|2s+ ••.] 

2. Prove De Moivre's Theorem for all forms of the index. 

* 3. Find the exponential expressions for sin 6 and cos d, and prove 

thatU/-l)^"^ = e"2. 

XC. 

1. Prove that cosx cos(«-ac) has its greatest valua when x^|. 
Hence prove that the product of the cosines of the three angles of a 

triangle cannot be greater than — - . 

8 

2. Prove that if sin a and sinjS be the two values of sind satisfying 
the equation a cos 2d + 5 sin 2d >«: c, then cos^ a - sin^ ffa: ^ 4^ * 

3. If B be the radius of the circle circumscribing the triangle ABC^ 

whose sides are a, 6, and c, prove that tan A =-^ . ^ J_ ^ . 

Hence show that if the squares of the sides be in arithmetical progres- 
sion, the tangents of the angles will be in harmonical progression. 
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INDIA CIVIL SERVICE. 

XCI. 



1. Prove — 
♦ (i.) tan ^°= ( V3 - V2)(V2 - 1). 

(ij) cos3j + 2cosM + co8^^^2^_^.^2^ ^ 
cosd + 2 co83^ + cos5^ 

2. If -4, 5, C be the aDgles of a plane triangle, find tan — in terms of 
the sides of the triangle. 

Hence prove that tan — tan^ + tan ^ tan-^ + ten ^ tan-^=l. 

3. If a, 6, c, ef, be the sides of a quadrilateral, and ^, ^, ^ be the 
angles respectively at which a and 6, a and c, 6 and c are inclined to each 
other, prove (£*= a^ + 52 + ^2 _ got ^j^g ^ _ g^ ^^jg <^ - 2&c cos i^. 

* 4. Two straight roads intersect at an angle of SO**; from the point of 
junction two pedestrians, A and £, start at the same time, A walking 
along one of the roads at the rate of 5 miles an hour, B walking uniformly 
along the other road. At the end of 3 hours A and £ are 9 miles apart. 
Show that there are two rates at which B may walk to fulfil the condi- 
tion, and determine the slower rate of the two. Given 

log 3= -4771213 L sin 56' 26' = 9-9207717 

log 2= -3010300 L sin 56° 27' =9-9208555 

L sin 26" 26' 33'' =9-6486522 log 80154 = -9039248. 



XCII. 

1. Define the circular measure of an angle, and find the circular 
measure of a right angle. 

Prove that the same angles will be indicated by each of the following 
formula : — 



n being integral 



(27i-l)^ + (-l)n|-aiid2nir±^, 
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2. Prove that— 

('•'*'(f*T)-»'(l-4H'^»- 

•«='"-('"I'"(t-4))='"-(Sts£)- 

And if A and B be two acute angles, such that 
3sin2^ + 2sm2^=l 
3 sin 2^ -2 sin 25=0 
prove that ^ + 25=90". 



3. If 12 be the radius of the circle circumscribing the triangle ABG^ 
prove that — 

* = ^ - ^ -91? 

Sin A sm B sin C 

If AB^ BE, and Ci^ be perpendiculars from A, B, and C upon the 
opposite sides respectively, prove that DE=AB cos C, and also that the 
perimeter of the triangle DBF is 4 12 sin J. sin .B sin G, 



4. Find exponential expressions for sin B and cos 6, 

If A, B, and C be the angles of any triangle, and i be the unit of 
circular measure, and if — 

aj+— =2cos^, y + — = 2cosB, « + — = 2 cos C, 

X y 2 

« + — = 2 cosi, 
prove that log„ (xyz) lies between + n and - n. 



5. Find the sum of— 

A ZA 5A 

(i.) cos -^ + cos ^ + cos -^ + etc., to n terms. 
^ 4^ 2 

(ii.) sin ^ +-5- sin 2A +-^^ sin 3^ + etc., to infinity. 

Apply the result of (i.) to prove that, if one angle of a triangle be n 
times another angle, the side opposite the former angle is less than n 
times the side opposite the latter angle, where n is any integer. 
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XCIII. 

A A 

* 1. Haying given sin J., show how to find sin — and cos—; and 

2 2 

A 

obtain a general expression for the values between which — must be in 

order that ( sin — + cos -5- ) and ( sin -^ - cos -=- ) may both be positive. 

2. In any plane triangle whose sides are a, 6, c, and angles A^B^ C, 
prove that a : 6 : c :: sin ^ : sin 5 : sin C 



Also if 6-a=3c, show that A + -^=co8"M 3 cos-^ ) and 



that 



3 sin^cot^— ^=H-3cos5. 



3. Find the area of a quadrilateral, which can be inscribed in a circle, 
in terms of its sides. 

If the sides taken in order be 3, 3, 4, 4 feet in length respectively, 
find the radii of the inscribed and circumscribed circles of the quadri- 
lateral. 

4. If the tangents of the angles of a plane triangle are in arithmetical 
progression, the squares on its sides will also form an arithmetical pro- 
gression. 

5. A tower with a flagstaff on it stands on a horizontal plane ; show 
that the distances from its base at which the flagstaff subtends the same 
angle at the observer's eye, and that at which it subtends the greatest 
possible angle, form a geometrical progression. 

6. Assuming De Moivre's Theorem for a positive integral index, prove 
it for a negative or fractional index. 

In the last case show how many different values may be obtained ; 
and find four values for the expression ( - !)*• 

* 7. Sum the series cos o + cos (o + /3) + cos (a + 2)3) + . . . to n terms. 
Deduce the sum of n terms of the series — 

sin* a + sin* 2a + sin* 3a + 
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XCIV. 

1. Prove the formula — 

cos (^ - 5) =cos ^ cos -B + sin -4 sin 5, 
and show that, if the tangent of one angle of a triangle be equal to the 
sum of the sines of the other two, the tangents of the halves of the angles 
will be in geometrical progression. 

2. Find an expression for the area of a plane triangle in terms of its 
sides, and show that in an isosceles triangle whose least angle =30°, the 
area is equal to one-fourth of the square described on one of the equal 
sides. 

^ 3. Explain the ambiguous case in the solution of plane triangles, 
and show that the circles which circumscribe the two triangles are 
equal. 

4. Obtain all possible values of the expression — 

(cos^ + V-1 sin^)ff. 
Find (1) the product, (2) the sum of the n expressions obtained by 
giving r the several values 1, 3, 5, . . . (2n - 1) in — 

cos TT- + V - 1 sm ^ • 
2»i ^ 2rt 

5. Resolve sc*'* - 1 into factors, n being any positive integer. 

6. Prove that— 

tan(3^-^) tan(<» + f2) = tan(.9+^)t«.(<>-f2). 

7. If the centres of the inscribed and circumscribed circles of a triangle 
be at equal distances &om one side, the cosines of the angles adjacent to 
that side will together be equal to 1. 

8. The circumference of a circle is divided into twelve arcs, whose 
lengths, taken in order, are in arithmetical progression, and the first six 
together form a quadrant. Show that the area of the polygon bounded 

2 

by the chords of the twelve arcs is — cosec ^ , where a is the radius of 
the circle. 
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xcv. 

1. Prove that in the common system of logarithms the characteristic 
of the logarithm of any number can be found by inspection. 

♦ Find y002, having given log 5 = -69897 and log 2'8854=^ -460206. 

♦ 2. Give a geometrical proof of the formula — 

cos^ +cosJ5=2 cos -5" (-4 + J5) cos -^ (^-5). 

Show that, so long as the sum of the cosines of the angles of a triangle 
is constant, the product of the sines of the halves of the angles will also 
be constant. 

3. Prove that the sides of a triangle are proportional to the sines of 
the opposite angles. 

A line drawn parallel to the hypothenuse of a triangle right-angled at 
meets the sides (aB, GA in P, Q respectively. Show that — 
cot TAB - cot QBA = 2 cot 2 A . 

4. Find the radii of the inscribed and circumscribed circles of a regular 
polygon. 

The alternate angular points of a regular pentagon are joined by 
straight lines. Find the length of a side of the pentagon formed by 
these lines, and show that the radius of the circle circumscribing it is 

T~ 

where a is the side of the original pentagon. 

♦ 5. Expand (cos ^)2«+i in a series of cosines of multiples of 6, and 
deduce the expansion of (sin $)^n+i in a series of sines of multiples of 6, 

Write down in each series the general tenn and the last term. 

6. Find trigonometrical expressions for all the roots of the equation 
a:** — 1=0, n being a positive integer. 

Show that the roots can always be arranged in a series of the form — 
a, a\ a^ . . . a*. 

7. If 2 cos ^ - cos 2^=x, and 2 sin ^ - sin 2^=y, prove that — 

(a;2 + y2-3)2 = 12-8x. 



"J'-: 
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8. If J , 5, C be the angles of a triangle, prove that — 

Bm*^ + sin25 + sin2C=2 + 2cos^ cos^cosC. 
If twice the square on the diameter of the circumscribing circle of the 
triangle is equal to the sum of the squares on the sides, prove that the 
triangle is right-angled. 

9. Prove that cos :^ + cos yrr + cos =^ + cos iT + cos ^=^ ; and that 

2ir , 4fr , Gtt , Stt . lOir 1 

cos - + COS ^ + cos - + C0S - + COS 137= -Y* 

10. If 6 be less than — , prove that — 

. o/i taii*^^tan«^ tan^^^ . , .^sin*^ sin«^^ 

Hence, or otherwise, prove that — 

1 1 + 1 1 + 1 1+ =1 I4.L }.^L 1 + 1 1 + 
3 4"^5"67'8 2 * 4 "^ 3 ' 8 ■*" 4 ' 16 5 ' 32 



XCVI. 

I. If the angle A be greater than the angle £, and less than a right 
angle, prove, by means of geometrical figures, the formulae — 
cos (A - jB) =cos ^ cos B + sin il sin 5, 
cos5-cos^=2 sin 1 (^ + 5) sin 1 {A-B), 

* Prove that tan 5-4 - tan 3-4 - tan 2-4 = tan 5-4 tan 3-4 tan 2^. 

* 2. Find the sine and cosine of an angle of 18**, and prove that— 



sin 9" = 1 V3 + V5 - ^ \/5^V5- 



3. If a be the radius of the circumscribed circle of a triangle -4-BO, 

prove that the distances between the centres of the escribed circles are 

respectively 

A "R O 

4B cos -g-, 4R cos -g-, 4B cos -g' 

If D, j^, F be the centres of these circles, prove that the distances 
between the centres of the escribed circles of the triangle DEF are 

respectively 

_ p B + C ^j, C + A _^ A+B 

8 R cos — r-> 8i2 008 — :r- j 8E cos — ^ — • 
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4. Enunciate and prove De Moivre's Theorem. 
Find the five values of the expression \ — ^ " J • 

♦ Klog (a; +yV - 1) =« + PV - 1> prove that 3:* + y*=e2», and y =« tan/S. 

* 5. Prove that the sum of n terms of the series, 

sin^ + sin3^ + sin5^ + 8in 7^+ . . . is — t—tt. 

sin^ ' 

and that the sum of the infinite series 

. ^ sin 2d , sin 3^ . cob tf . , . -. 

smd+— 1-5-+ ■- + ... IS e sm(smd). 

\L \± 

6. If — 2i + =—5= - — 7 3\> fiiid the general value of B, 

cos d - cos a sm o - sm d sin (a - &f ^ 

7. Prove that the expression a cos* d + 26 cos d sin d + c sin* 6 (a) may 
be expressed in the form — g~+ Vm* + n* sin (2d + ^), where m= -^ — 
71=6, tan^= — . Hence prove that the greatest and least values of (a) 

are the roots of the equation (a; - a) (as - c) =6*. 

tfA/2/ COB — +v'-l Bin — ) 
♦a Prove that e«(cosd + V-l sin d)=e'^ V 4^ ^A 

Hence prove that the coefficients of (^ in the expressions of e^ cos d 

and e* sin 6 will be .-g- cos — and jg- sin — , respectively. 



XCVII. 

1. If a be the least positive angle which has a given sine, prove that 
the general expression for the angle is nw + ( - 1**) a, where n is zero or 
any positive or negative integer. 

Solve the equation sin d cos d + sin a cos a = sin (a + d). 

* 2. Find tan -^ in terms of tan^, and explain the existence of 

two values. Prove that sec* 15** = 4 tan 15°, and that tan T 30' 
= V6 + v2-2-V3. 



3i6 EXAMINATION PAPERS, [XOVin. 

3. Prove that in any triangle ABG^ 

1 -4 1 A 

asin 2-(5^(7)s»(5-c)oos -^-j »nd a cos y (-B-C) = (^ + c)sin g-- 

Having given ul=60% and ^« ^^t\ find the angles -B and C. 

4. K (sin*a-sin2/3) (8in*o-8in27)«:8in2/3 ain^y cob* a, prove that 
tan^ a=tan^i3 + tan*y. 

5. If _^^ =^«1' = lB«^,, prove «». »*=y. «'-»'. «.. 

6. Having given two sides and the included angle of a triangle, find 
the other angles and the third side. 

^-64°, 6 « 2-25 feet, c=l'75 feet, find B and 0, having given 
log 2 =-301030 L tan 13" 47' = 9*389724 

L cot 27° = 10-292834 L tan 13'' 48' = 9-390270. 

If ABy BEj CF be the perpendiculars from the angular points of a 
triangle ABC upon the opposite sides, prove that the areas of the 
triangles DEF, ABC are in the ratio of 2 cos ^ cos ^B cos (7 : 1. 

7. If 8 be the area and s the semi-perimeter of a triangle whose sides 
are a, b, c, prove that x^ - ac* (^ + — j + a»* - *%=0, where x is equal 
to the radius of any one of the escribed circles. 

* 8. Write down the series for sin a; and cos as in powers of x, and 
prove that 2 coax^e^-^ + er^V-i, and 2V - 1 sin x^e^-v^-i - er^-\ 
Having given (1 + c) tan a;= (1 - c) tan y, prove that 

x^y-c sin 2y+ "^sin 4y--^ sin 6y+etc. 



XCVIII. 

1. If the logarithms of numbers be found to any one base, show how 
to find them to any other. 

Given logio 2 ='30103, find log (-000125) to the base V05. 

2. Express the sine and cosine of an angle in terms of its cotangent, 
and if co8ec^ + cotd=a, prove that sec^+ tan^= — - . 
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3. Find the following functions— 

sin 16', cos 22i', tan TJ'. 

4. Solve the following triangles — 

♦(L)a=V6, 6=2, c=>v/3 + l. 

(ii.) 6 = V2, c = V3 + 1, ^ = 45*. 

5. Prove that if ^ be the circular measure of an angle, the ratios 
—^ and — r- become ultimately equal to unity when the angle is in- 
finitely diminished. 

Given in a triangle, 6=100, c = 9d, jB=60*, find a correct to one 
decimal place, and A and Q collect to minutes. 

6. The sides of a quadrilateral figure, inscribed in a circle, taken in 
order, are 60, 25, 52, 39. Prove that the lengths of the diagonals are 65 
and 63, and that the area is 1764. 

"^ 7. State De Moivre's Theorem, and prove its truth in the case of a 
fractional index. 
Employ it in finding all the roots of tc^ - 1 =0. 

* 8. Find the sum of the following series to n terms — 

Sind + Sin (a + p) + sin(a + 2p)+ . . . 
sin a + c sin (a + p) + c* sin (a + 2)3) + . . . 

XCIX. 

♦ 1. Find expressions for tan B and sec B in terms of sin B, 

If sin B^ o !!^ l>>o y fi^d sec B and tan d, and prove that— 

•cot(^-4)or~taii(f-4). 



aVb 
h ' 



* 2. Taking A + 3 less than a right angle, prove the formulae— 

sin(^ + B)=sin-4 cos^+cos^ sin^, 

. ^ . „ ^ . A^B A-B 

sin-4+sm5=2sm— 2 — cos — ^ — 

* Prove also the relation 

sin A + sin {n - l)A + sin (^yi- 3)^ ^^^ . ^ ^.^ 
cos^ + cos(n-l)^ + cos(2w-3)^ ^ ^ 



3i8 EXAMINATION PAPERS, [C. 

3. If the two sides &, c, and the included angle ^ of a triangle ABC 

be given, show how to find the other angles. Prove that the side a is 

46c A 

given by the equation a = (6 oo c) sec d, where tan* B = /j—^ sin* — • 

If h and c be nearly equal to each other, show why cannot be deter 
mined with accuracy by the aid of logarithmic tables ; and explain how 
you would proceed in that case. 

4. Find an expression for the radius {R) of the circle circumscribing 

a triangle ABC, If be the centre of this circle, and B^, Bg, B3 be the 

radii of the circles which circumscribe respectively BOC, CO A, AOB, 

prove that Ri cos A=B2 00&B=B^ cos C, and that 

1,11, B _ 4 
i^i* ■*" iJa* "*" JBg* "*" BjB^B^" B^ ' 

* 5. Enunciate De Moivre's Theorem, and deduce the equation — 

6. Find the sum of the series — 

(L) sin ^ + sin 2^ + sin 3d + .... ton terms. 

,.. ^ .J, sin 2d sin 3d i. • xs -j. 

(li.) smd — r2~ + -|3-".- • • • <»ii^^ity- 

C. 

1. Enunciate and prove the logarithmic theorem. 

Find the first three terms of the expansion of log tan sc ~ log x in 
powers of x, 

2. Prove the formula for cos (A - B), using a figure in which -4 =320*, 
and 5=200'. 

If the sum of three angles is zero, and the sum of their cosines is — 1, 
prove that the product of their cosines is equal to the square of one of 
them. 

3. Find sin -^ in terms of sin ^, and prove that while the radicals 
retain the same signs, A must lie between limits differing by n*. 

If the product of the tangents of three acute angles be unity, find the 
minimum value of the product of their sines. 
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4. Explain the ambiguous case in the solution of plane tnaogles, and 
solve the triangle in which a =120, 6=90, 5=50°. 

Give a trigonometrical solution of the following problem : — Constract 
a square with its sides passing respectively through the angular points 
of a given convex quadrilateral. Show when the solution is impossible. 

5. Prove that the radii of the four circles touching the sides of a 
triangle, that of the inscribed circle, being taken with an opposite sign 
to the rest, satisfy the equation r* + ar3 + /3r* + 'y=0. 

Find the sides and the area of a triangle in terms of the radii of the 
escribed circles. 

6. Sum to n terms the series sin d + 2 sin 2^ + 3 sin 3d + etc. ; and to 
infinity the series whose general terms is 

{1.3.... (211-1) }«52«g^. 



CI. 

* 1. Find an expression for all the angles having a given tangent. 
If tan (ir cot &) = cot (ir tan B\ find all the values of 6. 

* 2. Prove that any formula which is true for the angles A^ By C oi 
a triangle, will be true when A, B, C axe replaced respectively by 

* Prove that in any triangle — 

sin(^ + ^) + sin(5 + -^Usin(c+^) + l 

B-C C-A A-B 

=4 cos — ^ — cos — :j — cos — :- • 
4 4 4 

3. Solve the triangle in which two sides are respectively 89 and 130 
feet, and the angle opposite the former 35° 18' 29" ; also the triangle 
whose sides are 1, 1 +a;, 1 +y, where x and y are very small quantities. 

4. Find expressions for the radii of the inscribed and circumscribed 
circles of a triangle. 

If r^, and r^ be the radii of the greatest and least circles which can be 
inscribed between the inscribed and circumscribed circles, and r the 
radius of the inscribed circle, prove that 4ri r^^r^. 
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6. Investigate the formulsB cos ^± /^ - 1 sin ^=e~^~"^. 
Express — ; — sin"^ in a rational form. 

6. If a=l+» cos^ + ps cos2^ + ]-5 cos3^+ . . . 

and 6 =» sin ^ + |-^ sin 2^ + 1-^ sin 3d + .... 

find sin d and ^ cos d in tenns of a and 6. 
* 7. Resolve cos B into factors. 



OIL 

1. Find an expression for all angles having the same tangent 

Show whether the trigonometrical solution of the triangle ABC is 
ambiguous or not, where 5JO=30°, -40=5, BC=4, 

2. Give the sine of 30°, explain the steps of the process for calculating 
the sine of one degree. What is herein assumed as the unit of angle, 
and at what stage of the process ? 

3. Reduce ^ sin d + ^B cos d to a form adapted to logarithmic compu- 
tation. 

4. Of what number is 6 the logarithm to the base 4 ? Show how a 
table of logarithms might be calculated by the continual extraction of 
the square root. 

5. Prove that -^ =4 tan"i — - tan" * =p, + tan~i i , and from thence 

4 5 70 99' 

obtain 7r= 31416 .... State some more elementary method of finding 
the ratio of the length of the circumference of a circle to that of its 
diameter. 

6. An engineer, outside a town, is provided with a map of the build- 
ings of the interior ; what angles must he measure so as to determine his 
distance from any three of them? and explain the method. 

♦7. If tand=— , 

then (a±6V-l)'*=(a2 + 62)^" | cos-±V- 1 sin^ ( . 
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cm. 

1. Prove the following — 

(i.) sin 30' = cos 60**= -6. 

/•• \ X t A , -as tan -4 + tan 5 

(11.) tan (^ + 5)=-= — j-T — o- 

^ ' "^ * 1 - tan -4 tan -B 

(iii.) cot"ia + cot"i(4a3 + 3a) = 2cot"i2a. 

J 'J* X /3 - a 3 sin a . , . 3 . , o 

and if tan^=^r-=^^ , then tan-^=4 tan-^-- 

2 5-coso' 2 2 

2. If Ay By C are the angles of a plane triangle, and a, b, c are the 
opposite sides, and R is the radius of the circumscribed circle, prove 
that 

sin^ sin 5 sinC 1 2 ( „ /. ^\ /„ i.\ /. ^\ } i 

Also find in terms of the sides of the triangle the area of the triangle 
whose angular points are the centres of the three escribed circles. 

3. Provethat logion=j — j^xlog*^; ai^d show how log, 10 is 
found. 

4. Prove formulae adapted to logarithmic computation for the solution 
of a plane triangle, when two sides and the included angle are given. 

If two sides of a triangular field are 470*61 and 893*4 feet respectively, 
and the angle contained between them is 58° 20^, find the length of the 
other side, and the area of the field in acres. 

5. Assuming De Moivre's Theorem to be true for positive integral 
indices, prove it to be true for negative indices. 

Express tanrta; in terms of powers of tana;. 

6. Sum the following series — 

(i.) sin^ + 2 sin2d + 3 sin3^+ . . . to w terms. 

,.. V >, cos 2d cos 3d X • n 'x 

(ii.) cos S+ —2—+ -3—+ . • • • to mfimty. 
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CIV. 

1. Prove that cos (J. +5)= cos J. cos 5 -sin J. sin^, and deduce the 
formula for sin {A - B), 

2. Find an expression for the area of a plane triangle in terms of 
(1) its three sides, (2) two of its sides and the included angle. 

ABC^ A^BC^ are two acute-angled triangles ; show that if EC > JffC^ 
CA > CA^, AB > A'B^ then the triangle ABC is greater than the 
triangle A'BC Would this assertion be necessarily true if one or both 
of the triangles were obtuse-angled ? 

3. If a, b,c,Af By 0, are the sides and angles of a given triangle, find 
the angles of the triangle of which the sides are — 

a b c 

.A' , B' . C' 

sm-g siny srn-g 

4. The angles of elevation of the top of a tower are observed at two 
stations, of which the distance is known, and which are in the same 
horizontal plane with the base of the tower. The angle subtended by 
the distance between the two stations is also observed from the top of 
the tower. Determine its height. 

5. Prove the series for the expansion of e*, and show that — 

eaV-i = cosx+ V-1 sin a. 

CV. 

1. Assuming the ordinary approximate value of tt, calculate, to the 
nearest integer, the number of seconds in the angular unit of circular 
measure. 

* 2. Prove, by any method, the formulae for sin (^ + 5), and for 
cos (A+B) m. terms of the sines and cosines of A and B, 

* 3. Assuming the preceding formula for sin (A + B), prove those for 
sin A and cos A in terms of sin 2A, 

4. Given, of a plane triangle, a side c, and the two adjacent angles 
A and B ; determine, by trigonometry, the remaining sides a and 6. 

5. Given, of a plane triangle, an angle C, and the two adjacent sides 
a and 6, determine, by trigonometry, the remaining angles A and B, 
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6. Express in each of the preceding cases, the length of the perpen- 
dicular^ from the vertex Cupon the side c, in terms of the quantities 
given in each case. 

7. Given that, cosa; + cosy=a, sinsc + 8iny=6 ; find the values of x 
and y in terms of a and 6. 

8. Given that (a±.h tj -\y =x±.y ^J -\ ; find the values of x andy 
in terms of a and 6. 

* 9. Investigate, by any method, the series for log. (1 + a;) in ascending 
powers of x. 

10. If 71 be any large number, and d any small increase or diminution 
to it, prove the approximate formula — 

log.(»±d)=loa.n±j3i^.|. 

* 11. Prove De Moivre's Theorem for positive integral indices; and 
hence express (1) cos nS in terms of cos 6 and its powers ; and (2) (cos 0)^ 
in terms of cosines of the multiple arcs. 

CVI. 

1. Investigate the formula — 

sin {A + B)=amA cos B + coaA sin B. 

* Deduce the formula for cos (A + B), 
Solve the equation 3 tan 3x - tan 2x= tan x. 

2. Assuming the expression for the cosine of an angle of a triangle in 
terms of the sides, find the expression for the tangent of half an angle. 

* If the tangents of the half angles of a triangle are in harmonical 
progression, show that the sides of the triangle are in arithmetical 
progression. 

3. Show how to solve a triangle, having given two sides and the 
included angle. 

If a=210, 6 = 110, C=34° 42' 30", find the other angles, having given 
log 2= -3010300, L cot 17" 21' 16"= 10*5051500. 

4. Investigate expressions for the radii of the inscribed and the cir- 
cumscribed circles of a triangle. 

Show that the former radius cannot be greater than half the latter. 
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CVII. 

i4 4- 7? A — 1\ 

1. Show that 008^ + COS £=2 COS — 5 — cos — 5 — 

If ^ + J5 + 0= 2ir, prove that— 

C08-4 + cos5-oos 0=1—4 sin -^ ^"^"0 cos-q-- 

♦ 2. Investigate the expansion of jc* in powers of n. 
Apply your result to show that the series — 

3. Show how you would construct a table of the sines and cosines of 
all angles differing by one minute, from 0** to 90°. 

'^4. If ^ and B are two inaccessible points in a given plane, how can 
the distance between them be determined by trigonometry ? 

* 5. Investigate the exponential values of sin x and cos x. 

Apply them to sum the series cos a + a cos (a + jS) + x^ cos (a + 23) + . . . 
to infinity, where x < 1. 

CVIII. 

* 1. Given cos^, find cos 3^. Show how the equation so found is 
made auxiliary to the solution of a cubic equation. 

2. Explain fully the ambiguous case in the solution of a plane triangle, 
and show, geometrically, that the trigonometric double value coincides 
with the answer found by construction. 

♦ 3. Prove De Moivre's Theorem — 

cos^± V-1 sin — -(cos^± J-lsmff)n. 

Show that there are the same number of values of the expression on 
each side of this equation. 

♦4. Prove that tan^- y tan3^ + --tan*^- . . .= ^ ; and apply the 

s eries to calculate the ratio of the circumference to the diameter of a 
circle. 
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CIX. 

1. Define the circular measure of an angle in Trigonometry, and show 
how to reduce to degrees, minutes, and seconds an angle given in circular 
measure, and conversely. Reduce to degrees, minutes, and seconds the 

angle whose circular measure =-5-- 

2. Assuming the formula for sin (A + B) and for cos (il + B\ investigate 
those for sin ZA and for cos 3^1 in terms of sin A and of cos A respectively. 
Apply the latter formulae to determine, in their surd forms, the numerical 
values of sin 18° and of cos 18°. 

3. Investigate a series for the expansion of a* in ascending powers of 
X ; and show how the coefficient of the first power of x is determined. 
If t be the value of a for which the coefficient =1, give the series ex- 
pressing its numerical value. 

4. Given log, ti, investigate the series for log, (n+1) in ascending 
powers of (27i + l)~\ and explain its convenience when » is a large 
number. Calculate the numerical value of log, 2 to five places of decimals. 

* 5. Investigate, by any method, the formula for the tangent of the 
sum of any number of angles in terms of the tangents of the several 
angles. The tangents of the three angles are respectively ^, 1, 2 ; 
calculate the tangent of their sum. 

6. Investigate, by any method, the logarithmic formula for the area of 
a plane triangle in terms of the three sides. 

The three sides of a plane triangle are 13, 14, 15 ; calculate its area. 



ex. 

1. Prove the formula, sin (-4 + J5) = sin ^ cos B + cos -4 sin B, 
If sin ^ =:^, and sin JB=4-» ^"^^ cos (^ + B), 

2. Prove that— 

sin -4 (l + tan^) + oos-4 (l + cot-4)=8ec-4+cosec-4. 
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3. Investigate the expression for the cosine of an angle of a triangle in 
terms of the sides. 

Lines are drawn from the angular points of a triangle to the middle 
points of the opposite sides ; if j9, g, r denote the lengths of these lines, 
show that— 

4. Show how to solve a triangle when two sides and the included 
angle are given. 

Example. — Suppose the sides to be 9 and 18, and the included 
angle 60**. 

5. Find an expression for the area of a triangle in terms of the sides. 
If the triangle be right-angled, show that the expression reduces to half 
the product of the sides which contain the right angle. 

* 6. Find the sum of n terms of the series — 

sin a + sin (a + ^) + sin (a + 2j3) + . . . 
Deduce the sum of n terms of the series — 

cos a + cos 2a + cos 3a + ... 



CXI. 

1. What are the base and characteristic of a logarithm ? What is the 
characteristic of the logarithm of "003 to base 5, and that of — to base 3? 

2. Give the geometrical definitions of the tangent and secant of an 
angle ; and trace each of them through all their changes of sign and 
magnitude. 

3. Prove that 2 (sin^ A sin^ B + cos* A cos* J5) = 1 + 2 cos 2-4 cos 2B. 

4. At three given stations along any horizontal line not meeting the 
vertical line from a balloon, the height of which it is wished to determine, 
three persons observe simultaneously its angles of elevation a, j3, and y, 
from their respective stations ; show how to determine the height of the 
balloon. 
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CXIL 

* 1. Explain the ambiguous case in the solution of plane triangles. 

♦ 2. Expand the expression log^ tan (^ + n*^ - log« tan ^ to small quantities 
of the second order. Hence show that the tables of proportional parts 
affixed to the common logarithmic tables will not be applicable when it 
is required to determine accurately an angle which is either very small 
or nearly a right angle, from its logarithmic tangents, or the converse. 

^3. Show how three observers at three known stations on the same 
straight line on a horizontal plane may obtain the height of a cloud by 
three simultaneous observations of its angular elevation. 

CXIII. 

1. Explain the principle of the method by which the sines of very 
small angles are calculated ; and apply it, assuming the value of tt, to 
find the numerical value of the sine of 5^ 

2. State and prove the most rapid method with which you are 
acquainted of approximating to the value of tt, and apply it to determine 
its value to the five places usually given. 

3. A tower of known height d stands on a hill of unknown height, 
rising from a horizontal plane. Show how an observer, with the means 
of observing angles in a vertical plane, may determine the height of the 
hill by observations from a point Q situated at an unknown distance en 
the horizontal plane. 

4. State and prove the ordinary rule by which the angle corresponding 
to a logarithmic tangent or cotangent not given in the tables is calculated, 
and show when it becomes inapplicable. 



328 EXAMINATION PAPERS, [CXIV. 



CXIV. 

1. Define the terms '^ logarithm " and ^^ base of a system of logarithms.'' 
Enunciate and prove those properties of l(^arithms which render them 
so useful in calculation. 

* Given logio 5 = '699, find the number of places of figures in 2*^. 

* 2. Deduce from a figure the general formula for all arcs of the unit 
circle which have (1) the same cosine^ (2) the same cotangent. 

3. Prove the following — 



,. . ^ A l\ — txi^A 
(..)tan-^-Vrn 



-cos -4 

(ii.) 8in-i^=tan-i|^. 
"^ ' x + y 2^xy 

/••• \ X -1 COS a , _, 1 — ojsina 
(m.) tan ^ ; — tan ^ =c 



05 - sin a 



and eliminate $ from ^ — ^=- — L v and a cos 2a + 5 cos 2^= c. 
a + b tan(^ + a) 

4. The angle of elevation of the top of a tower is observed at three 
known stations in a horizontal plane ; show that these data are sufficient 
to determine the position and height of the tower, and investigate the 
requisite formube. 

* 6. Show by a rigorous method that 

a^^l + xloga+Yo- (logaf+ , . . 
\±. 
What is the base of the logarithm in this case, and how may its 
numerical value be calculated ? 

6. Prove the truth of the formula sin^=^— r^ + .— - . . . showing 

why $ must be expressed in circular measure, and pointing out within 
what limits it must He. 
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CXV. 

1. If a be the arc of a circle subtending an angle ^, and r the radius 
of the circle, show that ^=— . — , where 7r=3-14169. 

What will this become if we take an angle equal to one-sixth of a 
right angle as the angular unit ? 

2. Express vers^ in terms of cosec^, and hence determine the 
numerical values of vers ^ for ^=0, ^= -g-) ^='''- 

If tan2^=3, express all the positive values of B which satisfy the 
equation. 

3. What is meant by the logarithm of a number to a given base ? and 
its characteristic ? What is the characteristic of the logarithms of 35 
and of "0023 respectively to base 3 ? What are the advantages of a 
system of logarithms to base 10 ? 

4. Prove the formula loga(l+ a) = , (*~'9"*"T~ * ' '/* 

5. The plane side of a hill running E. to W. is inclined to the horizon 
at an angle a ; it is required to construct a straight railroad upon it 
inclined at an angle j3 to the horizon : determine the point of the compass 
to which it must be directed. 

6. A tower situated on a horizontal plane subtends an angle of 2° at 
a station A^ and at another station JB, 100 yards nearer the tower, it 
subtends an angle of 3°, Ay B, and the foot of the tower being in the 
same straight line ; determine approximately the height of the tower in 
feet. 

7. Assuming De Moivre^s Theorem, write down the fourth roots of 
+ 1, of - 1, and of + V- 1- 
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CXVL 

1. Prove that sin (-4 + 5) = sin -4 cos J5 + cos ^ sin 5 ; for the particular 
case in which A is between one and two right angles, B less than a right 
angle, and A-'tB greater than two right angles. 

(The proof is to be independent of that for the case in which all the 
angles are acute.) Hence show the use of the negative sign in generalis- 
ing the above formula for all values of the angles. 

2. Find all the positive values of 6 which satisfy the equation 

sin ^= - cos a. Find all those which satisfy the equation — 

6 1 
tan — + — cosec 6 - sin ^=0. 
2 4 

3. Eliminate c between the equations a^ = 5* + c^ - 26c cos -4, and 
62=a2 + c2-2aocosJ5. 

4. Assuming that log^ (1 + sc) = j — )^~-o-'*"T" ' * ' P "^'^^sti- 

gate a convenient form for the calculation of the logarithms of consecutive 
prime numbers. 

Prove that log^o JV^ = j^ { (i^ - 1) - -i- (JV^ - 1)^ + . . .| and 

explain-iiow this formula has been used for the calculation of log^ 10 to 
a great number of places of decimals. 

* 5. Prove, independently of differentiation, that 

loga sin (Q + w") - loga sin 0=-^ J cot ^ • ^ - cosec^ ^ rf"*" * * * r 

Explain how by this formula we may construct the tables of propor- 
tional parts attached to the ordinary tables of logarithmic sines, tangents, 
etc. 

* 6. Express V- 1 in the form a + jS V- 1 J determine all the values 
of a and iS. 
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CXVII. 

1. Find by logarithms the number of digits in (512)^; and find also by 
logarithms a fourth proportional to -00625, '006, '064, having given 
logio 2 =-301030. 

2. If cos a=co8 ^ cos Qy prove tan ^^—^ tan^^-^=tan -^ • . 

3. From the simultaneous equations — 

jc cos a + y sin a=|?, sc cos ai + y sin a^ =J9, x cos Og + y sin a^^f^^ 
obtain the relation ^-^^i^lZ^ ^mS^riA «iM^Z^^O. 

4. Find the area of a quadrilateral figure inscribed in a circle, in terms 
of the sides. 

If a, &, c, (2 be the four sides of any quadrilateral figure, (2^, d^ the 
diagonals, « the straight line joining the middle points of the diagonals, 
prove a2 + 62 + c2 + (i2=4e2 + (ii2 + cp2- 

OXVIII. 
1. Deduce the number which gives the ratio of the circumference of a 
circle to its diameter, namely 3*14159. 

* 2. Eliminate concisely x and y between the equations — 

tana5 + tany=a, cota5 + coty=5, a; + y=c. 

* 3. The following rule is given for determining the distance of the 
sea horizon in miles : " To the height of the eye in feet add half the 
height, and extract the square root of the sum." Account for this. 

CXIX 

* 1. Eliminate a, 6, c from the three equations &cosC+ccosJ?=a, 
c cos -4 + a cos 0=6, a cosJ5 + 5 cos^=o, which subsist between the 
sides a, 6, c and the angles -4, ^, of a plane triangle. Show the 
geometrical meaning of the resulting equation. 

* 2. Prove the following formulae — 

. A-B a-h C A-B a-bb . C 
sin-^ T-'^'T' "^'-2 ^-^'"^-2 

by means of geometrical constructions. 

* 3. Prove the following theorem — 

1 f ^■'■^ i-N) m m m 

log{ (l + iV)- . (l-JV)^ } =g+f,+5^+ . . . 
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CXX. 



A A 

1. Provethat 1 + tan^ tan 2-=tan^ coty-l^sec^. 

♦ Find all the values of B which satisfy the equation — 

sin^^ + sin^^=8in^. 
2 2 



2. Two straight lines, OJ, 0J5, of length a and 5 respectively, are 
inclined to each other at an angle a, and straight lines -4P, BP, meeting 
in P, are drawn at right angles to OA and OB \ prove that if the point 
P fall within the angle a, the area of the quadrilateral OAPB is 

2a5 - (g' -f 5^ cos a 
2 sin a 

3. The sides of a triangle are 25, 26, 27 ; find the angles, having given 
logs = -4771213, Ltan 31* 56' 50"= 97948986, Ltan 31** 5r=9-7949455. 

4. Sum to n terms the series of which the nth term is — 

2**-^ sin 2**-^^ . 
2cos2'»-i^-l' 

and to infinity the series— 

^ 1.2 ^^ 2"^ |4 2* 

* l + 2acos^ + 3a2co8 2^ + 4a3cos3^+ . . . 
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CXXI. 

1. Obtain an expression for all the angles haying the same sine as a. 
Find the most general value of 6 satisfying both the equations 

sin ^=2", tan*^=-^- 

2. Prove that— 

(i) I H-tan-|+sec-|-| | l + taii-|-sec-|- 1 =sin-|- sec3-|. 

(ii.) 2 tan-i I tan(45»-«) tan^ \ =co8-i \ ^^^^^^^^ \ . 
^ * K 2) Jl+tanacosjS) 

3. If three straight lines be drawn from a point to the three angular 
points of an equilateral triangle, find an equation to determine the length 
of a side of the triangle in terms of the lengths of these lines. 

* 4. Find the angles of a triangle, where 3c=76, and ^ = 6** 37'24", 
having given 

log 2 =-301030 Ltan8M3'50''=9-1603083 

L tan 3* 18' 42^ = 8* 7624069 diflEl for 10" = 1486. 

5. From an examination of the factors of x"** - 2a^ cos 2^+ 1, deduce 
the expression for sin ^ in factors, viz. — 

Show that cosecd=| - V { -^-^^--^-^ j . 

6. Find the sum of the following series — 

(i.) sin ^ sin 2d sin 3d + sin 2^ sin 3^ sin 5^ + sin 3^ sin 4^ sin 7^+ . . . 
etc. to 71 terms. 

(ii.) c sind + =^ sin2d+ z-^-^ sin3d + etc. to infinity. 
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CXXIL 

1. Prove the following formulae — 

(I) tan (30^ + A) tan (30^ - ^) = f ^"^ ^"^ ' 



2 cos* ^ + 1 
(ii.) sina + 8in ^ + cos a + cos i3= ±2 cos^^^ Vl +sin (o +j3) • 

2. In order to calculate the height of a cliff, an observation is taken from 
a fixed position, and the angular altitude is found to be 12° 30' ; a second 
observation is taken from a point 950 yards nearer to the cliff, and the 
angular altitude is found to be 69° 30' : find the height of the cliff, and 
the distance .of the first station from its base. 

Given log 2 = '30103 log 19 =1*27875 

L sin 12° 30' = 9-33634 L sin 67° = 9*92359 

L sin 20° 30'=9-64433 L cos 20° 30'=9-97159 

log -8686 = -93379 log '2296 = '36097 

log -2297 = -36116. 

3. Prove that the radius of each of the two escribed circles of an 
isosceles triangle is equal to the altitude of the triangle. 

4. In a given circle an equilateral triangle is inscribed, and in that 
triangle another circle, and so on ad infinitum; show that the sum of 
the circumferences of all the inner circles is equal to that of the given 
circle, and the sum of their areas to a third of its area. 

* 5. Prove the expansion of a' in a series of ascending powers of x, and 
hence deduce the value of e, and prove that e is an inconmiensurable 
quantity. 

* 6. State De Moivre's Theorem, and prove that when the index is 
fractional, and of the form ^ , q and no more than q different values of 
the expansion can be obtained. 

7. Prove a formula for the expansion of sin a in terms of ascending 
powers of a, and show that the series is convergent. 

8. By means of the exponential expressions for sin 6 and cos ^, prove 
the following formulae — 

tan2^= , , f. , sin2^=2sin^cos^j 

and sum the series — 

sin a + sin 2a + sin 3a + . . etc., to n terms. 
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OXXIII. 

1. Trace the sign of sin 2^ -sin ^, as ^ increases from 0° to 180°. 

2. Prove that— 

1 + sin ^ - cos ^ . 1 + sin ^ + cos ^ o ^^„^^ >j 

, ; -A ;, + z ; ^j :: = 2 COSCC V \ 

1 + Sin 5 + cos 5 1 + sin ^ - COS ^ 
and if COS 2^ + cos (n - 2)^= cos A^ find the general value of A, 

3. Two landmarks, exactly north and south of each other, are separated 
by a river. A person wishing to know the distance between them walks 
due west from one, and measures the angle subtended at the eye by the 
two objects, he then walks double the distance in the same direction, and 
finds that the subtended angle is half what it was before. Determine 
the required distance. 

4. Having given two sides, and the included angle of a triangle, solve 
the triangle. How many logarithms are required for the complete solu- 
tion? 

If 5=5, c= 3, -4 = 120", find the other angles, having given — 
log 4-8= -6812412 L tan 8° 12'=9-1586706 

diff. for 60''= '0008940. 

5. Having given the four sides of a quadrilateral figure inscribed in a 
circle, find its area and angles, and the radius of the circle. 

* 6. Assuming De Moivre's Theorem, deduce the expansion of sin n^, 
and coGtnd, in terms of powers of sind and cos^, and write down the 
last term in both series. 

7. Expand 6 in terms of tan ^, and show how the value of tt may be 
calculated. What is meant by the impossibility of squaring the circle ? 

* 8. Find the coeflBicient of ac* in the expansion of «* . cos x, 

* 9. Investigate a series by which, when the logarithm of a number is 
given, the logarithms of the two consecutive numbers may be correctly 
found. 
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CXXIV. 

1. Prove that if sin A be given, sin — has in general four values. 
Find in what cases these four values reduce to three or to two. 

♦ 2. Prove the following formulsB in a triangle — 

(i.) tan-4 + tan5 + tan0=tan-4 tanJ5tanO. 
(ii.) sin3-4 sin (B - C) + sin 35 sin (0-^) + sin 3(7 sin (^- 5) =0. 

3. Find tan (-4 + J5 + 0) in terms of tan A^ tan J5, tan G, 
Solve the equation » tan (^ - a) + m tan (^ + a) = (tt - m) cot a. 

4. Solve the triangle in which a=76, 6=40, and J5=69'* 18'. 

5. Prove that if B, r, be the radii of the circumscribed and inscribed 
circles of a triangle, and r^, rg, r, the radii of the escribed circles, then 

^i + »-2 + »-8-^ = 4i?, and 1 + 1 + 1=1. 

n ^2 ^3 ^ 

♦ 6. Prove every number has an infinite number of imaginary log- 
arithms. 

7. Show that tan" ^ x^mr + x - -^ + -^ - etc. 

o 

Find the quantity of which V- 1 tan"^ xV~ 1 is the logarithm. 

8. Investigate the formula for cos** x in cosines of multiple angles. 
Prove that cos wo; = 2**~ ^ cos** x + lower powers of cos x. 



oxxv. 

1. Define the tangent of an angle, and prove that — 

l-tan-4 taujB 
1{A + B + C= 180% prove that- 
tan -4+ tan £+ tan 0= tan -4 tan 5 tan 0. 
sin 2A + sin 2jB + sin 2C= 4 cos il cos B cos C, 
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2. Find the sine and cosine of 18°. Determine the values of ^, 

o 

between and ^, which satisfy the equation sin^ B + cos^ 2^= — . 

3. Show how to solve a triangle when two sides and the included angle 
are given. 

If 6 = 21, c= 11, ^ = 34'' 42' 30", find the other angles, having given 
log 2=-301030 L cot 17° 21' 15^= 10-60615. 

4. Find the sum of the series — • 

sin ^ + sin 2d + sin 3^+ . . . to 71 terms. 

sind+sindsin2d + 8in'^dsin3d + sin5dsin4^+ . . . to infinity. 



CXXVI. 

1. Write down the formula for all angles having the same sine, and 
find the general solution of the simultaneous equations — 
sin(2a5 + 3y)=cosa 



+ 3y)=cosa ) 
+ 2t/ =7r. ) 



3a; + 2y 

* 2. Given -4 = 66°, J5=66°, and c=270 yards, find a, having given 

L sin 66°=9-9133645 log 2*6663 ='4070608 

log 3 = -4771213 log 2-5654= -4072209. 

log2 = -3010300 

3. Find the radius of the circle inscribed in a given triangle, and prove 
that it cannot be greater than half that of the circumscribing circle. 

♦ 4. Write down the series for cos d in ascending powers of ^, and 
deduce the exponential expression for cos 6. 

6. Find the sum of the infinite series whose rth term is — j 
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CXXVII. 

1. Find the number of degrees, minutes, and seconds in the angle 
34^ 68^ 5^' ; also, find the circular measure of the complement of this 



angle. ( Given '»■ = -=-•) 



* 2. Find by geometrical construction the sine and the cosine of the 
sum of two angles, each of which is less than a right angle and their sum 
greater than a right angle, in terms of the sines and cosines of the angles 
themselves. 

* 3. Prove, geometrically, that — 

.«j«-^ A j-9-^ l-cos-4 
sm 2-a = 2 sm -4 cos -4 ; and sm^ -^ = 5 

4. Prove the formulae — 

(i.) cos2 {A-B)- sin2 (^ + £) = cos 2^ cos 25. 

(.. \ / A -L. T>\ sec ^ sec Jj 
u.) sec (A±B) =-=-:— -7— — =.- 
' ^ ' l+tan-4tanB 

.... . ^ A sin -4 + sin 2^ 

(lU.) COt-Tr-= -. ^r-. . 

^ ' 2 COS -4 — cos 2J. 
6. Find sin 9° and cos 36° ; and show that — 

sin2 54°-sin2l8° = ^. 
4 

6. If in any triangle ABCy two sides and the angle they include be 
given, state and prove the proposition, geometrically or analytically, by 
means of which the other angles may be determined. 

Given 6=a (V3~l)> and 0=30° ; find the angles A and J5. 

* 7. In the ambiguous case in the solution of triangles if -4, 5, C, 

^, ^, (7 be the angles of the triangles in the two solutions ; prove that — 

sin sin 0' _ . 
-; — ^+ "= — 57=2 cos^. 

8. The sides of a triangle are respectively 24, 31, and 11 feet ; deter- 
mine the greatest angle. 
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9. From a ship at sea it is observed that the angle between two forts 
A and B is 30** ; the ship sails for 4 miles towards A^ and the angle 
between the forts is then observed to be 48° ; prove that the distance of 
the ship from B at the second observation is 6*472 miles. 

10. In the middle of a field which is an equilateral triangle there 
stands a tower 200 feet high. From the top of the tower each side of the 

field is observed to subtend an angle cos"^ — . Find a side of the field. 

"^ 11. The sides of a triangle are in arithmetical progression, and its 
area is to that of an equilateral triangle of the same perimeter as 3 : 5. 
Find the ratio of the sides and the value of the largest angle. 
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CXXVIIL 

* 1. Explain the different methods of measuring angles in Trigono- 
metry. If D, Qy and C be respectively the number of degrees, grades, 
and units of circular measure in an angle, show that — 

90 100 TT ' 
*2. Prove that— 

(L) sin (j4 + B) =sin -4 cos -4 + cos J. sin 5, and thence find sin 75*. 

(ii) 2 sec^ = tan (45' + ^) + cot (45' + -2-). 

„.. . cos-4 + sin-4 x^^oj. «^nQj 

(uL) i : — 7 = tan 2-4. + sec 2-a. 

^ 'cos-4-sm-4 

3. Find sin 45° and cos 36"*. Also L sin 45''. Also all the values 

4 
of G which satisfy the equation tan ^ + cot ^= —j^ • 

4. Having given that 2 sin -^ = ± Vl + sin J. ± Vl - sin-4, show how 

to determine what signs must be used before the radicals when A lies 
between 460'' and 540°. 
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5. In a plane triangle of which A^B, C are the angles, and a, b, c 
the opposite sides, show that — 

(i.) asinBB=6 sin J.. 

,..,, ,, A+B A-B 

(ii.) {a + 0) cos — g— =c cos — 2 — 

(iiL) a cos (5- C)=& cos5- c cos C, 

6. Given one side of a triangle, one angle adjacent to it, and the area of 
the triangle, solve the triangle. A field ha^ one side 220 yards long, and 
the adjacent side makes an angle of 72** with it ; find the point in the latter 
side from which a straight line must be drawn to the farther extremity 
of the former side so as to cut off exactly one acre. 

7. In a plane triangle, having given two sides and the included angle, 
obtain the formulae for solving the triangle. 

Ex. Given— a=205, 6=195, 0=4°, 

logio2= -30103, L cot 2** = 11-4569162, 

L cot 54° 20' = 9-8559376, L cot 64° 21' = 9-8556708, 

find the remaining angles ; and explain why in general, when a=b 

nearly, the usual solution is not trustworthy, and why it may be employed 

in the case proposed. 

8. A man observes two objects in the same plane with his eye to be 
30° apart, and on walking 50 yards in a straight line towards one of 
them the angle increases to 75° ; find his distance from the other. Show 
whether the data are sufficient to find the distance between the objects. 

* 9. Show that the difference of the logarithms of the sines of two 
angles is nearly proportional to the difference of the angles, when that 
difference is small. 

Some of the foUowvng logarithms wUl be required, 
log 1-1 =-0413927. 
log 2 =-3010300. 
log 3 =-4771213. 
log 3-14159 = -4971495. 
log 3-4377 =-5362680, diff. 126. 
log 3-5355 =-5484508, „ 123. 
log 4-6263 =-6652338, „ 94. 
L cos 18° = 9-9782132. 



CXXIX.] ASSISTANT, GREENWICH OBSERVATORY, • 341 



CXXIX. 

1. Define the cotangent of an angle, and trace the changes in the sign 
and magnitude of the cotangent as the angle varies from 0° to 360°. 

Prove that cot a + tan a = cosec a . sec a. 

2. Show in what cases sin ^ is less than versin ^, and find a general 
expression for all the angles sin"^ — 7^ • 

3. Prove the formulae — 

/\ i.1 A T>\ cot -4 cot 5+1 

(o) cot (^-5) = — -^ —7- . 

^ * ^ ' cotJ5-cot^ 

,^. 1-cosJ. . ^A 

(7) tan(45'* + ^)-tan(45'*--4) = 2tan2^. 

4. Prove that tan" ^sc + tan" ^1/= tan" 1^ — ^• 

If the lengths of the three straight lines 0-4, 0J5, OC be as 6 : 3 : 2, 
and they be placed so that OJB, 00 are perpendicular to OA on opposite 
sides of it, then the angle BAG is equal to 45°. 

5. If each of the angles of a triangle A and B is double of the third 

angle 0, show that — 

A^B A + B-hC .A+B + C 

cos — r— cos = =cos* 

2 6 4 

6. Two sides and the included angle of a triangle beings given, find 
the other angles and the third side. 

Ex. 6=2*25 ft., c=l-'75 ft., ul=54°. Find B and C, having given— 
logio2 = -301030 L tan 13° 47' =9-389724 

L cot 27° = 10-292834 L tan 13° 48' = 9*390270. 

* 7. Explain how to calculate approximately the sine of 10". 

8. Show how to find the area of a quadrilateral by help of a measuring 
chain, but with no instrument for taking angles. 
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♦ 9. Explain the use of subsidiary angles. Show how to find by 
means of a subsidiary angle log (a + 6), the logarithms of a and h being 
known. 

10. Find the radius of the circle described so as to touch one side of a 
giyen triangle and the other sides produced. 

* 11. In solviog plane triangles show that there can be no ambiguity 
except when an angle has to be found by the sine (or cosecant), and 
never when the triangle is right-angled. 

12. Find an expression for the area of a regular polygon of n sides 
inscribed in a circle of radius r ; and thence deduce the area of the circle. 

A given loop of string is formed into a number of regular polygons 
successively. Show that the polygon which has the greatest number of 
sides has the greatest area ; and that the area of the triangle, square, 
and hexagon so formed are very nearly as 10 : 13 : 15. 



WOOLWICH. 
CXXX. 



1. Explain the different methods of measuring an angle by means of 
degrees and circular measure, and write down the relations between these 
two measures of an angle. 

Find the number of degrees, and the circular measure of the angle of 
a regular octagon. 

2. Define the cotangent and cosecant of an angle, and prove by 
geometrical constructions the formulae— 

cosec (180° - ^) = cosec A, cot (180° - J.) = - cot A, 
cosec*J=l + cot2ii. 

3. Find a general expression for all the angles which have the same 
tangent as a given angle. 

Solve the equation — 

tan2^-(l + V3) tan^ + V3=0. 
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♦ 4. llA + BhQ less than a right angle, prove, by means of geometrical 
figures, the formulae — 

sin (-4 +5)= sin -<4 cosJB + cos-4 sinjB, 

sin JL + sin 5=2 sin Y (A+B) cos g- {A-B). 



6. Prove that — 



(I) tan 



^_ /l-cos^ 



L /I- 



cose 



.... tan 5^ + tan 3^ . ^^ .^ 
("•) I — ra — I — tta = 4 cos 2^ cos A0, 
^ ' tan 5^ -tan 3^ 

m.) sm ^5 + sm ij^=sm i — 

6. Prove that— 

j[ j[ 

sin 2 + cos - = ± Vl + sin ^ » 
and 

sin -5- - cos -5-= ± Vl - sin J. > 

and find the proper signs when the angle A lies between 990*" and 1080°. 

♦ Show, by a geometrical figure, that sin —, when expressed in terms of 
sin Ay has four values. 

7. Prove that in a triangle the sides are proportional to the sines of 
the opposite angles. 

If^ in a triangle ABC, a cos J. = 6 cos 5, prove that the triangle is 
either isosceles or right-angled. 

8. The lengths of two of the sides of a triangle are 1 foot and V^ ^eet 
respectively, and the angle opposite to the shorter side is 30^ Prove 
that there are two triangles which satisfy these conditions, find their 
angles, and show that their areas are in the ratio V3 + 1 : V3 - 1. 

9. Prove that, in a triangle ABC^ 



.C I 8(8 -C) 

"^^ 2"~\/ (8-a)(8-6)- 



If a=32, 6=40, c=66, find the angle C; given log 207=2*3159703, 
log 1073=3-0305997, Loot 66' 18' « 9*6424342, and that the difference 
for 1' is 3431. 
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10. A ship sailing due north observes two lighthouses bearing respec- 
tively N.E. and N.N.E. After sailing 20 miles the lighthouses are seen 
to be in a line due east. Having given — 

log2 = -3010300 log 11-715 = 1'068'7423 

Ltan22** 30'=9-6172243 log 11 716 =1-0687794 

find the distance in miles between the lighthouses accurately to four 
places of decimals. 



CXXXI. 

1. Define the tcmgmt and secmit of an angle, and obtain a formula 
connecting them. Deduce the corresponding formula connecting the 
cotangent and cosecant, and prove that — 

(tana + cosec/3)2-(cotj3-seca)*— 2 tana cot /3 (coseca + sec/3). 

2. Prove, by geometrical construction, that — 

sin -4 =sin (180° - A), and 
cos (180° + A) =008 (180* -A). 

3. Express cos 2A in terms of cos A or sin A, and show that — 

8 (sin* -4 - sin* -4) + l=cos 4-4. 
If 4A contains 40°, what four angles less than 180° will have their 
sines determined by this formula ? 

4. Prove that — 

(i.) 2 cot 2JL =cot -4 - tan A. 

,.. X . -1 3 . -1 5 . .,16 
(u.) sin ^^ -sin i^=sm i^^ 

(iu.) cot (A + 16°) - tan (Jl - 15°) =- ^ ^^ ^"* 



2 sin 2^ + 1 

5. Find all the values of 6 which satisfy the equation — 

4 cos B-Z sec ^=2 tan S. 

6. Prove that the circular measure of an angle less than a right angle 
is intermediate in value between the sine and tangent of the angle. 

Find approximately the number of minutes denoting the inclination 

(22 \ 
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7. Show that in any plane triangle — 

(i.) a=6 cos C+ c cos B, 
(ii.) asin(B-C) + 6Bin (C~-4) + csin(^-J5)=0. 

8. Two adjacent sides of a parallelogram, 5 in. and 8 in. long respec- 
tively, include an angle of 60°. Find the lengths of the diagonals, and 
the area of the figure. 

9. In the triangle ABC, a= 13, 6=7, C=60°. Find A and B, having 
given — 

log 3 = -4771213, Ltan27'27'=9-7155508, diffr=3087. 

10. A man observes that, when he has walked c ft. up an inclined 
plane, the angular depression of an object in the horizontal plane through 
the foot of the slope is a ; and that, when he has walked a farther dis- 
tance of c ft., the angular depression of the same object is /3. Show that 
the inclination of the slope to the horizon is cot" ^ {2 cot j3— cot a}, and 
determine the distance of the object observed from the foot of the slope. 

11. Find the radius of the circle inscribed in a triangle in terms of 
the lengths of the sides. 

Ii di^d^d^ be the distances of the centre of this circle from the 
angular points -4, B, C respectively, prove that-— 

he ca ah 



ARMY. 
CXXXII. 

1. Define the circular measure of an angle, and find from your defini- 
tion the circular measure of a right angle. 

Express the angle 44"" as a fraction of the angle 1*5 circular measure, 

* V 22 
assunung tt to be -=- • 

2. Prove that cos (A + B)= cos A cos £ - sin JL sin B, and deduce the 
values of cos 2A and cos 3A in terms of cos A, 

Write down the values of sin ZA and tan SA, 
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3. Prove that sin -4 + sin 5= 2 sin — ^ — cos — ^— » 

and that — sin -4 - sin 5=2 sin — ^ — cos — 

2 2 

If sin ^ be the geometric mean between sin B and cos B, prove that 

cos 2^ =2 sin (45*' - B) cos (45° + B), 

Prove also that — 

2sin 1— =co8 ^-^' 

4. In the triangle ABG^ if rf be the diameter of the circumscribing 
circle, prove that — 

^ -^ sm -4 sm 5 sm C 

,.. V 6 cosO+c cosB ccos^+acosC acosB + ftcosJ. - 
(u.) = T = =1. 

U DfUf Fhe the feet of the perpendiculars from Ay B, and C upon 
the opposite sides, prove that the diameters of the circles circumscribing 
the triangles AEF, BDFy and ODE are respectively, a cot -4, 6 cot JB, 
and c cot C 

♦ 5. In the triangle ABC, -4 =40% a=140-6, 6=170-6 ; find B and C. 
Given that L sin 40**= 9-8080675 
log 1405 = 3-1476763 
log 1706 = 3-2319790 
Lsin5r 18' =9-8923342 
L sin 5r 19' =9-8924354. 



ANSWERS. 



1. 311943 ... 2. ± 

6. 0=60' 38' 57-3"' 

6. 106 feet 

7. c= 1263-619. 
6=767-878. 

1. 60", 36", 84". 

66|-, 40, 93~ grades. 

3"' 5' 15* 
5. 5=79" 6' 23-4". 
0=40° 53' 36-6". 



I. 
3 



+ i. 



^=81" 45' 2-7". 



3. 7Mr±— • 
o 



L* 

3. (L) ^=2n7r±-|- 

(ii.) 2d=n7r,or^--j=2wir±^- 
(iii.) ^=rMr + j^. 



II. 

3. (i.) 



r±-^,n7r. 



(ii.) 2^=(2n±l)7r. 



(iii.)sind=/y^ 
7. 18" 26' 6". 



III. 
1.1+^ = 1-0872, l-f,=-9128. 

6. sin-i / ^^^>^"^" 

I vcot^ a + cot^ /3 - 2 cot a cot /3 cosy 

7. ^=36" 52' 11-6^ 5=53" 7' 48". 



} 
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y.-x. 




IV. 




1. 436-908. 


2. Negative. 6. 64' 39' 22". 
V. 




'• -2' -^3- 


5. -46929666. 
J5=7r44'29''. 




h 


C=48M5'3r. 





6. 



V2+2V5 

VL 



2. sin 495°=-^, cos 496'=- -^- 3. 8d=27Mr±2^, a;=^- 

^=ii7r±^, where n=0, 1, 2. 
o 

5. 4' 66' 10-6", 168° 27' 26•4^ 

VII. 
1. -3927 mUes. 6. 61° 17' 22". 

a sin -^cos -=- 2a sin -^sin -q- 

2 2 2 2 



Y^ cos^ -|- - COS* -|- /y cos* -^ - cos' 



,2il.coa2 « 



2 

VIII. 

5. 55° 46' 16". 6. u^i tan^, etc. . . . 

25 

IX. 

1. 2^= riTT + ( - 1)» -^ . 4. 25 V2(l + V5) = 114-4 feet 

6 

6. 82° 58' 45", 36° 31' 16". 

X. 

1. -1, 0, +1, +V2, +1. 4. 84. 

5. -B=61° 18' 21", or 128° 41' 39". 7. 73*206 feet. 
C=88° 41' 39", or 11° 18' 21". 
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XL 

2. (i.) 4^=n7r + (-lMor^=2n7r±|-, ^^nir. 

<ii) d=rwr+(-l)»*j^, or «7r + (-!)'» -jg^- 

3. -087. 8. 93° 0' 16", 26° 59' 44", c=V91=9"54 . . . 

XII. 

1. 47° 44' 47" nearly. 3. sin 18° ='309017 

^ 27r sin^ =-414213 

4. ^=n7r±^,or2n7r± 3-. ^^^3^0 ^.^ 

6. 4° 55' 10-6", 168' 27' 25*4". 

XIII. 
1.36°, 40», I". 4. -^n/10 + 2V5 + V3(n/5-1)). 

6. 108*' 58' 6-1", 6°1'53*9^ 8. mM(m^ + w^) = l. 

XIV. 
1. ^, 120°. 5. -=rwr + ^. 

6. 75° 48' 54", 14° 11' 6". 7. 6 square feet. 

XV. 
1. 120°, 133JS y. 5. 2^=rMr + ^. 

6. 70° 33' 30", 19° 26' 30". 

XVI. 

1. |^,43-75». 2. 1, 0, -1, -V2, -1. 

32 

5. 2^=2n7r±(|--^),or|--2^=»Mr + (-l)M. 

6. 109° 28' 16", 38° 56' 34'', 31° 35' 10". 
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XVII. 
1. ^, ^, 45^ 3. acos^, 6sin^, acos^i, ftsin^i. 

lot) 

4. C=45' or 136", 5= 105' or 16% 6 = ^3 + 1 or ^3 - 1. 

XVIII. 

1. A J-. 2. cot 2a, sec 2a. 

4 2ir 

7. 90', 210. 8. 72** 12' 59", .47' 47' 1*. 



XIX. 

^ V2+73-n/2^V3_ 1 - . 2 _ 2aft + l±Vl + 4a5-4y 

V2 2 2(a*+l) 

5. 8, 4. 6. 32' 21' 64". 



XX. 

2. sin 18' = -309 ... 4. 105', 15'. 

sind =-414 ... 7. 229*6 yards, 

sin 30' =-5. 



XXI. 

3. n7r + -^- 5. 42' 0' 14". 

4 

6. 102-91, 19-5379 sq. yards. 55' 56' 46". 

7. -1612 sq. feet. 82' 3'. 



XXII. 

J 12 12 5. J5=1'1'23". 

• 13' 5 * C= 147' 28' 27". 

6. 1710836 yards. a=4389717. 
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XXIII. 
1.36°, 40^ |. . 2. A, |, |. 

6. 27' 30', 56-369 feet. 7. £=54'' 10' 56", or 125° 49' 4". 

0=73° 30' 4", or 1°51'56". 
c= 196-8775, or 6-68. 



XXIV. 

477 

1. 3- • 2.-2. 7. 60° 52' 29". or 119° 7' 31". 

8. 255-637. 9. 55° 46' 16^ 



XXV. 

1. "I^- 7. 3-849 yards. 

8. 41° 24' 34". 9. 25-97, or 11*55 mUes an hour. 



XXVI. 

^- ^M^' (a2 + 62)2 • 8. B=61° 18' 21", or 128° 41' 39". 

9. 5=49° 53' 57-7". ^=88' 41' 39", or 11° 18' 21". 

0=60° 6' 2-3". 



XXVII. 

3. 2 008-2 = -Vl+sin^ + ^^l-sinX 

4. 0=53° 48' or 126° 12', ^ =91° 12' or 18° 48', a=81-4687 or 252-744. 

5. I;16sin2^sin2|^sin2-^. 



6. 2^=ri7r + (-l«)-|, or (^_-^) = 2n7r. 
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XXVIII. 



1. 120*, 108°. 


2. 29-1478 , 2»-14/0 . 0. — 


8. 89-646 yards. 


9. 74** 32' 44", 48** 59' 16". 




XXIX. 


i._„?r .. 


7. 5=41° 41' 28", or 138° 18' 32". 



8. 100° 47' 0-9", 14° 12' 59*1". 

XXX. 

1. 1*0235 ... 3. -1. 6. ^ + -j = 2rMr±^- 

9. 28;47717 square inches. 11. ^^- \^Jil^^^^ ' 

XXX.* 

1. -05585 . . ., 45° 50' 11", 32142*85 feet. 

2. ^=2ri7r±-|-, B=-mr. 3. tt + g. 4 n7r + ^. 

5. ^=75°, B=45°. 6. y lies between -^ and -^ • 

7.-4,1-8,3-8326827, 1*09779. 9. 57 3979 inches. 

1 , , . r (6 + a) (a + b-c) 

XXXI. 

1. 57° 16' 21^^^", -8675595. 3. 2wfr + Y- ^^ 1^% 75°. 

7. 2-30103, 2-39794, '598626, 9*69897, 9*849435. 
9. 40° 53' 36", 19° 6' 24", c : a= ^7 : 2. 
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XXXIL 
1. |- = -5236, 9^ 2. 60% n7r±|-. 4. ^, or - ^3. 

6. 2-0969100, 4*6989700, 9-6989700, -4771213. 
9. 0=60* or 120", ii =90'* or 30", C=90°, 100^3=173-205. 

10. 122-474487. 11. 229-149. 

XXXIII. 

1. 12-0031 inches. 2. n7r+(-l)»-^, nw± — . 4. ±-?. 

_ 6 4 4 

6. 5-6954904, 4*6964817, 4-6954839. 

7. 0=18°, 6=V5 + 1, a=\/5 + 2V5+l. 

8. 78° 27' 47^ 

11. 200 (V3- 1) = 146-41, 200 (V3+ l)=54e-41. 

XXXIV. 

1. 135°- — =49-056, iL(!LZ?) = .85619. 2. 120°, 240°. 

3. »Mr + ~, or twr + -| . 7. -69897, 390309, r46154. 

10. 74° 50' 38", 50° 32' 58". 11. 5 feet 4 inches, 6 feet 5j inches. 

XXXV. 

1. 17g=17-9049. 3.sinO=|, cosO=-|, 

6. ^=7Mr, or mr±-^- 8. 9*8494950, 10*0624694, 9-9849438. 

11. 35° 5' 48". 12. 2^ miles. 

XXXVI. 

1. 57-2956,2094*4. 5. -1,--^-, ^\ 1^4-^61-^2. 

6. 2w7r±|-. 9. 9-427172, 74° 29' 12", -510544. 

10. J5=80° 46' 26-6", 0=63° 48' 33*5^. 

11. 20 ft., 40 ft. 

Z 
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XXXVII. 

1. 18§J?^58^^ 8. ^ = 90°, 5=30% 0=60'. 

9. 6-0389319, 9*6989700, 10-3010300. 
10. 0=90°. Caae 03; is ambiguous. (7=38°41',or4lM9'. 60*3894 feet. 

XXXVIII. 

1. 20 ft., 2600«, 173i«. 2.-^2, --i^. 

sec ^ sec 5 



' 1 - V (sec2 ^ - 1) (sec* 5-1)' 

5. 57-29677951' . . ., 3-1416, '0002908882. 

8. 115-47 feet, 100 feet. 

9. 74' 13' 50^*, 35' 16' 10". 10. 114-412 feet. 

11. -2-3010300, 3-6989700, 10-1030286, 38' 16' 15^ 

XXXIX. 

1. 1208, 108'. 3. cos (4^ - E) cos (35 - A), 

6. 30', 57-295' . . ., ^ . 7. 1464 feet 

8. 90' or 30', 60' or 120', 200 or 100 feet. 

9. -54. 11. 9-9813707. 

XL. 

1. 8-5\ 2. 1, -1. 3. cos 4^ -cos 14^. 

4. njT - J . 6. 262-5 feet. 7. 26' 33' 55% 63' 26' 5". 

8. 1034 feet. 11. 2| feet. 



1. 128'. 2. sin 2670' = 4-. 10. 9-7565636. 



XLI. 

2 
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XLII. 

1. 30^ 60% 90% I-, I-, |: ; 33J«, 66S^, 100« 



2. 



V2' 



6' 3' 
6. 2-=n.r + -g . 



10. 70* 53' 40", 49" 6' 20". 



XLIII. 
1. r 26' nearly. 2. cos 165°= - '^^ • 

10. 33° 29' 30", 101° 30' 30". 



5. n7r±— • 

o 



XLIV. 
1. 49Jt miles. 10. 2*529823. 



11. 2-974 square feet. 



1. 20iV. 



2. 1 or 



XLV. 

\^ 
2 ' 



8. 105° 38' 57", 15° 38' 57". 



7. nTT + iL. 
4 

12. "555 square feet. 



XLVI. 



2. (i.) e=rvrr±^' (il) 4^=n7r±^. 3. -1, -^, 45°, 60°, 75°, 
, 7 



5V2 



V2' 2 
7. 4028-5, 2031-7. 



9. c tan (-J *- -|-) + ^, where ^= given height. 



1. 1-309 feet. 



XLVII. 
2. 0,2, 00,0, 1. 



11. 332. 



XLVIII. 



9" 

6. x^ + y^==a^. 



'- -^' -73- 

10. B=a, 0=120'-a. 
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XLIX. 

2. Between ^ and -j, -j and -^; ^, ^3, --^. 

6. 90°. 8. 1600 square feet 9. 90^ 

10. 3^ miles per hour nearly. 11. 84 feet. 

12. 6,16,5^15,12; 128^39' 13", 51'*20'47'', 112'*23'37'', 67' 36' 23". 



2.60°, 120°, 420°, ■^. 8.10, 4882240, 82* 45' 22". 

2 

9. ^=42° 17' 66", or 137° 42' 4"; 0= 101° 52' 4", or 6° 23' 56". 
10. 474-333 feet. 

LL 

1. 1, 57A". 2. 0. 3. a. 

4. -V2, 2-V3, -A, -V2(V3+1). 

6. 16 cos* ^ - 20 cos^ ^ + 5 cos A, 9. 92*788. 



LII. 

3. 2sml50°=>yi-^ + >yi + ^=l 

6. ^=n7r, y=2nir±|, a^y* + (« + W = {y^ + a;« - ft2}l 
10. 21° 23'. 

LIII. 
3. Trace2sinC^--|). 

6. (L) ^=Wfr, or 2w»r±Y • (ii«) -o-=^^> or 2nir. (iii.) a;=y = 
7.1>*2*(p' + 2*) = l. 

10. Height=fe + (6-a) fz£2^^t?£f. n. 81° 47' 12". 

1 -cot/3 tana 
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LIV. 

ft 

5 



1. 10, 8, 2-90309, -09691. 5. ^- 7. ^=90". 



8. 5=54' 10' 55", or 125'' 49' 5"; 0=73° 30' 5", or 1" 51' 55". 

9. 699-85484. 10. 3-65294. 11. 5^10-2^5. 



LV. 

2. 64« r 29-62§". 6. 5=36'* 62' 11", 0=90% c=95. 
7. 55° 46' 16". 8. 69° 10' lO'', 46° 37' 50". 

9. 5 miles. 

LVI. 

5. |-, 42' 57A". 

7. ^ = 53° 7' 42", 5=0=63° 26' 9", 6=c=394-364. 

8. 129-90375 square feet. 

LVII. 

6. 136° 35' 21-5", 13° 14' 33*5". 

7. 86° 45' 56", or 33° 14' 14"; diff. = 53° 31' 42". 

LVIII. 

1. ^ + 3^=2n7r±3^; put n=0, 1, etc. 

3. -000000000000062208, 9*9375306. 

5. 57295-84. 8. 14*1099 miles. 

9. 17-3205 square chains. 10. J[=70° 31' 44^ 

LIX. 

1. llli*. 3. 2n7r+|-. 

6. ^^llp/3 . 9. 930 41' 23% 26° 18' 37". 
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LX. 

2. ^, -V3. 3. --^, 2-. «. --2' -72' 

7.?!±^r^'. 12. 100 yards. 

1. V2(cos^-V-lsin^), V2(co3'^-V-l8m^) 
V2(cos^J-^-lsin^4^). 



LXI. 
1. 8f , 34f% 137}" ; or 26^°, 51f , 102f . 
3. Vo^TP sin (^ + ^), where tan <^ = -^ J ^r^oe 2 sin / -^ + By 
5. sin a (cos^ y - cos'^ ^) = sin p (cos^ y - cos* a). 9. ^1 1 (6 + 2^7). 



LXII. 



137r 
15 * 



2. -^, -^3,-^5 tra^e V2co8(^ + ^). 7. 

9. 0=93" 34' 68''. Area =70400 square feet. 

10. 5=71' 60' 53", or 108° 9' 7" ; 0= 71° 9' 7", or 34° 50' 63"; 
4-97971, or 3*00664 miles an hour. 

LXIII. 

2. --i, -00 ; 120°, 240°, 480°. 6. ^{Jb'+^b-'Jz^b), 

6. ^. 8. 12, 16, 20. 9. ^=33° T 22". 

10. (1.) Impossible. 

(2.) Ambiguous ; 0=56° 28' 28^ or 123° 31' 32". 
(3.) 5=102° 59' 13", 0=33° 45' 47", 6=63*996. 
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LXIV. 

1. -^ -3^=2n7r±2^, where w=0, 1, etc. 

3. -819918. 4. 65" 46' 16". 

5. 53" 22' 54", or 126° 37' 6", 85° 37' 6", or 22° 22' 54". 

6. 2« sin 4 • 7. 2* cos ^, 2* cos ^, 2* cos ^. 



LXV. 

1. Between — and-j-- 3. 3, tt-, -jr* 

4 4 y o 

4. 51° 18' 21", or 128° 41' 39"; 88° 41' 39", or 11° 18' 21^ 



7. y=tan-i ^, 2a;=log [A^^-W). 



LXVI. 
6. (i.) cos ^ — 5-^ sin -^ , (ii) cot a - 2* cot 2*a. 



LXVII. 

j^ 

2. 2sin-y=-Vl + sin^ + Vl-sin^, 

2 cos -g-^ -Vl + sin^-Vl-sinX 

6. ^=36° 52' 12", 0=90°, ^=63° 7' 48". 

7. ^=65° 20' 3", or 114° 39' 57^^ ; 0=92° 24' 57", or 43° 5' Z" ; 

rate=15033107, or 21-98852. 



LXVIII. 
1. ^, 229-184° ... 2. 114 = n7r + (-l)»5^,where?i=0,l,etc. 



4. \/l0 + 2V5 : 2V10-2V5. 7. 142° 19' 19", 33° 40' 41". 



36o ANSWERS, [LXIX.-LXrvn. 

LXIX. 

1. (n-l)d=m7r, (n + 1) d=mw+(-l)« ^ . 

3. -log^2sin|-). 4. a;=±l±V3. 

LXX. 

4. (-!)»-! ^ta..^-JL.;^(tan«^-l ^ 



LXXI. 
2.-29 (<50S 10^ - 10 COB 8^ + 45 cos 6^ - 120 cos 4^ + 210 cos 2^ - 126). 



LXXIV. 

4. (i.) i- (cos2^-cos2«+i^). 

(ii.) Apply 008^0=— (cos 3a + 3 cos a). 

|cos(a.^Vff)Binf ^ ^cos(3a.!L^3/.)siny 
sin| "" sinf 



LXXV. 



. (n + l)a . na 
sm ^ — -zr-^ sm -^ 



5. (L) (ii.) «*<»«- sin (a + sin a). 

sin|- 

LXXVI. 
3. -B=tan"i 2, C=tan~i3, a=3V5, 6=6^2, c=9. 

LXXVII. 
1. 11461280, 1-9912261, T-727966. 



LXZVIII.-LXZZIV.] 



ANSWERS, 
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LXXVIII. 



1. rwr, or 2?Mr±-^' 



5. 



LXXIX. 

yisin^ cos^ + cos {n -f- 2) ^sin nB 
2sm^ • 



4. ±3. 



LXXX. 



6. 



sin ^-^^ a sin - 



sin 



LXXXI. 

■. ^wr TT « J. -1 /2 

1. — , or WTT + -Q-j <^r 27wr±cos ^^ -^ • 

3. «2 (a + 6-y_e) = (a;-«) (a-y) (y-6). 



2/S * 



1.4, -4, |-; 18. 
5. 16a;=?Mr-f-(-l)«8x. 



2. 1-991226, -544068. 



LXXXII 










2. 


r(2 


+ x/3) 
V3 






6. 


TT 

lo' 


37r 

10' 






LXXXIII 










4. 


(i.) 


6 = c. 


(iL)(6 + c) = 


=av/2 



3a 



l + 3a6' l + 3a6 



LXXXIV. 



7. (i.) 



sm ^ Y^ — sin ^ ^ ' 



... V sin* "^ ^ ff sin na - sin** g sin(n + l)a + sin a 
^^ sin2S-2sini3cosa+l 
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7. (i.) eHsosfl sin (sin &), (ii.) \ • (iii.) ^ • 



LXXXV. 

6 ' ^'"'^ 12 



LXXXVI. 

. (n+1)^ . 'nJd (n+l)d . ^ 

sin ^ p sin -5- cos — ^ sm -5- 

8.(1.) L^_i. (u.) l^j3_l. 

sin-g sin-g. 

LXXXVII. 

1. 3-7481880, 1-6246090. 

3. 1, i(V6-l±V-10-2V5), -i-(-V5-l±V2V5-10). 



XCI. 

4. 5=56" 26' 33", or 123° 33' 27" ; 0=93° 33' 27", or 26° 26' 33". 
Kate=2-6718. 

XOII. 

sm -^ sin -4 
5. (i.) 3-- (ii.) -g • 

2 sin -TT T" cos A 

2 4 



XCIII. 

1. 2rwr + -r and ^utt + — • 
4 4 

3. Area= 12 square feet; -«=2Jfeet. 6. i=^^^ "^^2^"^ ' 



. . (n-l)/3\ . n^ 
cos(a + ^^ — s-^lsm-y 



7. A " ' -j-{(2« + l)-sin(2?H-l)acoseca}. 



9in-2 



XCV.-CL] ANSWERS. 3^3 



xcv. 

1. -28854. 



XCVI. 
6. a-^=2n7r, 2^=n7r. 



XCVII. 
1. a + d=n7r, a-^=2n7r. 3. 76°, 45^ 

6. 76° 47' 2", 49° 12' 58". 

XCVIII. 



4. ^=60°, 5=45°, (7=75°. 

. np , / . (n-l)/3 \ 



c^" ^sin (g + (n - Ig) - c** sin (a + n^)-c sin (a-g) + sing 
c2-2c cos 13 + 1 



XOIX. 

^- 2h(a^b) > 26(^T6)- ^•(^^•)-2(^ "^"^ ^cos(cos^). 

0. 
1. ^ + ^*-^^ 4. Solution impossible. 

(n + 1) sinn^-yi8ln(yi+l)^ 
^' 2(1- cos d) 

01. 

, , ^ 2n + l . V4n2 + 4w-15 
1. tan^=— j-± ^^ 

3. 5=67° 35' 22^, or 122° 24' 38"; 0=87° 6' 9", or 22° 16' 53". 

6. »sind=tan-i — , z coa 6=-^ log {a^ + b^y 



364 ANSWERS. [OIL-CIX. 



Oil. 

1. 8inB=-^, ambiguous. 
8 

3. ^S^^), where tan<^=4- 4. 1024. 



cm. 

4. c=760*39. Area=4 acres nearly. 

CIV. 

3. The angles of the triangle formed by joining the centres of the 

escribed circles, viz. |--^, -|-|, |-|. 

. a sing sinff 
siny 

OV. 
1. 206265". 

7. a=tan-i— + co8-i4-^a^rP, y=tan-i — -cos"! o" Va«TP. 
a 2 a ^ 



8. x=4-(« + ^^^+2P), y=-^(Va2 + 262-a2). 



1. a;=n7r, or rMr± 



1. 28" 38' 11". 







CVI. 








3 ' 




3. 5=117" 
CVII. 


38' 45", 


0=27" 


38' 45' 


5. 


cos a 
1- 


- X cos (a - p) 
2a;cosi3 + sc* 

cix. 

6. -1. 




6. 84. 





CX.-CXVm.] ANSWERS. 365 



ex. 

1. I?. 4. 5=90% ^ = 30% 

56 



sm(a + ^ ^^ ) sin-^ sin-^ cos ^ ' 

6. (L) ^ \^ 2-. (ii.) \ ^ ^ > 

CXI. 

1. -4, -4. 

^Jah{a + h) sin a sing siny 

a sin^ a (sin''^ g - sin^ y) + ^ sin^ y (sin^ /3 - sin^ a) 

a, 6 the distances between the points of observation. 

CXIII. 

1. -000024240684 . . . 

CXIV. 

1. 19. a 62=a2 + c2-2accos2a. 

CXV. 

2. e = rm±^' 3. 3, 6. 6. 31-3968. 

CXVI. 

2. -|+d=27wr±a, ^=2rMr±-|- 3. asin5=6sinA 

(2r + l)tr. , _ . (2r+l)tr ,jZ±sl-l . , , 
6.008^^ — g-^+V-lsin^^ — g — , ±^ — 2"' ±V-1^ 



CXVII. 
1. 14, -0512. 



CXVIII. 



2. cotc= r 

a 



366 ANSWERS. [CXIX. -CSXIV. 



OXIX. 

1. cos^ A + cos^ B + cos* 0+ 2 cos -4 cos B cos 0= 1. 

oxx. 

1. y = 2m7r±-2, ^ =WMr +(-!)«* g-- 

..... WTT _ tr ,.... 1 -2a cos ^ + 06*0082^ 

4. (il) cos -gT- cos* ±-* (m.) —tz — ^ ^ . gvn • 

^ ' 2 2* ^ ' (l-2acos^ + a^2 

CXXI. 

1. ^=n7r+ (- 1)«~, ^=ntr±^. 4. 4' 56' lO'S", 168" 27' 26-4'. 
6. (i.) -g sin n^ sin (n + 2) ^ - -J sin 2n$ sin* (n + 2) ^ cosec 26. 

(il) e sin(csin^). 

cxxii. 

2. 229-6473, . (n+l)a . na 

' sin^^ — ~- sin-^r 

85-86. g 2 2 

. a 

sin-2 

CXXIII. 

4. 5=38M2'48''. ^ n^ 

(7=2r47'12^ • I n_ ^^ 4 ' 

CXXIV. 

3. ^=tan"^ \ —— cota f • 4. Solution impossible. 



CXXV.-CXXX.] ANSWERS, 367 

cxxv. 

2. 54^ 3. ^=117" 38' 45", C= 27° 38' 45". 

. (n + l)e . nB 
«^^^-2 ^^^y .... sin^ 

4. (1.) g (11.) i+sin2d-sm2^' 

sm- 

CXXVI. 

1. x^^^-t"), y=-'!:±?«. 2.255-53863. 

5. e« cos« gin (x sin a). 

CXXVII. 

1. 31" 13' 0-696", 1-026366. 6.^ = 105°, 5=45". 

8. 120". 10. 300^2 = 141-4213 yards. 

11. 3, 5, 7 ; 120". 

CXXVIII. 

3. -^, ?-!^, 9-8494850, ^=n7r + (-l)«^. 

4. 2 sin — = - Vl + sin ^ - Vl - sin ^. 

6. 46-2636 yards from 5. 7. 142" 19' 19", 33" 40' 41". 

OXXIX. 

2. nTT + ( - 1)« -J . 6. 76" 47' 2", 49" 12' 58^. 

cxxx. 

1. 135", ^' 3. ntr + ^, or mr + ^. 

4 4 3 

6. First equation - , Second equation + . 

8. 45" or 135", 105" or 15". 9. 132" 34' 32". 10. ir7157. 



368 ANSWERS, [CZXXI..GXZXn. 



CXXXI. 

3. ±10% ±80^ 5. nir + {-l)^~ 6. 15'. 

8. 7, Vi29= 11-3578167 . . ., area =20^3 =34*641 . . . 

9. ^ = 87** 27' 25", B = 32" 32' 35". 



CXXXII. 

5. B^br 18' 21", or 128' 41' 39". C«81'' 41' 39", or 11° 18' 21". { 

li 
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